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INSTITUTE OF MATHEMATICS AND MECHANICS OF 

THE NATIONAL ACADEMY OF SCIENCES OF 

AZERBAIJAN IN 60 YEARS 

Misir J. MARDANOV 

Institute of Mathematics and Mechanics, Baku, Azerbaijan 

e-mail: misirmardanov@yahoo.com 
 

 The fundamentals of modern mathematics and systematic 

scientific studies are connected with establishment of Baku State 

University in the Muslim East, in 1919 and creation of Physics-

Mathematics faculty in its structure in 1920. The mathematical 

unit engaged in purely mathematical researches was created in 

April, 1942 in the Azerbaijan branch of the USSR Academy of 

Sciences in the sector of Physics. Zahid Khalilov who defended 

his candidate‟s dissertation in 1940 and came from Tiflis to Baku, 

was its only research associate. In 1943, with the establishment of 

independent mathematical sector under Azerbaijan branch of the 

USSR Academy of Sciences more targeted research was launched 

to conduct research in mathematics. In October, 1945 the Institute 

of Physics and Sector of Mathematics were combined and the 

Institute of Physics and Mathematics was created. The first 

scientific journal of the Institute of Physics and Mathematics was 

“Eserler” journal published in 1940.    

 After 14 years, by the decision № 319 of the Council of 

Ministers of the Azerbaijan SSR dated from April 27, 1959, 

independent Institute of Mathematics and Mechanics was 

created on the base of the Mathematics sector of the Institute of 

Physics and Mathematics of AS of Azerbaijan SSR. The first 

mailto:misirmardanov@yahoo.com


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

5 

 

director of the Institute was appointed academician Zahid 

Khalilov.   

 The role of academicians Zahid Khalilov, Ashraf 

Huseynov, Ibrahim Ibrahimov and corr. member of the 

Academy, the great teacher Maksud Javadov in the further 

development of mathematics as a science and secular formation 

of mathematical education is undeniable.   

Zahid Khalilov defended his doctoral dissertation in 1946 

and became the first Azerbaijani doctor of mathematical sciences. 

Acad. Zahid Khalilov was one of the Soviet scientists feeling the 

importance of functional analysis, functional methods in theory of 

differential and integral equations. 

 His book “Fundamentals of functional analysis” 

published in 1949 in Baku in Russian was the first book in this 

field. He was also one of the first scientists creating abstract 

theory of linear singular integral equations in Banach spaces and 

a member of the editorial board of the All-Union journal 

“Functional Analysis and its applications”. It should be noted that 

the first All-Union Conference on functional analysis was held 

just in Baku in 1959. 

 In 1955 Zahid Khalilov was elected academician of 

Azerbaijan SSR Academy of Sciences, in 1957-1959 vice-

president of the Academy, in 1959-1962 worked as acad.-

Secretary of the department of “Physical-mathematical and 

Technical Sciences”, in 1962-1967 President of the Academy. 

From 1967 Zahid Khalilov returns again to the Institute of 

Mathematics and Mechanics and becomes its director until the 

end of his life.  
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At the time of its establishment, the institute had six 

departments, one laboratory and Computing center. 

1. “Functional Analysis” department under Zahid 

Khalilov’s guidance conducted scientific research works 

on general issues of functional analysis, on study of 

special problems of linear and nonlinear operators theory 

and their application to mathematical physics. 

2. “Functions Theory” guided by acad. Ibrahim 

Ibrahimov conducted research works on some problems 

of modern constructive theory of functions and their 

application to approximate analysis and theory of 

differential equations. 

3. “Differential Equations” department under prof. 

Hashim Agayev’s leadership conducted research work 

on application of theory of differential functions and 

theory of generalized functions to mathematical physics 

problems. 

4. “Integral Equations” department under the guidance of 

ass.prof. Shamil Vekilov studied the problems of 

application of theory of integral equations and potential 

theory. 

5. “Approximate Analysis” department under the 

leadership of ass. prof. Ali Jafarov conducted scientific-

research works on improvement and development of 

approximate methods of modern mathematics, finding 

new approximate calculation methods and application of 

these methods to the solution of different mathematical 

problems. 
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6. “Elasticity Theory” department guided by corr. member 

of ANAS Yusif Amenzadeh researched theoretical and 

practical study of torsion and bending problems of 

elasticity theory, study of materials properties by statistic 

methods. 

7. “Dynamical strength” laboratory was guided by prof. 

Kerim Kerimov and conducted research works on 

studying theoretical and practical problems of strength of 

materials and installations operating under the action of 

high dynamic effect. 

8. “Computing Center” under the guidance of prof. Said 

Aleskerov carried out researches on development of 

approximate and numerical methods of computational 

mathematics and mathematical analysis of problems 

related to economy. 

 In 1960, the Computing Center was separated from the 

Institute and operated as independent Computing Center of the 

Academy. In 1965, the Institute of Cybernetics (now Institute of 

Control Systems) was established on the basis of this Center. 

 In 1959, when the Institute of Mathematics and 

Mechanics was established, its main scientific directions were: 

Functional Analysis and its different applications, Functions 

theory, Differential and Integral Equations, Algebra and 

Topology, Computational Mathematics and Mathematical 

Cybernetics. That time the staff of the Institute consisted of 121 

employees (101 research associates): one academician (Zahid 

Khalilov), one corr. member (Ibrahim Ibrahimov), four doctors 

of sciences (Zahid Khalilov, Ibrahim Ibrahimov, Yusif 

Amenzadeh, Yaroslav Lopatinsky) and twelve condidates of 
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sciences (Shamil Vekilov, Ali Jafarov, Hashim Agayev, Kerim 

Kerimov, Said Aleskerov, Mais Javadov, Sasun Yakubov, Mabud 

Ismailov, Boris Ponayati, Rashid Mammadov, Faramaz 

Maksudov, Yahya Mammadov). 

 After being elected Zahid Khalilov acad.-Secretary to the 

department of “Physical-mathematical and Technical Sciences on 

October 1959, creator of functions theory school in Azerbaijan, 

outstanding mathematician, acad. Ibrahim Ibis oglu Ibrahimov 

headed the Institute. From 1959 he was a creator and the first 

head of “Functions Theory” department. 

Ibrahim Ibrahimov defended his candidate‟s dissertation 

in 1939 under the guidance of famous mathematician 

A.O.Gelfond and was the first Azerbaijani candidate of 

sciences. In 1947 he defended his doctoral dissertation in 

Moscow. Ibrahim Ibrahimov was a known scientist accepted by 

world mathematicians. Extensive research on Theory of 

approximation of real and complex variable functions, 

completeness of the system of functions was conducted under his 

guidance and a big part of them was included into the 

monographs written by Ibrahim Ibrahimov and published in 

Moscow. The papers written by him in collaboration with great 

mathematicians on our time Keldysh and Gelfond had left a great 

trace in world mathematics. In the International Conference 

dedicated to the memory of acad. S.V.Bernstein in Moscow 

Ibrahim Ibrahimov was entrusted to write a report about one of 

the creators of constructive theory of functions and this was one 

of the indicators of his prestige. In 1959 he was elected a corr.-

member, in 1968 academician of the Academy. 
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 In 1962, in Baku the II All-Union Conference on 

“Constructive Theory of Functions” was held at his own 

initiative. 

 In 1963-1967 institute was headed by prof. Hashim 

Nizam oglu Agayev. In 1948-1953 he worked as a senior 

research associate in the “Mathematics” department of the 

Institute of Physics and Mathematics of Azerb. SSR Academy of 

Sciences, in 1948-1950 was at the head of “Algebra” chair of 

Correspondence Pedagogical Institute. In 1953-1954 he was sent 

on a professional trip to Bulgaria and headed the “Mathematical 

Analysis” chair in Sofia University. At that period he compiled a 

dictionary of mathematical terms for Turkish department of the 

University. 

In 1959-1963, Hashim Agayev was deputy-director of 

IMM for scientific affairs. Hashim Hagayev was a highly 

qualified known scientist in the field of partial differential 

equations. For many years, under his leadership a seminar 

devoted to philosophical issues of natural science, successively 

worked. The great role in elaboration of scientific basis of 

formation of mathematical  terminology in Azerbaijani language 

and also some works devoted to history of development of 

mathematical science in our Republic belongs to Hashim Agayev. 

In 1971-1980 he was Rector of Azerbaijan State Pedagogical 

University. 

 Many prominent Soviet scientists as Mstislav Keldysh, 

Andrey Kolmogorov, Nikolai Bogolyubov, Mikhail 

Lavrentyev, Nikolai Muskheleshvili, Ivan Petrovsky, Sergey 

Sobolev, Lev Pontryagin, Izrail Gelfand, David Sherman, 

Alexandre Gelfond, Sergey Bernstein, Sergey Nikolsky, 
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Andrey Tikhonov, Lazer Lusternik, Yaroslav Lopatinsky, 

Anatolii Maltsev, Georgiy Shilov, Yuriy Mitropolski, Yuriy 

Prokhorov, Valentin Maslov, Khalil Rahmatulin, Aleksey 

Ilyushin, Yuriy Rabotnov, Pyotr Ogibalov, Qoremir Chorniy, 

Gennadiy Cherepanov, Yuri Savin, Alexandre Guz, Viktor 

Moskvitin, Vitaut Tamuj and others had great merits in creation 

of scientific schools in mathematics and mechanics and 

development of IMM and in training highly qualified scientific 

personnel for our Republic. 

 In 1960 in our country a new generation of 

mathematicians and mechanical engineers school began to be 

formed. The academicians Majid Rasulov, Azad 

Mirzajanzadeh, Jalal Allahverdiyev, Mirabbas Gasimov, 

Faramaz Maksudov, Akif Gadjiev, corr. Member of the 

Academy Goshgar Ahmedov, Arif Babayev, Yahya 

Mammadov, Yusif Amenzadeh, Mayis Javadov with great 

services in further development of mathematics and mechanical 

engineering in our Republic were at the head of this school. 

 In 1959-1969 3 collaborators of IMM, Rashid 

Mammadov (1964), Mais Javadov (1966), Sasun Yakubov 

(1969) defended doctoral dissertation and got academic degree of 

doctor of physical-mathematical sciences (doctor of mathematical 

sciences), 54 collaborators defended candidate dissertation and 

got the academic degree of candidate of physical-mathematical 

sciences (doctor of philosophy in mathematics). 
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THE INSTITUTE IN 1970-1980 

 From 1970 to February 1974, IMM and at the same time 

“Functional Analysis” department was headed by acad. Zahid 

Khalilov. 

From 1974 Faramaz Gazanfar oglu Maksudov was 

director of IMM and the head of “Functional analysis” 

department. At that time there was a great revival in training 

doctor of sciences in the field of mathematics and mechanics. 

Though in 1959-1974 years only three doctoral dissertations 

were defended in Azerbaijan, in the next fifteen years the 

collaborators of IMM defended fifteen doctor’s dissertations. In 

1976 Faramaz Maksudov was elected a corr.-member, in 1980 

academician of the Academy, and acad.-Secretary of the 

department of “ Physical-mathematical and Technical Sciences”. 

  By the order of the Council of Ministers on June 23, 

1978, a Special Design Office was created in IMM. The main 

goal of this SDO was to work out application of results of 

scientific and practical-constructive research works to economy. 

In 1983, a group of collaborators (Faramaz Maksudov, 

Vagif Mirsalimov, Valeh Guliyev, Fuad Iskenderzadeh) were 

awarded the prize of the Council of Ministers for their work 

“Elaboration and application of scientific bases for increasing 

strength of energy equipments based on crack resistance criteria”.  

 In 1970-1980 at the Institute of Mathematics and 

Mechanics, 78 collaborators defended candidate of physical-

mathematical sciences (doctor of philosophy in mathematics), 5 

collaborators Allahveren Jabrayilov (1972), Faramaz Maksudov 
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(1974), Hashim agayev (1975), Valeh Guliyev and Vagif 

Mirsalimov (1980) defended doctor’s dissertation and got 

academic degree of doctor of physical-mathematical sciences 

(doctor of sciences in mathematics and mechanics). 

 In 1981-1990 107 collaborators of IMM defended 

candidate dissertation and became candidate of physical-

mathematical sciences (doctor of philosophy in mathematics),  13 

collaborators, Jafar Agalarov, Vagif Gadjiev, Hatam Guliyev, 

Ilham Mammadov (1981), Akif  Gadjiev, Yuriy Domshlak 

(1982), Hamlet Isayev, Frunze Shamiyev (1983), Akif Ibrahimov, 

Musa Ilyasov, Rafig Feyzullayev (1985), Varga Kalantarov, Barat 

Nuriyev (1986) defended doctor’s dissertation and got academic 

degree of doctor of physical-mathematical sciences (doctor of 

sciences in mathematics and mechanics) . 

 

THE INSTITUTE IN ITS INDEPENDENCE YEARS 

 Political confrontation during the years of independence 

of Azerbaijan, economic recession, Armenia –Azerbaijan, 

Nagorno-Karabakh conflict had a negative impact on the 

development of science. Hundreds of well-known scientists left 

the country in those years and the attitude to the Academy‟s work 

was not so good, even in 1992, the government put forward a 

proposal to close the Academy. 

 Fortunately, as a result of the wise domestic and foreign 

policy of Heydar Aliyev who returned to the country for the 

second time in June, 1993 at the request of the people, political 

stability was restored in the country and foundation for economic 

development was laid. Special attention was paid to the 
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development of science, and large-scale reforms in all areas of 

life including science and education get started. 

 It is gratifying that despite the political and economical 

difficulties that have emerged since independence, our scientists 

successfully carry out scientific research in the country and in 

many of the world‟s most developed countries and a generation of 

mathematicians and mechanical engineers that represent the name 

of Azerbaijan at a higher level has been brought up. 

 In 1991-2000, 40 collaborators of IMM defended 

candidate dissertation and became candidate of physical-

mathematical sciences (doctor of philosophy in mathematics). 

 At those years 5 collaborators, (Tulparkhan Salavatov 

(1991), Misreddin Sadykhov (1993), Bilander Allahverdiyev, 

Hamidulla Aslanov (1996), Vahid Gadimov (1998) defended 

doctor’s dissertation and got academic degree of doctor of 

physical-mathematical sciences (doctor of mathematical and 

mechanical sciences). 

 In 2001-2003, corr.-member of ANAS, the known 

specialist in the field of differential equations Ilham Tofig oglu 

Mammadov was at the head of the Institute. He defended his 

doctor‟s dissertation in 1981 in his 26 years at the specialized 

Council of Defense of Ukranian Mathematics Institute and in 

2001 was elected a corr. Member of ANAS. 

 In 2004-2013, the Institute was headed by the known 

scientist in the field of functions theory, theory of linear operators 

in functional spaces and harmonic analysis academician Akif 

Jafar Khandan oglu Gadjiev that at the same time was the head 

of “Functional Analysis” department. At the same time he was 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

14 

 

acad.-secretary of the department of Physical-Mathematical and 

Technical Sciences and in 2001 was elected academician of 

ANAS. 

 In 2001-2010 124 collaborators of IMM defended 

candidate’s dissertation and got academic degree of candidate of 

physical-mathematical sciences (doctor of philosophy in 

mathematics). 

 At the same years 24 collaborators, Fuad Latifov, Tahir 

Gadjiev, Asaf Zamanov, Ilham Adil oglu Aliyev, Nizameddin 

Iskenderov, Fakhraddin Abdullayev (2003), Orujali Rzayev 

(2004), Elshar Orujov, Farman Mammadov (2005), Sadig 

Veliyev, Mahammad Guliyev (2006), Nazila Rassoulova, 

Rakhshanda Jabbarzadeh, Ibrahim Nabiyev, Rauf Amirov (2007), 

Agil Khanmammadov, Fada Rahimov, Heybatgulu Mustafayev, 

Adalet Akhundov (2008), Araz Aliyev, Natik Ahmedov (2009), 

Daniel Israfilov, Turab Ahmedov, Ilham Pirmamedov (2010) 

defended doctor’s dissertation and got academic degree of doctor 

of physical-mathematical sciences. 

Since 2013 corr.-member of ANAS prof. Misir Jumail 

oglu Mardanov, the known scientist in the field of mathematical 

methods of optimal control and variation is the head of the 

Institute and from 2015 “Optimal Control” department created 

by his initiative. In 1996-1998 he was Rector of Baku State 

University, in 1998-2013 minister of Education of the Republic of 

Azerbaijan, in 2011-2013 President of  Mathematical Society  of  

Turkish World. 

In 2011-2018, 89 collaborators defended candidates 

dissertation (doctor of philosophy  in mathematical and 

mechanics). 
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In the same years, at the Council of Defense of the 

Institute 46 doctors dissertations (doctor of sciences in 

mathematics and mechanics) were defended  Rabil Amanov, 

Ilham Aliyev, Magsud Najafov, Anar Dosiyev, Ziyathan Aliyev, 

Yuriy Turovskii, Bakhtiyar Rustamov, Rovshan  Humbataliyev, 

Bahram Aliyev, Mubariz Garayev, Nigar Aslanova, Valeh 

Gadjiev, Nihan Aliyev, Mugan Guliyev, Mahir Sabzaliyev, Vugar 

Ismayilov, Alesker Gulgezli, Ramiz Iskenderov, Elmaga 

Gasimov, Khanlar Mammadov, Rafig Rasulov, Rovshan 

Bandaliyev, Yagub Mammadov, Yagub Sharifov, Ilgar 

Mammadov, Sadi Bayramov, Naila Kalantarli, Laura Fatullayeva, 

Elshad Eyvazov, Etibar Panahov, Rovshan Aliyev, Elman 

Ibrahimov, Maleyka Mammadova, Shakir Yusubov, Mubariz 

Hajibeyov, Rashid Aliyev, Gavanshir Hasanov, Elkhan Abbasov, 

Musa Almammadov, Telman Gasimov, Togrul Muradov, Alizade 

Seyfullayev. 

Now scientific-research works in IMM in the field of 

mathematics and mechanics include seven scientific directions 

(6 of them in mathematics, 1 in mechanics): 

 Harmonic and nonharmonic analysis. Corr.-members 

of ANAS, Bilal Bilalov, Vagif Guliyev, prof. Hamidulla 

Aslanov. 

 Approximation by Ridge functions and neural 

networks. Prof. of ANAS Vugar Ismayilov. 

 Spectral and quality theory of differential equations. 

Corr.-member of ANAS Rauf  Huseynov, prof. Akper 

Aliyev, ass.prof. Abdurrahim Guliyev. 

 Optimal control and variation calculus. Corr.-member 

of ANAS prof. Misir Mardanov. 
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 Visualization and control in nonlinear dynamics 

problems and computer technologies. Ass. Prof. Hasan 

Nagiyev. 

 Development history of mathematics in Azerbaijan. 

Ass. Prof. Ali Babayev, prof. Ramiz Aslanov. 

 Theoretical and applied problems of deformable solid, 

fluid and gas mechanics. Corr.-member of ANAS 

Geylani Panahov, prof. Jafar Agalarov, Vagif Gadjiyev, 

Gabil Aliyev, Latif  Talybly. 

At present the staff of the institute consists of 213 

employees including 127 research associates, 47 doctor of 

sciences, 61 doctors of philosophy, 5 corresponding members of 

ANAS (Misir Mardanov, Vagif guliyev, Geylani Panahov, Bilal 

Bilalov, Kamil Aydazadeh). 

At present there are 15 departments and 1 laboratory in 

the institute. 

1. “Functional Analysis” department headed by prof. 

Hamidulla Aslanov. 

2. “Mathematical Analysis” department headed by 

corr.-member of ANAS Vagif Guliyev. 

3. “Functions Theory” department headed by prof. of 

ANAS doct.math.sci. Vugar Ismayilov. 

4. “Differential Equations” department headed by 

prof. Akper Aliyev. 

5. “Optimal Control” department headed by corr.-

member of ANAS prof. Misir Mardanov. 

6. “Mathematical Physics Equations” department 

headed by ass. prof. Abdurrahim Guliyev. 
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7. “Nonharmonic Analysis” department headed by 

corr.-member of ANAS Bilal Bilalov. 

8. “Algebra and Mathematical logic” department 

headed by ass. prof. Ali Babayev. 

9. “Computational mathematics and Informatics” 

department headed by Hasan Nagiyev. 

10.  “Fluid and gas mechanics” department headed by 

corr.-member of ANAS Geylani Panahov. 

11.  “Theory of Elasticity and Plasticiy” department 

headed by prof. Vagif Gadjiev. 

12.  “Wave dynamics” department headed by prof. 

Jafar Agalarov. 

13.  “Creeping Theory” department headed by prof. 

Latif Talybly. 

14.  “Applied Mathematics” department, headed by 

prof. Gabil Aliyev. 

15.  “Mathematical problems of signal processing” 

laboratory headed by ass.prof. Sabina Sadigova. 

At present the Institute publishes four scientific 

journals: “Proceedings of the Institute of Mathematics and 

Mechanics”, “Transactions of ANAS (issue of mathematics), 

“Azerbaijan Journal of Mathematics”, “Transactions of 

ANAS (issue of mechanics). 

The “Proceedings of the Institute of Mathematics and 

Mechanics” has been publishing since 1946, “Transactions of 

ANAS” (issues of mathematics and mechanics) since 1992, 

“Azerbaijan Journal of Mathematics” since 2011. All three 

journals are published twice a year in the English language. 
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It should be noted that even in 1970 years “Transactions 

of ANAS” (issues of mathematics and mechanics) was implicated 

in Thomson Reuters database (Clarivate Analytics). On 

December 22, 2015, “Azerbaijan Journal of Mathematics” of 

Azerbaijan Mathematical Society published in IMM was 

implicated in “Emerging Sources Citation Index” database of 

Clarivate Analytics Agency. 

On June 1, 2016, “Proceeding the Institute of 

Mathematics and Mechanics” was implicated in the “Emerging 

Sources Citation Index” (ESCI) database of “Clarivate 

analytics” Agency. This is the first journal in 70 years history of 

ANAS implicated in this database among the ANAS Institute 

journals. 

“Transactions of ANAS” (physico-mathematical and 

technical sciences series) from 2015 is published under the name 

“Transactions of ANAS” (issue of mathematics) and 

“Transactions of ANAS” (issue of mechanics). 

From January 01, 2018, “Transactions of National 

Academy of Sciences of Azerbaijan” (series of physical 

technical and mathematical sciences) of IMM was implicated in 

Scopus database. 

In the last four years, over 200 papers of the institute 

collaborators were published in scientific journals implicated in 

Web of Sciences and Scopus list. 

From the first day of its functioning, every Wednesday at 

10
00

 the institute holds a seminar. The institute collaborators, the 

known scientists from the Republic and foreign countries 

participate at these seminars. 
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Since 1968 till today candidate (doctor of philosophy) 

and doctor’s (doctor of sciences) dissertations council functions 

in our Institute. During this period 649 dissertations, were 

defended. 556 of them got the academic degree of doctor of 

philosophy and 93 doctor of sciences. 

In 2015, for the first time in the history of the National 

Academy of Sciences magistracy was created, “Education”, 

“International Relations” departments get started their activity. 

The Institute of Mathematics and Mechanics co-operates 

with scientific research institutions of the USA, Germany, India, 

England, Iran, Italy, Kazakhstan, Egyptian Arab Republic, 

Uzbekistan, Poland, Russian Federation, Turkey, Ukraine, Japan 

and other countries of Asia. 

During 60 years the Institute of Mathematics and 

Mechanics has gone a glorious way, played an important role in 

development of mathematics and mechanics sciences in our 

country and had a decisive effect on the development of other 

sciences.  
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ALGEBRA AND LOGIC;OLD AND NEW CONNECTIONS 

Y.L. ERSHOV 

Sobolev institute of mathematics, Novosibirsk,Russia 

e-mail: ershov@math.nsc.ru 

 

      I will discuss relations between two of this important parts of 

mathematics during ages. 
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OPTIMAL CONTROL OF DIFFERENTIAL INCLUSIONS 

Boris S. MORDUKHOVICH 

Wayne Atate University, USA 

e-mail: aa1086@wayne.edu 

 

This talk is devoted to optimal control of dynamical systems 

governed by differential inclusions in both frameworks of 

Lipschitz continuous and discontinuous velocity mappings. The 

latter framework mostly concerns a new class of optimal control 

problems described by various versions of the so-called 

sweeping/Moreau processes that are very challenging 

mathematically and highly important in applications to 

mechanics, engineering, economics, robotics, etc. Our approach is 

based on developing the method of discrete approximations for 

optimal control problems of such differential inclusions that 

addresses both numerical and qualitative aspects of optimal 

control. In this way we derive necessary optimality conditions for 

optimal solutions to differential inclusions and discuss their 

various applications. Deriving necessary optimality conditions 

strongly involves advanced tools of first-order and second-order 

variational analysis and generalized differentiation. 

 

 

 

 

 

 

 

 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

22 

 

ON NONLOCAL STABILIZATION PROBLEM FOR ONE 

HYDRODYNAMIC TYPE SYSTEM 

Andrey V. FURSIKOV 

MSU, Moscow; VSU, Voronezh,  

e-mail: fursikov@gmail.com 

 

Let consider 3D Helmholtz system that describes 

evolution of the velocity vortex of viscous incompressible fluid 

with periodic boundary conditions for spatial variables (i.e. 

defined on 3D torus ) and with arbitrary smooth initial 

condition. One has to find impulse control supported in a given 

subdomain of ω⊂  that will ensure the tendency to zero of the 

solution‟s ( ) - norm with increasing time. This problem is 

full of content because the millennium problem is not solved yet, 

i.e. existence in whole of smooth solutions for 3D Helmholtz 

system (or, what is equivalent, for 3D Navier-Stokes system) is 

not proved.  

The quadratic operator in the Helmholtz system consists 

of the sum of a normal operator Φ(y)y whose image is collinear 

to the argument y, and the tangential operator (y), whose image 

is orthogonal to yin ( ). At the first stage, we omit the operator 

(y) of the Helmholtz system with the aim to stabilize by 

impulse control the obtained boundary value problem. As is 

known, (see [1]) the solution of the boundary value problem 

obtained has an explicit formula that allows us to solve the 

stabilization problem (see [2, 3]). At the second stage, after 

returning  the operator (y), only the first steps were made, more 

precisely, the stabilization problem solution was obtained, but not 

for the Helmholtz system. Solution of stabilization problem has 

been obtained only in the case of a model problem for the 
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differentiated Burgers equation (see [4]).The main content of the 

report is related to the presentation of the results of the second 

stage. 

  This research was supported by the Ministry of Education 

and Science of the Russian Federation (grant 14.Z50.31.0037). 
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CONTINUOUS DEPENDENCE  AND DECAY ESTIMATES 

FOR EULER-BERNOULLI TYPE EQUATIONS 

Varga K. KALANTAROV 

      Department of Mathematics, Koç University, Istanbul 

Azerbaijan State Oil and Industry University, Baku 

e-mail:vkalantarov@ku.edu.tr 

The talk is devoted to  the Cauchy problem for the 

damped second order differential-operator equation in a Hilbert 

space of the form 

             )()(2 tfudFubABuAuuAu tttt      (1) 
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              0)0( uu     1)0( uut                                      (2) 

in a Hilbert space H  with inner product (.,.) and the 

corresponding norm .   

Here );( HRLf   is a given vector function and   

  Rdb  



 ,,2,0),,(,0,0,0

1

 

are   given parameters,  HDA :  is a positive definite 

selfadjoint operator with dense domain HD   and a compact 

inverse, HADB )(: 2/1
 is a skew-symmetric operator, that 

satisfies the conditions 

    
2

0
),( uauAu  , uAduBu 2/1

0),(  , Du  RDG :(.)  

HDF :(.)  is a gradient operator with a potential 

RDG :(.)  that satisfies some growth and monotonicity 

conditions. 

We obtained uniform estimates for solutions of the 

problem (1), (2) and established continuous dependence of 

solutions on parameters   and b  of the equation. It is shown 

also that when the  source term tends to zero as t the 

corresponding solutions of the Cauchy problem for this equation 

tends to zero as t . Applications to the initial boundary 

value problems for linear and nonlinear Euler-Bernoulli type 

equations, Boussinesq type equations, pipe equations and some 

related system of equations are given. 
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SHARP SPECTRAL STABILITY ESTIMATES FOR 

HIGHER ORDER ELLIPTIC operators 

Victor I. BURENKOV 

Peoples’ Friendship University of Russia, Moscow, Russia  

email: burenkov-vi@rudn.ru 

  

 We consider the eigenvalue problem for elliptic operators 

of order 2m, where Nm , whose coeficients are real-valued 

Lipschitz continuous functions satisfying the symmetry 

condition, subject to the homogeneous Dirichlet or Neumann 

boundary conditions, in a bounded open set  . We consider 

open sets   for which the spectrum is discrete and can be 

represented by means of a non-decreasing sequence of non-

negative eigenvalues  λn[Ω], n ∈N, of finite multiplicity. The aim 

is to obtain sharp estimates for the variation |λn[Ω]−λn[G]| of the 

eigenvalues corresponding to two open sets Ω and G via 

geometric charactristics of the vicinity of these sets. There is vast 

literature on spectral stability problems for elliptic operators. 

However, very little attention has been devoted to the problem of 

spectral stability for higher order operators and, in particular, to 

the problem of finding explicit qualified estimates for the 

variation of the eigenvalues. Moreover, most of the existing 

qualified estimates for second order operators were obtained 

under certain regularity assumptions on the boundaries. 

Our analysis comprehends elliptic operators of arbitrary 

even order, with homogeneous Dirichlet or Neumann boundary 

conditions, and open sets admitting arbitrarily strong 

degeneration. 
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MULTISCALE MODELS AND MODEL LEARNING FOR 

FLOWS IN POROUS MEDIA 

Yalchin EFENDIYEV  

Institute for Scientific Computation (ISC) Department of 

Mathematics and ISC  

Texas A and M University, USA 

email: efendiev@math.tamu.edu 

 

Abstract. I will discuss a novel multi-phase upscaling 

technique, which uses rigorous multiscale concepts based on 

Constraint Energy Minimization (CEM-GMsFEM). To design an 

upscaled model, we modify multiscale basis functions such that 

the degrees of freedom have physical meanings, in particular, the 

averages of the solution in each continua. This allows rigorous 

upscaled models and account both local and non-local effects. 

The transmissibilities in our upscaled models are non-local and 

account for non-neighboring connections. To extend to nonlinear 

two-phase flow problems, we develop non-linear upscaling, 

where the pressures and saturations are interpolated in an 

oversampled region based on averages of these quantities. 

Multicontinua concepts are used to localize the problem to the 

oversampled regions. Our upscaled model shares some 

similarities with pseudo-relative permeability approach, which 

will  be discussed. I will also discuss learning coarse-grid models. 

Using deep learning algorithms, the proposed model parameters 

are computed and the models are modified.  
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GRADIENT ESTIMATES FOR NONLINEAR ELLIPTIC 

EQUATIONS IN MORREY TYPE SPACES 

Lyoubomira SOFTOVA 

Department of Mathematics University of Salerno, Italy 

e-mail: lsoftova@unisa.it  

We obtain Calder_on-Zygmund type estimates in generalized 

Morrey spaces for nonlinear equations of p-Laplacian type. Our 

result is obtained under minimal regularity assumptions both on 

the operator and on the domain. This result allows us to study 

asymptotically regular operators. As a byproduct, we obtain also 

generalized H• older regularity of the solutions under some 

minimal restrictions of the weight functions. 

 
 

MULTIPLICATIVE CONGRUENCES AND POINTS ON 

EXPONENTIAL CURVES MODULO A PRIME 

Mubariz Z. GARAEV 

Centro de Ciencias Matematicas 

Universidad Nacional Autonoma de Mexico 

Joint work with C. A. Diaz and J. Hernandez 
e-mail: garaev@matmor.unam.mx 

Let p  be a large prime number, h  be a positive 

integer, ph   and g  be a primitive root modulo p . Let 

also 1, ss  be integers and  

   .,...2,1,...,2,1 111 hssshsssK   

Denote by J  the number of solutions to the congruence 

    .,,mod Kyxpgy x   

The problem of estimating the quantity J  dates 

back to the earlier works of Vinogradov [5], where one 

can find the asymptotic formula 
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 .log22/1
2

ppO
p

h
J   

This is very strong when h  is considerably larger 

than pp log4/3
 since it shows that J  asymptotically 

behaves as ./2 ph   On the other hand, in view of the 

trivial bound hJ    this formula does not give 

information in the range .log22/1 pph   

The quantity J  has been investigated in a series of 

works, and in 2010 Chan and Shparlinski [3] initiated the 

problem of obtaining nontrivial upper bounds to J  for all 

ranges of h . With an elegant application of sum-product 

estimates in prime fields, they proved that 
 111/10 ohJ  if      .19/11ph   

The result of [3] was subsequently refined by 

Cilleruelo and Garaev [4], and by Bourgain, Garaev, 

Konyagin and Shparlinski [1,2]. For instance, from [4] 

and [1] it is known that for any integer constant 2n  one 

has the bound 
 1/1 onhJ         if      .1/1 2 nph  

This result for  3,2n  was established in [4], using 

the tools from the Dirichlet‟s approximation theory and 

properties of the generalized Pell equation. The case  

4n corresponds to the work [1], where a connection with 

the geometry of numbers, the arithmetic of algebraic 

numbers and metric properties of polynomials has been 

revealed.  

The ideas of [1] has been further developed in [2]. 

Let   be an arbitrary subset of integers of the interval  
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 hss  ,1  with  #  elements. Denote by nL  the 

number of solutions to the congruence 

.,),(mod0...... 2121  jinn yxpyyyxxx  

 Bourgain et al. [2] proved that 

 1

2

2
ohL       if         p

h




3

 

and  

 13

3

ohL         if        .
4

8

p
h




 

As a consequence of these estimates, they showed that 
 

 














.

;

20/313/1

5/212/1

phifh

phifh
J

o

o

 

This refines the aforementioned results of [4]. 

 Based on the ideas of [1,2], we have the following 

statement. 

 Theorem. Let  hss  ,1   be a set of integers 

such that 

.
9

15

6

14

p
hh




 

Then  
 .14

4

ohL   

Corollary. If  ,51/4ph   then  .14/1 ohJ   
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THE EIGENVALUE PROBLEM IN THE CASE OF 

COMPLEX-VALUED ROOTS OF THE 

CHARACTERISTIC EQUATION 

Yusif A. MAMMADOV 

 Baku State University, Baku,Azerbaijan 

e-mail: yusifmammadov@inbox.ru 

 

We consider the problem 
22y ,0)( yx 0)1()0(  yy ,  1,0x ,     (1) 

where )(x  - complex-valued function    )(1 xx   

)(2 xi  such that 

   ),(,0)(,1,0)( 211
2  VxCx  

 

        02121  xxxx                       (2) 

and 

  0

1

0

2  dxx .                                            (3) 
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It is obviously that problems without condition (3) 

can be reduced to this case by replacing the complex 

parameter  by : 

.)(arg,

1

0

  dxxe i    

 In addition, instead of  condition 0)(1 x , one 

could assume that one of the functions )2,1()( jxj does 

not vanish, since the case 0)(2 x  (when instead of (3) 

there is an assumption that the integral of )(1 x is equal to 

zero) also leads to the previous  by changing the 

parameter . i  

 We reduce the following theorem. 

 Theorem. Let conditions (2) and (3) be satisfied. 

Then the set of eigenvalues 
2
k  

of problem (1) is countable 

and the asymptotic representation holds: 

)4(.)()
1

(1)(

1
1

0

1 




















 k
k

Oikdxxk   

It is know that there are no results regarding the 

problem of the form (1) with the condition   0, 21 V  

(which entails constx )(arg ) in the literature. 

Separate special cases ( bxx )(  

and bxx )( , where  21 ibbb constants) are 

studied in [1] and [2]. However in [3] )(x is considered an 

analytical function, and the fulfillment of additional 

restrictions imposed on it can be checked only for specific 

functions. 
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SIMULATION OF FLUID FLOW IN 

CONJUGATERESERVOIR-WELL-PIPELINE SYSTEM 
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1012, Azerbaijan, Baku 

email: aelhan@mail.ru,  n.agayeva1975@gmail.com 

 

 There are frequent cases of connecting or withdrawing 

gas, liquid from existing pipelines. In this case, all changes 

occurring in the pipeline are transferred to the reservoir and thus 

the wells are transferred to another mode of operation. 

 The definition of transient modes of operation of wells 

associated with the consideration of fluid flow in the associated 

system of the reservoir-well-pipeline Until now, the work of the 

authors [1-3] has been devoted to studying the movement of fluid 

in the reservoir, in the pipeline separately and in some simple 

cases in combination. 

 Unsteady motion of fluid in the interfaced system of the 

reservoir – well pipeline remains poorly understood.  

 Therefore, modeling and studying the movement of fluid in 

the interfaced reservoir-well-pipeline system presented to both the 

large scientific and practical interest to which this work is 

devoted. 

 Consider the movement of fluid in the associated reservoir-

well-pipeline system. At some point in time the pipeline with 

performance G was connected to the main pipeline at a distance 
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from the wellhead l2. At the same time, we will determine what 

changes will occur in the well operation mode. 

In the first approximation, we take the liquid homogeneous. Then 

the equation of the flat-radial filtration of the fluid will be: 

 

 .0;
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The movement of fluid in the riser pipes is [2]  
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re uuu                                          (6) 

Then substituting expression (6) into equation (5), we get: 
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   (7) 

Since equation (7) is linear, it splits into two equations 
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Initial and boundary conditions 
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The movement of fluid in the pipeline is 
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Initial and boundary conditions 
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

                       (18) 
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
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0

tPP ycx



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constPlxP  21
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The definitions of a change in the mode of operation of a well can 

be determined by jointly solving the related equations (1), (5), 

(17) and this is done in representative work.  
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ON THE RATE OF COMPONENTVISE 

EQUICONVERGENCE FOR A THIRD-ORDER 

DIFFERENTIAL OPERATOR WITH MATRIX 

COEFFICIENTS 
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Email: abbasovayuliya@gmail.com 

 

On the interval )1,0(G  we consider the differential 

operator  )()(
3

)1(

2

)3( xUxUL   with matrix coefficients 

  .)()(;3,2,)()( 11,
GLxulxuxU lij

m

jilijl 


 

Let the system  
1

)(
kk

x  T
mkkkk

xxxx )(),...,(),()(
,21

   
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satisfy the conditions pA  [1]. 

For an arbitrary vector-function  )()( GLxf m
p  for the 

fixed 1p , as in the co0nditions p
A , we constitute a partial sum 

of order   of biorthogonal expansion in the system   
1

)(
kk

x :  

 



v

kkv

k

vxffx


 ,0),(,),(  
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 Tm

v
fxfxfxfx ),(),...,,(),,(),( 21

  
 

 Denote by ),( jfxS  a partial sum of the  th order of 

the trigonometric Fourier series of the function  mjxf j ,1),(  . 

 Let us  introduce some denotation that we will need in the 

sequel: 

    mjfSfKf
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where jkf
~

-are the Fourier coefficient of the function )(xf j  in the 

following trigonometric system normalized in )(GLq ; 
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  ),,(1,2/,),,( 1  frfrfT p 

  ),(1,2/,),,(  fffT
p

  

Theorem. Let all elemenys of the j -th row of the matrix   )(2 xU  

belong to 
m

r
CGLxUrGL  )()(;1),(

13  and the system  

 
1

)(
kk x  satisfy the  conditions  pA  for some  fixed  1p . 

Then the  j -th component of biorthogonal expansion of any 

vector-function )()( GLxf m
p  uniformly eguicanvergers on any 

compact GK   with expansion in trigonometric Fourier series 

corresponding to the  j -th component )(xf j  of the vector-

function  )(xf  and the following estimations are valid : 

 
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),,(,,)(),(
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where )(KC -is a constant independents  of  )(xf  and  . 
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INTEGRATION OF A CERTAIN CLASS OF   SECOND-

ORDER QUASILINEAR DIFFERENTIAL-OPERATOR 

EQUATION   

L.Sh. ABDULKERIMLI 
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        Consider the Cauchy problem  for second-order differential 

operator equations on Banach space Е 

 

              TtttutCtutBtftutA  0,," ,         (1) 

    ,, 000 utuutu                                                     (2) 

where,       tCtBtATt ,,,0   are the linear operators 

acting in Е,  vutf ,,  is a  function  with values from Е and 

Euu 10, are the  given elements. 

    By  solution of the problem  (1)-(2)  we  mean twice 

continuously differentiable  function  tu , which the functions 

                    tutCtutBtftutCtutBtutA ,,,,,"   exist, 

continuous and  are satisfied  by  relations (1), (2). 

      The main conditions  for operators are follows: 

.10      tCtBtA ,, - linear operators acting in a Banach  space  Е 

with everywhere dense domains      CDBDAD ,, , such that 

       CDADBDAD  ,  and for any  Ttt ,0   the operator 

 tA   have bounded inverse  tA 1
, also operator-functions  

           sAtCsAtBsAtA 111 ,, 
 

are strongly continuous with respect  to variables  

 Tsttst  ,, 0
. 

20 . The function  21,, uutf   is continuous with respect to 

aggregate variables on the     EETt ,0
  and on the every ball  

 RuSR    satisfied Lipshits condition 
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      22112121 ,,,, vuvuRCvvtfuutf  for all  

 2,1,  iSvu Rii
,  where   RC  is a positive constant  

depending of the radius R . 

Теорема 1.  Let the   conditions   ADuu 10
00 ,,2,1   

be satisfied. Then for any 0R      there exists 0      such that 

the problem  (1) –(2) have only one solution  tv           which is 

continuous on interval   00, tt  with a norm Rv
tC


0

 , such 

that is a limit some sequences of  approximations with respect to    

0t
C   norm. 

To establish the solvable equation problems (1)-(2)   on 

the a whole interval   Tt ,0
,  for the operator  21,, vvtf  put on 

additionally conditions:  

03 .    2121 1,, vvcvvtf  for all   EvvTtt  210 ,,,, . 

The last condition shows that the nonlinear part of 

equation (1) can have only linear growth. Note that in this case, 

too, the low results are new. 

Теорема 2. Let the conditions  00 31  ,  ADuu 10,  be 

satisfied.  Then problem (1)-(2) has a unique solution on  Tt ,0
. 
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ON THE BOUNDEDNESS OF AN n -FOLD SINGULAR 

INTEGRAL OPERATOR 

 IN GENERALIZED HÖLDER SPACES  

Fuad A. ABDULLAYEV 

Baku State University, Baku AZ1148, Azerbaijan 
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 We denote by nT
C the space of continuous 2  -periodic 

in each of the variables functions on 
nnT ],[   with the max-

norm. 

Consider a n -fold singular integral 

.
2

cot)(
)2(

)1(
)(

~

1

i

T

n

i

ii

n

n

ds
xs

sfxf

n
 







             (1) 

Suppose that for the vector ),...,,( 21 niiii   any coordinate 

,,1, nkik   is either zero or one. For ,nT
Cf    a mixed modulus 

of continuity ),...,,( 2211

, ,...,21
nn

ii

f
iiini  of the function 

f  is introduced by the totality of those variables for which 

.0ki  

We introduced an analogue of the generalized Hölder 

space by using  a mixed modulus of continuity and proved the 

boundedness of the operator (1) in this space. 
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ON THE UNIFORM CONVERGENCE OF BIEBERBACH 

POLYNOMIALS IN REGIONS WITH FINITE NUMBER 

ZERO ANGLES 

F.G. ABDULLAYEV 
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Mersin University, Mersin, Turkey 

email: fahreddinabdullayev@gmail.com 

Let be a complex plane,      and let 

G be a finite Jordan region with 0 G ; 

: ,  : \ ;L G G    ( )w z  be the conformal mapping of G

onto the disk 0 0(0, ) : { : }B w w   normalized by

(0) 0,  (0) 1    ; where  0 0 0,G  is a conformal 

radius of G  with respect to 0. For 0p  , we denote: 

1

1/1

:analytic in , (0) 0, (0) 1and

( ) :
: : ( )

p p

p

pp

zA A

G

f G f f

A G
f f f z d

  
 

   
     

  


 

where   denotes two dimensional Lebesque measure. 

    Let us denote  by n  the class of all polynomials 

   ,  ,n nP z degP z n  satisfying the conditions: 

   0 0,  0 1.n nP P    We consider the following extremal 

problem: 

, .} { n A n nP P inf ₂‖ ‖  (1)  
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It is well known that the solution of the extremal problem (1) is 

called the n -th Bieberbach polynomial  for the pair  ,0G  (see 

for more literature, for example, [1]) and denoted by 

   , ,0 : .n nz G z   On the other hand, the solution  of the 

extremal problem (1) in the class  1

2A G  is achieved by 

Riemann function ( )z  and 
2 0 ².A ‖ ‖  Also we can be take 

( )n z   Bieberbach polynomials as the solutions of the following 

(equivalent to (1)) extremal problem: 

2
.},  { n A n nP P inf   ‖ ‖  

Therefore 
2 2

{ },  .n A n n n Ainf P P     ‖ ‖ ‖ ‖  

Let us set:   ( )
, :  { , }n n n nC G

E G inf P P   ‖ ‖  . 

    In the present work, we will continue of investigate the 

estimate    ,n nE G O   in the regions with finite number 

interior and exterior zero angles of complex plane, where 

 , 0,  ,n n G n      depending on the geometric 

properties of the given region. 
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SOME ESTIMATES FOR THE GENERALIZED 

OPERATORS OF LAPLACE-BESSEL HARMONIC 

ANALYSIS 
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Let   ,0,...,0:...,,,,...,
111,






 kmmkmmmkkm
xxxxxxxR  

sT - is generalized shift operator, generalized by the Laplace-

Bessel differential operator [1,2]:  

,
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
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;,...,1,
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1 kmmidxx
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xdxdxd
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i
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i
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i
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





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


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





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


p

R

p

vpvp

kkm

xdxuLuuL

1

df

,

df

,

,

:: .measurable  . 

 Let  qp1 . By definition a sublinear operator A  

belongs to  qpK v ,  class [2], if vqvp LLA ,,:   bounded and 

for any function vpLu ,  with a compact support 

     sdxuTscxAu

kkmR

s 









,

 for ux supp , where 

   vkm 2 .  

The following characterization is introduced 
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     
 

kmixdx

p

xR

p

ikkm

ip 













 








,1,0,,

1

:,

, 



. 

Theorem. Let  qp1 ,  qpKA v , , 0ia for 

  iiami 2,,...,1   for   kmmi  ,...,1   and let 

  dttt
q

a

ip

i













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

 
1

1

,
,



 is convergent.  Then for almost every 


 kkmRx ,  there exists    xAux   and the following 

estimation holds: 

    0,,,

1
1

,

1

, 




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


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


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
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q

a

ip
q

a

iq
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where  kmi  ,1 , the constant  c  is not dependent of u  and 

 . 
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ON APPLICATION OF METHOD OF LINES IN 
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The following optimal control problem for objects 

described by loaded parabolic equations 
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1
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k

s

s

s

xxt  
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,      

}0,0{),( Ttlxtx  ,         (1) 

at initial conditions 

lxxxu  0,)()0,(  ,                  (2) 

and non-local boundary conditions 

,0,)(),()(),()(

),0()(),0()(

11211
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




 (4) 

is considered. Here t  and x are correspondingly time and space 

coordinates; T  and l  are given positive quantities; ),( txu is 

temperature at point x  of the considered environment at point t ; 

kslxs ,...2,1,),0(   are given loading points; ),( txB s
, 

),(tij ,)(tij  ,2,1,2,1  ji  ),(1 t  )(2 t  are given 

continuous functions; ],0[)( 2 lLx   is the given function, 

defining the initial state; control function 
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2

RvLtxvvVtxvv
L
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

       (5) 

The problem at conditions (1)-(5) lies in seeking control Vv  at 

which the given functional 

 


l

L
vdxxUvTxuvJ

0

)(

2

2

)](),,([)(  , 0       (6) 

takes on a minimal value, here )(xU  is the given function, 

);,( vTxu  is the solution to boundary problem (1)-(4). 

Necessary optimality conditions for the considered 

problem, which are used for building numerical solution later on, 

were obtained. 

In order to solve problem (1)-(6) numerically with the 

application of standard procedures of first-order optimization, at 

each iteration of the iterative procedure it is necessary to 

determine the gradient of the functional. With this purpose at the 

current control it is necessary to solve the straight loaded 

differential equations problem and the conjugate integral and 

differential equations problem with non-local conditions. In order 

to solve the straight and conjugate problems, the schemes 

developed by the author of the proposed approach to numerical 

solving on the base of method of lines [1] and method of 

conditions shift, proposed in work [2]. Then standard procedures 

of numerical first-order optimization methods are used. 
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ON CONVERGENCE OF BERNSTEIN- 

CHLODOWSKY-KANTOROVICH OPERATORS 

 SEQUENCE IN VARIABLE LEBESGUE SPACES 

Aytekin E. ABDULLAYEVA 

Institute of Mathematics and Mechanics of Azerbaijan National 

Academy of Sciences 

aytekinabdullayeva@yahoo.com 

 

Let f  be a continuous real function defined on  ,0 .  

In 1932, Bernstein’s follower Chlodowsky had constructed the 

increasing sequences of polynomials           
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that was named as Bernstein-Chlodowsky polynomials some 

later. 

Here   
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n
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Note that, the condition imposed on n
b  in the definition 

of classic Bernstein-Chlodovsky operators doesn’t provide 

uniformly convergence of  xfB
n

;  polynomials to the function 

 xf
 
on  ,0

 
. This fact it is valid on each finite segment  A,0   

(see, [1]). 

We put 

 
 

















1

1
,

1
,

n

bk

n

kb
nn

kn . 

mailto:aytekinabdullayeva@yahoo.com


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

50 
 

Let   ,
1

oLf loc
  and we denote

  

     dttfxp
b

n
xfA

kn

n

k

kn

n

n 
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
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,
0
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1
; . 

 In this abstract  we reduce  the folowing  problem : 

Under some condintions on variable exponent function the 

convergence  to zero  of the difference  

   xfxfAn ;  

in variable Lebesgue spaces norm is investigated. (see , [2] ) 
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INTEGRAL REPRESENTATION OF SOLUTION OF 

GEOMETRIC MIDDLE BOUNDARY PROBLEM IN THE 

NON-CLASSICAL TREATMENT FOR ONE 3D BIANCHI 

INTEGRO DIFFERENTIAL EQUATION   

Aynura J. ABDULLAYEVA 

Sumgait State University, 43rd block, Sumgait, AZ 

5008, Azerbaijan 

email: aynure_13@mai.ru 

 

Problem statement. Consider 3D (three dimensional) Bianchi 

integro-differential equation: 

),,(),,(),,)((
1

0

1
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,,1,1,1 zyxuDDDzyxAzyxuV k
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j
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with   geometric  middle boundary conditions in the non-classical 

form  
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Here ),,( zyxu  is a desired function determined on ;G

),,(,, zyxA kji  are the given measurable functions on 

,321 GGGG  ),(),,;,,(,, GGLzyxK kji    where 

),,( 101 xxG  ,),( 102 yyG  );,( 103 zzG  kji ,,  is a given 

measurable functions on ;G  In addition, it is assumed that 

,00 x ,00 y .00 z  

The 3D Bianchi equation in various points of view was studied 

in the papers [1-5] and etc.  
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In the present work integro-differential equation 3D Bianchi 

(1) is considered in the general case when the coefficients 

),,(,, zyxA kji  are non-smooth functions satisfying only the 

following conditions: 
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      Under these conditions, we'll look for the solution ),,( zyxu

of  integro-differential equation 3D Bianchi (1) in S.L.Sobolev 

isotropic  space  );(/)()()1,1,1( GLuDDDGLuGW p
k
z

j
y

i
xpp 

}1,0,, kji , where  p1 . We'll define the norm in the 

space  )()1,1,1( GWp by the equality 





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0,,
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kji
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k
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j
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i
xGW
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uDDDu . 

In this work the integral representation of solution of geometric 

middle  boundary problem (1)-(2) for integro-differential equation 

of type 3D Bianchi (1) with nonsmooth coefficients is 

constructed.It should be particularly noted that, in particular, 

conditions (2) coincide with Goursat conditions for the 3D 

Bianchi  integro-differential equation (1). In this sense, geometric 

middle boundary problem (1)-(2) by statement generalizes the 

Goursat problem for 3D Bianchi  integro-differential equation (1). 
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ON EQUICONVERGENCE RATE FOR THE DIRAC 

OPERATOR 

Afsana M. ABDULLAYEVA 

Azerbaijan State Pedagogical University 

E-mail:ef.abdullayeva@inbox.ru 

 
On the interval )2,0( G we consider the one-

dimensional Dirac operator 

  ,)(),()(,)(' 21

T
xyxyxyyxPByDy   
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 and )(xq are  real-

valued functions from the class 1),(  GL . 
Following V.A. Il'in [1,2], under the eigen vector-function of the 

operator D corresponding to the real eigen-value   we will 
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understand any identically non-zero vector-function )(xy that is 

absolutely continuous in ]2,0[ G  and always every where in G 

satisfies the equation .yDy   

Let 1),(2 pGLp  be a space of two-component vector-

functions    Txfxfxf )(),()( 21 with the norm 
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Alongside with the partial sum ),( fxj
v we introduce a 

modified partial sum of trigonometric Fourier series of the 

function )(xf j , i.e. 
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Theorem. Let ),()( 1
2,1 GWxf  the coefficients )(xp  and 

)(xq belong to 1),(  GL . Then the j-th component of spectral 

expansion of the vector-function )(xf in the system  
1

)(
nn xu

uniformly equiconverges on any compact GK  with expansion 

in trigonometric Fourier series corresponding to the j-th 

component )(xf j  of the vector-function )(xf , and the following 

estimation 
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is true as. 
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ASYMPTOTIC FORMULAS FOR EIGENVALUES AND  

EIGENFUNCTIONS OF A FOURTH-ORDER 

EIGENVALUE PROBLEM  

WITH A SPECTRAL PARAMETER IN THE BOUNDARY 

CONDITION 

Konul F. ABDULLAYEVA 

Sumgait State University, Sumgait AZ5008, Azerbaijan 

email: konul.abdullayeva.15@mail.ru 

We consider the following boundary value problem 

,10  ,)(=))()(()()4(  xxyxyxqxy        (1)                               
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0,=)1()()1()( Tydcyba                (3) 

where C is a spectral parameter, ,yqyTy  )(xq is a 

positive absolutely continuous function on the interval 

],1,0[ cba ,,  and d are real constants such that 0 adbc  

and .0c   

 In this note, are refined asymptotic formulas for 

eigenvalues and eigenfunctions of problem (1)-(3) that 

obtained in papers [1, 2]. 

Theorem. For eigenvalues k
  and corresponding 

eigenfunctions )(xy
k  of problem (1)-(3) one has the 

following  asymptotic formulas: 
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the second relation holds uniformly for ].1,0[x  
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DISCHARGE WAVE IN FLAT NET 

J.H. AGALAROVa),  M.A. RUSTAMOVAa,b),  

G.A. MAMEDOVAa,c), 
a)Institute of Mathematics and Mechanics of NAS of 

Azerbaijan,9, B.Vahabzade, Baku, AZ1141, Azerbaijan  
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Summary.  Based on net motion equations, flat mesh 

motion equations are generally constructed. Wave 

propagation options are determined in case of net base made 

of elastic fibres. The problem of propagation of unloading 

waves in a pre-stretched net has been solved. The task is 

solved by the method of characteristics. The task is 

illustrated by calculations. 

Keywords: net, wave, deformation, radius, speed 

Articles [2-5] examined waves in nets in a 

rectangular cartesian coordinate system. Waves in the flat 

coordinate system are examined here. Obviously, when 

stretched, the flat net will taper; placed on a rigid pipe it will 

be subjected to friction forces between it and the pipe when 

moving. 

The purpose of the work is to study waves in flat nets. 

Given the many wave propagation options in flat nets, an 

attempt is made to solve the problem of continuous waves. 

1. Basic equations. 

A flat net is considered. The equation of one-

dimensional motion is given in [1], where the automatic 

motion of the floor of the infinite net is investigated: 
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  (2) 

where 
21,  - conditional stresses are defined as sum of 

tension of individual threads of one family crossing section 

of threads of another family, related to initial length of the 

element under consideration. 
21, ee - relative elongations, 

 - mass of net per unit area in initial compression, yx, -

coordinate particles of net, t - time, 
21,  -angles of thread 

rotation of corresponding families. 
 cossin

21
ssz   

where
21 , ss  - Lagrangian coordinates of thread particles, 

counted from selected threads,  is angle of inclination of 

one of families to straight reference. 

The following is the diagonal movement of the net: 

i.e. 4  . 

Then equations (1) take the form: 

   ......22sincos
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


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From (2) follows 
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x
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z
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


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


  (4) 
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If the edge of the net is stretched, a severe rupture will 

propagate in the plane of the net, since the velocity of the 

wave will obviously increase with stretching. If the net is 

pre-stretched and then unloaded through the net, continuous 

waves will be found. 

2. Net stretching. 

Let the net from the edge be considered. D -the speed of 

propagation of a strong fracture,  - the speed of particles of 

the net. 

According to the law of mass preservation 

 

   DD
0                                    (5) 

and qualities of the movement 

 

   cos2
0

 DD                    (6) 

Then 
dz

dM

0

0
cos

  and
   dze

dM







0cos1
   (7) 
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Where Ee  we get 

  
  



cossincoscoscos

sincos1coscos

00

00




 aD  (8) 

In fig. 1 the dependence of speed of the strong gap D from   

is presented at
4

0


  . 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

61 
 

 

 

Fig. 1 

 

References 

 

1. Rakhmatulin H.A. About blow to flexible 

thread//dishwasher of t. X, No. 3, 1947 

2. AgalarovJ.H., EfendievA.N.Thepropagationofnonlinear 

waves in a structure consisting of net system 

//Rakenteidenmekaniikaseura RY Finish association for 

structural mechanics, volume 21, № 2,1988, p. 3-10 

3. Agalarov J.H., Gulieva (Rustamova) M.A. Movement 

equation of a net in the plane //Изв. АН Азерб.,сер. 

физ.-мат. наук, жур. «Математика и механика» том 

XVIII, № 2 1998, стр.103-105 

4. Seyfullayev A.I., Gulieva (Rustamova) M.A . To the 

solution of the equilibrium problem of the net // 

0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
780

792.5

805

817.5

830

842.5

855

867.5

880

D ( )





International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

62 
 

Proceedings of Institute of Mathematics and Mechanics 

of AS of Azerbaijan, XIII volume, Baku, 2000,p.144-147 

5. Agalarov D.G., Seyfullayev A.I., Kuliyeva 

(RustamovaM.A). Numerical solution of one plane 

problem of equilibrium of net//Mechanics mechanical 

engineering, No. 1, Baku, 2001, str 3-4 

6. Gulieva (Rustamova) M.A.  Tension of a rectangular net 

fastened from two adjacent sides // Proceedings of 

Institute of Mathematics and Mechanics of NAS of 

Azerbaijan, 2002, VolumeXVI (XXIV), p.156-160 

 

ON THE SOLVABILITY DIRICHLET PROBLEM 
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BOUNDARY VALUE IN GRAND-LEBESGUE SPACE  
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Let  1:  zCz  be the unit disk on  C  and  

   be its circumference.   

Consider the following Dirichlet problem for the Laplace 

equation 

 













,

,,0

fu

inu





                                     (1) 

where Rf :  is a  real-valued  function. Let    it

r reutu   

and    

 
php uandinuuh ,0:  , 
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where 
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r

h
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p 10
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

 , 
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p
dttgg
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












 







,  p1 . 

 Let 
 Rw ],[:   be a weight function. Consider 

the weighted grand space 
),p

wh  of harmonic functions in w

equipped with the norm 

     ,,

10

sup p
w

p
w Lr

r
h

wuu 


, 

where    trtrureutu it

r
sin;cos)(  .  

 Assume that the weight  w  satisfies the following 

condition 

  ,0

1



  pLw                       (2) 

i.e.   .:0
0

1

0  

  pLw  

 Let us define the subspace 
),p

wM  of the space 
),p

wL  

which consist of such functions 
),p

wLf  , that satisfies 

    .0,0sup ), 





p
wL

s

fsf

 
Denote by   zP the  Poisson kernel for the unit circle 
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,  itrez . 

 The following  properties of the Poisson kernel  for the unit disk 

are true: 

   1
2

1
) 








dttPi r
,  1;0r ; 
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   0sup) 


tPii r
t 

, as  01r , 0 ; 

   0) 
t

r dttPiii , as 01r , 0 . 

main theorem is proved. 

 Theorem . Let ,1,),  pMf p

w


 the weight  w  

belongs to the class pA and the condition (2)  holds. Then it holds 

.01,0),  rffP p
wLr   

This theorem has the following 

 Corollary . Let ,1,),  pMf p

w


 w belongs to 

the class pA and the condition (2)  holds. Then the Dirichlet 

problem (1) is solvable in the classes 
),p

wh . 
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The problem of damping of transverse oscillation of a 

given thin homogenous membrane with a fixed boundary is 

studed. It is assumed that oscillations arise as a result of 

simultaneous actions of external sources at the initial moment of 
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time of the neighborhood of some points  , 
b

N,,1  of the 

membrane. Oscillations are damped by stabilizers with local 

effects at the neighborhood of membrane’s points, i , 

c
Ni ,,1 . For the formulation of the modes of control of the 

stabilizers, there are used information from the sensors measuring 

of the current values of displacement at the neighborhood of the 

points j , 
o

Nj ,,1 . 

This process for 0t can be described by the following 

initial-boundary value problem: 
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
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x
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Oxqxu

1

;0,






  ,   x , 
(2

) 

   ,0, txu x . 
(3

) 

Here  txu ,  is the a displacement of the membrane at the a point 

of x  in the time of t ; 2

2

22

1

2 xxL  ; 2a , 0  are the 

given constants;  is almost everywhere smooth border of area of 

 ; 
q  is intensity of  -th an external source, the lumped at the 

point  ),(
21

  , 
b

N,,1 , 

cNtNcN

tNtN

cN
R ),,,,,,( 1

1

1

1
   is the vector determining the 

effects of stabilizers at the neighborhood of the points 

 ),(
21

iii  , 
c

Ni ,,1 , ),,( 1 cN  , ),,(
1 tN

   is the 

given time moment in which at the neighborhood take place 

effect of the stabilizers, where 0
1


ss
 , 

t
Ns ,,1 , 0

0
 , 

ftN
T ; 

t
N  is number of impulses; fT  is duration of time of 

observation of the process. 

Continuously differentiable function ))~(;( 
x

Ox  
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determines the distribution intensity of the source at the 

neighborhood of )~( x
O near the point ~ . Function 

))~(;( 
t

Ot  is continuous for all  
f

Tt ,0 . 

Let the values of the powers of the sources q  and their 

locations  , 
b

N,,1 , are known exactly, but there are given 

sets Q  of possible values of q , and the density functions of the 

distribution 0)( q
Q

 . 

Locations   possible placement of external sources of 

influences are defined by sets  , 
b

N,,1 , 

bN
 1 with the given density function of distribution of 

  0




. 

The problem of control process of oscillation of 

membrane damping for a given time 
f

T  is to minimize the 

functional [1]: 

          


Q Q
dqdqqIJ  ,;,, ,  

        2

2

2

1

2

2

1

ˆˆ,,,;,,;,
cN

cNtN R

T

T R

dxdtqtxuxqI    
. 

 

Here, the function     ,,,;,, qtxutxu   is the solution of the 

initial-boundary value problem (1)–(3) of given external effect 

with the power q  at the initial moment of time, 
b

N,,1 , and 

damping modes  ; The value of T defines time duration of the 

interval ],[
1

TT
f , where TTT

f


1 , in which it must be 

observe state of the membrane on this interval. 

Let at the points  ),(
21

jjj  , 
o

Nj ,,1 , of the 

membrane are installed sensors that measure the values of the 

displacement at the neighborhood of these points at times 

],0( fs T , 
tNs ,,1 : 
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and it is possible to promptly define admissible stabilization 

modes 
i
s , 

cNi ,,1 , 
tNs ,,1  based on the results of these 

measurements. 

To assign current values of stabilizer modes, we use the 

following function, which determines the feedback of control 

effect with the state of the membrane at the neighborhood of 

observation points: 
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t
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(4) 

Here ))(( ijkk   are reinforcing coefficient; ))(( ijzz  , are the 

nominal values of the displacement at the point j  with respect 

to the stabilizer at the point i ; k , z are optimized feedback 

parameters. 

Substituting formula (4) into equation (1), we obtain 

loaded differential equations [2]-[4]: 
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The problem consists to finding of optimal values of 

parameters of a feedback control of ocNN
Rk , ocNN

Rz , 

locations of measurement points   and stabilization   at which 

(5), (2), (3) are satisfied. The obtained problem of synthesis the 
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control of stabilization of the oscillations belongs to the class of 

parametric optimal control problems for distributed systems. 

The considered problem is reduced to a parametric 

optimal control of a system with distributed parameters. Gradient 

formula for the functional of the considering problem in the space 

of synthesized parameters are obtained. The formulas made it 

possible to use efficient first-order optimization methods for the 

numerical solution of the synthesis problem. The results of 

numerical experiments are given. 
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the recent years, the number of scientific works devoted to 

theoretical as well as specific applied problems has essentially 

increased [1-5]. In this work, we consider the solution to classes 

of inverse problems in which the identifiable coefficients depend 

only on the time or only on the space. This specific character 

allows reducing the initial problems to specially built Cauchy 

problems with respect to a system of ordinary differential 

equations. It is important to note that the proposed approach does 

not use any iterative procedures. 

 Problem 1. We consider the following inverse problem to 

determine an unknown coefficient  tB0  of a linear parabolic 

equation: 
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under the following conditions: 
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       xttx
010

,,,   and constant k  are given, the functions 

       tttx
100

,,,   satisfy the following consistency 

conditions: 

       0,00
1000

  l ,    0
0

0  
l

k de  

and all other necessary conditions of existence and uniqueness of 
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the solution to the inverse problem (1)-(4). The problem (1)-(4) 

consists in determining the unknown continuous function  tB0  

and the corresponding solution to the boundary value problem 

 txv , , which is twice continuously differentiable with respect to 

x  and once continuously differentiable with respect to t  for 

  tx, , and satisfies conditions (1)-(4). 

Problem 2. The following equation is given: 

 
 

 
 

 
   

     

    ,0,0:,,

,,,

,
,,,

00

212

2

0

Ttlxtxtx

xCtxBtxf

txvxa
x

txv
xa

x

txv
xa

t

txv




















 (5) 

under the following conditions: 

       lxxdxvexvk

T

k ,0,,0, 0

0

1    ,  (6) 

         Ttttlvttv ,0,,,,0
10

  ,(7) 

     lxxTxv T ,0,,  . (8) 

It is required to determine the pair of functions     txvxС ,,
0 . 

In the work, we suggest a numerical approach to solving 

problems (1)-(4) and (5)-(8). At first, the problems with integral 

conditions are reduced to problems with point conditions, but 

with an additional unknown function as a parameter in the 

equation. Then, using the method of lines, the problems are 

reduced to a system of ordinary differential equations with 

unknown numerical parameters. To determine these parameters, a 

method based on the author’s results [6-9] is suggested. 
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FORCED VIBRATION OF THE "HOLLOW 
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The paper studies forced vibration of the "hollow 

cylinder + surrounding elastic medium" with non-

homogeneous initial stresses caused by the uniformly 

distributed radial compressional forces acting at infinity. It 

is assumed that after appearing the mentioned initial stresses 

on the interior of the cylinder the time-harmonic ring load 

acts and it is required to investigate how the initial stresses 

influence on the dynamic stress field appearing by the action 

of the additional time-harmonic forces. This investigation is 

made with utilizing the method developed in the paper [1, 

2], according to which the corresponding problem is 

formulated within the scope of the three-dimensional 

linearized theory elastic waves in bodies with initial stresses 

the basic equations and relations of which are described in 

many monographs (for instance in the monograph [3] and 

others listed therein). The mathematical method applied in 

the present work it is called the "discrete analytical" one, 

according to which, the solution of the differential equations 

with variable coefficients is reduced to the solution of the 

corresponding series differential equations with constant 

coefficients.  
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Numerical results on the dynamic stresses acting on the 

interface surface between the cylinder and elastic medium 

are presented and discussed. It is also discussed the 

recommendation on the possible application of the obtained 

results on the dynamics of the underground structures used 

in various branches of the modern industry. 
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ON THE "GYROSCOPIC EFFECT" UNDER DYNAMICS 
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The abstract of the investigations related to the forced 

vibration of the hydro-elastic and hydro–viscoelastic 

systems consisting on the elastic (or viscoelastic) plate, 

compressible viscous fluid and rigid wall have been 
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made in the paper [1]. According to this review and to 

analyses of the results of the papers [2, 3], the main non-

trivial and non-predicting results in these investigations 

are obtained in the case where the time-harmonic force 

acting on the mentioned system moves simultaneously 

with constant velocity. Namely, as a result of this 

simultaneous vibration and move with certain constant 

velocity of the external force the so-called "gyroscopic 

effect appear. The aim of the paper is to focus on this 

effect with respect to the hydro-elastic system described 

above. The corresponding investigations to achieve this 

aim are made with the scope of the exact field equations 

and relations of the elastodynamics (for describing the 

motion of the plate) and linearized Navier-Stokes 

equations of the barotropic compressible viscous fluid 

(for describing the fluid flow). The plane-strain state in 

the plate and the plane flow of the fluid is considered. 

The solution of the corresponding boundary-value 

problems is solved by employing the variable separation 

method and by employing the exponential Fourier 

integral transform with respect with the space variable 

indicated the coordinate of the point along the plate 

laying direction.  The originals of the sought values are 

found numerically, according to which, it is discussed 

the aforementioned "gyroscopic effect" with respect to 

the interface pressure and fluid velocity on the plate-

fluid interface. In particular, it is established that the 

influence of the motion of the oscillating load on the 

distribution of the stress and velocities depends on the 

vibration phase of the system.     
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As is well known, one achievement of the theory of 

normal operators is the spectral  representation and the possibility 

of constructing a functional calculus for such operators. For 

nonselfadjoint operators these and related questions have been 

intensively developed by the efforts of many mathematicians. The 

class of spectral operators introduced and studied by Dunford [1] 

and his colleagues occupies a noteworthy place in this area. But 

the requirement of boundedness of the resolution of the it identity 

or the spectral measure restricts the area of application of such 

operators. Therefore, attempts were made to get rid of this 

restriction. Lyantse [2], [3], Foias [4], Colojoara and Foias [5], 
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[6], Allakhverdiev and Akhmedov [7], and Stranss and Trunk [8]  

took essential steps in this direction.  

Lyantse treated operators with unbounded spectral 

measures, and in our view his papers spurred the development of 

the theory of spectral operators to a considerable degree. Foias 

and his colleagues singled out and studied the so-called 

decomposable operators. A functional calculus for such operators 

was constructed, and some spectral properties were investigated.  

In [7] is investigated a class, consisting of closed linear 

operators that are close in some ways to spectral operators but 

make up a broader class and coincide in general neither with the 

generalized spectral operators in the Lyantse sense nor with the 

decomposable operators.  

In [8] is introduced the notion of spectralizable operators, 

which a closed operator  A   in a Hilbert space is called 

spectralizable of there exists a nonconstant polynomial  p   such  

that the operator  )(Ap , is a scalar spectral operator and was 

showed that such operators belongs to the class of operators in the 

sence Colojoara and Foias.  

In this work we show that the class studing in [8] being a 

generalization of a class of sealar spectral operators is a subclass 

of class A [7]  consisting of operators having decomposition of 

commutative spectral operators.  

References 

1. Nelson Dunford and Jacob T. Schwartz, Linear operators.Vol. 

III, Interscience, 1971. 

2. V. E. Lyantse,On a generalization of the concept of spectral 

measure, Mat. Sb. 61 (103) (1963), 80-120; English transl. in 

Amer. Math. Soc. Transl. (2) 51 (1966). 

3. V. E. Lyantse, A differential operator with spectral 

singularities. I, II, Mat. Sb. 64 (106) (1964), 521-561; 65 (107) 

(1964), 47-103; English transl. in Amer. Math. Soc. Transl. (2) 

60 (1967). 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

77 
 

4. Ciprian Foias, Spectral maximal spaces and decomposable 

operators in Banach space, Acta Math. 14 (1963), 341-349. 

5. Ion Colojoara and Ciprian Foias, The Riesz-Dunford  

functional calculus with decomposable operators, Rev. 

Roumaine Math. Pures Appl. 12 (1967), 627-641. 

6. Theory of generalized spectral operators, Gordon and Breach. 

New York. 1968. 

7. Allakhverdiev D.E., Akhmedov A.M.  Some classes of 

generalized spectral operators and their applications., 

Math.USSR Sbornic, Vol.67 (1990), N 1. 

8. Strauss V.A., Trunk C.  Spectralizable Operators, Inteqral 

Eqnations and Operator theory, 2008.  
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The goal is to justify ideas that make changes to the two basic 

principles of the theory of differential equations in order to 

increase the applied capabilities of this theory. Here are the 

following (accepted by default): 

I. In the derivation of the equations, not taken into account or 

only incompletely taken into account the linear dimensions of the 

studied object. 

II. The material point chosen to derive the equations assumed 

that to be hard connected with only one point of the object (or 

stream) under study. 

Usually, by choosing a point is hard connected with an object 

(often by default implying that the point was selected), a 
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transition to mathematical research is carried out in order to 

determine the properties of this object. It was in this way, existing 

since the time of Newton and Leibniz, that brilliant successes 

were achieved. However, for a number of reasons, the classical 

path is not successful in attempts to describe turbulent 

phenomena. To get out of this difficult situation, are changes 

introduced into the classical principles I and II. Note that this is 

not a rejection of the theory of differential equations; on the 

contrary, we only increase the applied capabilities of this theory. 

Moreover, the classical approach itself turns out to be a particular 

limiting case of the new approach. New analogues of the basic 

principles of I and II:  

In. The linear dimensions of the studied real objects are taken 

into account (defined by a single rule). 

IIn. We select (in a general way) any point A of the object under 

study. A hard link between point A and the object is not required. 

We will use point A for modeling the behavior of the object. 

Point A can immediately participate in two movements: in 

movement with the object, as well as in movement inside the 

object. We can set the movement of point A inside the object 

ourselves, which opens up new possibilities. The trace of the 

movement the object we will be call the lane. Any trajectory of 

point A in the lane we will be call a universal trajectory. Scalar 

ordinary differential equation     t,txfdttdx   with the initial 

condition   00 xtx   in the transition from I, II to the positions In, 

IIn, takes the form: 

         dttdtttzfdttdz   ,  

with the initial condition    000 txtz   , where   is the 

linear size of a one-dimensional object,   a smooth control 

function,   1t ,      ttx̂tz    determine all smooth 
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universal trajectories in the lane and  tx̂ - the solution of the 

original Cauchy problem. If the control functions are pointwise 

discontinuous, then the corresponding universal trajectories are 

also pointwise discontinuous [1, 2]. 
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THE INVERSE PROBLEM FOR PARABOLIC EQUATION 

IN A DOMAIN WITH MOVING BOUNDARY 
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The goal of this paper is to study the well-posedness of an 

inverse problem of determining the unknown coefficient on the 

right side of parabolic equation. The inverse problem in a domain 

with moving boundary in case of the Dirichlet boundary condition 

with additional integral information. 

We consider an inverse problem of determining a pair of 

functions  

 ),(),( txuxf  

from conditions 

 ,0),()(),(),()(
21

TttsxtsDtxtgxfuu
xxt

  

 )0(),0(),()0,(
21

ssxxxu   
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    ],0[),(),(),(),(
2211

Tttttsutttsu    

    
T

tstsxxhdttxu
0

21
)(),(),(,  

where the data )(),(),(),(),(
21

xhttxtg   are continuous 

functions whose degree of continuity we shall make precise later. 

Recall that we have assumed that    .2,1,,0)( 1  iTCts
i

Here, 

we shall also assume that 




)()(sup,0)()(inf
21

0
21

0
tstststs

TtTt
 

 The additional condition represents the specification of a 

relative heat content of a portion of the conductor. For diffusion, 

the condition is equivalent to the specification of mass in a 

portion of the domain of diffusion. 

 The uniqueness theorem and the estimation of stability of 

the solution of inverse problems occupy a central place in 

investigation of their well-posedness. In the paper, the uniqueness 

of solution for considering problem is proved under more general 

assumptions and the estimation characterizing the “conditional” 

stability of the problem is established. 

 
CONVERGENCE OF SPECTRAL EXPANSION IN 

EIGENFUNCTIONS OF THIRD ORDER ORDINARY 
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 Consider on the interval )1,0(G  a formal differential 

operator 

uxPuxPuxPuLu )()()( 3

)1(

2

)2(

1

)3(   

with summable coefficients .3,2),()(),()( 121  lGLxPGLxP   
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 Denote by )(GD  the class of functions absolutely 

continuous together with its derivatives to second order 

inclusively, on the closed interval ].1,0[G  

 Under the eigenfunction of the operator L  responding to 

the eigenvalue  , we understand any function )()( GDxu   iden-

tically not equal to zero and satisfying almost everywhere in G  

the equation (see [1]) 

.0 uLu   

 Let  
1

)(
nn xu  be a complete system, orthonormalized in 

)(2 GL , consisting of eigenfunctions of the operator L , and  
1nn  

be a corresponding system of eigenvalues  0Re n . 

 Denote 

 

 










,0Im,

,0Im,

3/1

3/1

nn

nn

k
ifi

ifi




  

and consider the partial sum of orthogonal expansion of the 

function )()( 1

1 GWxf   in the system  
1

)(
nn xu : 







 
n

xuffx nn ,0),(),(  

where 
1

0

.)()(),( dxxuxfuff nnn
 

Study the behavior of the difference .)(),(),( xffxfxR     

 In the paper, the following theorem is proved. 

Theorem. Let the function )(xf  belong to the class ,)(1

1 GW  the 

system  
1

)(
nn xu  by uniformly bounded, and the following 

conditions be fulfilled: 

;4,20,)()()(
1

0

)2(   nnn fCxuxf  

   









 
1

1

11

1

1

1

1

1 .,,,
kk

kPfkkfk   

Then the expansion of the function )(xf  in the system  
1

)(
nn xu  

converges absolutely and uniformly on ].1,0[G  
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Vibrating string problems when the string loaded with 

point masses are reduced to Sturm-Liouville problems containing 

spectral parameter in boundary conditions. Investigating the 

spectral properties of such problems is very important to find the 

solution of physical problem.     

 In this study, we consider a boundary value problem for a 

class Sturm-Liouville equation with discontinuous potential. 

Taking into account conjugate conditions at discontinuous points, 

we examine the basis properties of eigenfunctions of boundary 

value problem. 
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We consider the following mathematical model for the 

oscillations of the bridge which has one common point with the 

cable: 






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
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



),,0(),0(

,0),0(),0(),0(),0(

),,0(),0(),0(),0(

tutu

tvtvtutu

tvtvtutu







0),(),0(),(),(),0(),0(  tlvtvtlutlututu , 

)()0,(),()0,( 10 xuxuxuxu  , )()0,(),()0,( 10 xvxvxvxv  , 

where  0,0  tlx ,   l 0 . Here ),( txu   is state function 

of the road bed and ),( txv  is that of the main cable, )( tu , )( tvG    

are  the  aerodynamically  dampings.  The solution of the problem 

is reduced to the Cauchy problem for the operator differential 

equation in some functional spaces. 

In this study, we show the existence of global solutions of 

the considered problem and investigate the asymptotics of these 

solutions. 
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BOUNDARY CONDITIONS 
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 We consider a strong damped nonlinear wave equation 

with dynamic boundary conditions 

 ,xfuuu xxxxttt       1,0,0,  TQxt T ,  (1) 

  ,00, tu 0t , (2) 

      ),(1,1,1, tgtututu xxttt  0t ,    (3) 

   ,,0 xxu     ,,0 xxut  10  x ,(4) 

,)0,1( hu     (5) 

where   ,0)0(,0
)(

limsup,0,)(),(1 


f
x

xf
ccxfRCxf

x

 ,,0)( 1 TCtg  ),1,0()(),1,0()( 2
pp LW   Rh .  

We prove that the problem (1) - (5) has a unique solution 
              1,0,0()1,0,0()1,01,0,0( 2111

0

2

pppp
WTCLTCWWTCu

     )1,0,0()1,0 21

0 pp
LTCW  , such that  ,,0)1,(),1,( TCtutu xt 

 .,0)1,(),1,( TCtutu txtt   
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Inthework, we consider a boundary-value problem for the 

differential equation 

y y  ,  0, ,
2 2

x
 


   

   
   

,                     (1) 

subject to the boundary conditions 

(0) ( ) 0y y    ,            (2) 

and to the jump conditions at the point 
2

x


  

0 0 ,
2 2 2

0 0 ,
2 2 2

y y y

y y y

  

  


      
          

      


                    

                   (3) 

where 0  is a real value, and is a spectral parameter. 

Theproblem (1) underthe conditions (3) can be reduced to 

the equation 

( )y q x y y   ,  (0, )x  , 
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where ( )
2

q x x



 
  
 

 is the potential, and ( )x   is the 

derivative of the Dirac’s function(see [1]). 

The primary objective of the work is to calculate a first-

order regularized trace of the Sturm-Liouville operator with point 

of   - interaction. 

Note that the eigenvalues n , 1,2,...n   of the operator 

L , generated by the differential expression 

2
y x y




 
    

 
 on the finite interval (0, )  with the 

boundary conditions (2), have an asymptotic 

2 4 n
n n

n





   , 2{ }n l  , 

which is established by direct calculations.   

Further, by a first-order regularized trace of the operator

L we mean the sum of the series 

2

1

4
n

n

n






 
  

 
 .                      (4) 

The following theorem is true. 

Theorem. The series (4) is convergent, and its sum is 

equal to 
2

2 2

 
  . 
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In the paper [1] in a separable Hilbert space H the 

solvability of the following boundary value problem is studied for 

a  second order elliptic differential-operator equation : 

),1,0(),()()('')(:),(  xxfxAuxuxuuDL   (1) 

,)0(':

,)0()1(':)(

22

11

fuuL

fBuuuL



 
                    (2) 

where  is a complex parameter ; A  is a  - positive operator 

in H  ; B is a linear bounded operator in H  ; .:
dx

d
D   It is 

proved that coercive solvability in space ),1(),);1,0(( pHL
p  

does not hold for boundary value problem (1)-(2).  

In this note in  H we study solvability of the following 

boundary value problem  

),1,0(),()()('')(:),( 2  xxfxAuxuxuuDL   (3) 

.)0(':

,)0()1(':)(

22

11

fuuL

fBuuuL



 
                                 (4) 

For boundary value problem (3),(4) we proved the following 

Theorem 1. Let the following conditions be  fulfillied :  

1) A is a  - positive operator in H  ; 
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2) The linear operator B  boundedly acts from H  to H  and 

from )(AH to )(AH . 

Then, the operator ),)(,),((:)(:)( 21 uLuLuDLuu  LL  

for sufficiently large    from the angle 
2

<≤|arg|


  is an 

isomoprhism from )),();1,0((2 HAHWp  to 

p
p

p
p

p
HAHHAHHL

,
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1
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2

1

2

1
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
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



  and for such   

the following coercive estimation is valid for solving 

problem (3),(4) 
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where 0c  is a constant independent  of   . 

As is seen, problem (3),(4) differes from boundary value 

problem(1),(2)  by the fact that the complex parameter   unikle 

equation (1) participates in equation (3) quadratically. But this 

change strongly affects on the character of  solvability of 

boundary value problem (3),(4), i.e. problem (3),(4) becomes  

coercively solvable in the space ),1(),);1,0(( pHL
p . 
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In this paper, the continuous and discrete BHH ( Bevis–

Hall–Hartwig equation) matrix equation is solved by linear matrix 

inequality (LMI), which gives a more accurate result than [1]. A 

computational algorithm is suggested.  In [1] it is shown that the 

discrete BHH equation have been reduced to  to the Stein 

equation and for its solution have been  used the standard 

procedure dlyap.m of the MATLAB application package, but in 

the considered work we show that the accuracy of the solution is 

lost when used the method [1].In the numerical example of the 

third order it is shown that the proposed LMI algorithm produces 

a result which is the order of accuracy higher accuracy [1]. 
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 Let  RLp ,  p1 , – the space of the functions, with 

finite norm 
   

p

R

p

RL
duu

p

1














   . The Hilbert transform of 

the function  RLu p ,  p1 , is called the singular integral 

  
 

 


R

d
t

u
tHu 







1
,   Rt . 

It is known (see [1, Ch. III, §2]) that the Hilbert transform 

of the function  RLu p ,  p1 , exists for almost all values 

Rt . In the case  p1 , the Hilbert transform is a bounded 

operator in the space  RLp  and satisfies the equality IH 2 . 

In [2], for the analytic functions in a strip 

 dzCz  Im:  (under certain additional restrictions) it was 

proved that the series 
  









k
k

ktu

21

211 


 converges 

uniformly to   tHu on 0 .  
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The report is devoted to the approximation of the Hilbert 

transform of arbitrary functions from  RL2  by operators of the 

form   
  










k
k

ktu
tuH

21

211 


 , 0 , which were 

introduced in [2]. It is proved that the operators H  is bounded 

in  RLp ,  p1 , satisfy equality IH 2
  in  RLp , and for 

every 0  the sequences of the operators  
NnnH

  converges 

strongly to the operator H  in  RL2 .  

Theorem 1. For any 0  the operators H  are 

bounded in the space  RLp ,  p1 , and the inequality 

   
pppp llRLRL

hH



~

 , 

holds, where h
~

 is modified discrete Hilbert transform defined by 
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~
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  1lbb
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
. 

Theorem 2. For any 0 and  RLu p ,  p1   

following inequality hold: 

    tutuHH  . 

Theorem 3. For any 0  the sequence of the operators 

 
NnnH

  strongly converges to the operator H in  RL2 , that 

is for any  RLu 2  following inequality hold: 

 
0lim

2
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 RL

n
n

HuuH
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CONSTRUCTING THE SYSTEM OF CHEBYSHEV-

HERMITE POLYNOMIALS 
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It is known that the weight function, the system of 

orthogonal and orthonormal polynomials with respect to this 

function was constructed, their algebraic and asymptotic 

properties were proved, the appropriate Fourier series were 

studied [1]. In the paper, we will consider the existence and 

uniqueness condition of the system of orthonormal polynomials 

with respect to the weight function. In the special case, we will 

construct the first Rodrig formula of Chebyshev-Hermite 

polynomials.  

Theorem. There exists a unique sequence of polynomials 

  xpn for any weight function  xh with positive higher term 

coefficient and satisfying the orthonormality condition [1]. 

Using this theorem, we prove the Chebyshev-Hermite 

orthogonal and orthonormal polynomials and study the 

construction of the system of polynomials. The polynomial 
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
  22

1 is said to be a system Chebyshev-

Hermite polynomials with respect to the weight function. We can 

prove that for nm , if we take into account, 
   0xH n
m , then 

    0
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




 dxxHxHe nm
x

,  .nm  

So, the polynomial   xHn  is orthogonal. 

Then the orthonormal Chebyshev-Hermite polynomial is as 

follows: 
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We determine some terms of the system of Chebyshev-

Hermite polynomials. By the theorem   0000 CxH   and 
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Using the known lemma, we express the term  xH1  of the 

Chebyshev-Hermite polynomial as follows: 

    xCxHCxH 110011  . 

Use orthogonality and orthonormality   
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As a result, 
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We can show that     8/24 2
2  xxH . In the same 

way, we can construct the polynomials     ...,,
43

xHxH  and 

others. 
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BRANCHING PROCESS WITH SPECIAL GENERATING 

FUNCTION  
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In general, various aspects of branching random 

processes in many works [1,2] were investigated. It is known that 

for investigation of branching processes there is a suitable 

apparatus – generating functions. All characteristics of branching 

processes are given by generating functions. In this work we 

consider the case when generating function of branching process 

has a special form. 
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Let n , ,...2,1,0n  be a branching process with the non-

negative integers as state space, i.e. n  is the size of the n-th 

generation, )(sfn is the corresponding generating function.  

We denote the generating function of density probabilities 

kp by  








0

0 )1()( 1

k

k
k sMspsf 

, .1s  

Assume that 11 p and the mean 

.1)1(

1

 


k

kkpf  

Then )(sfn increases to 1 as n for every  .1,0s

We consider the partial case, when generating function of the 

branching process has the following form 

)1()1()( 1 sLsssf  
, 1s , (1) 

where )(xL is a slowly varying function as 0x and .10   

This includes the case  )1(f , when 1  and )1(
2

1
)( fxL 

as .0x  

Denote  0)(
))(1(




nn
ufu

n
neMuF  , 0u . 

The following theorem is proved. 

Theorem: If(1) holds, then 


1

)1(1)()(


 uuuFuFn as .n  

Corollary:   )(0))0(1(lim xGxfP nnn
n




 , 0x , where 

)(xG has the Laplace transform ).(uF  
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THE SCATTERING PROBLEM FOR THE SYSTEM OF 

SIX ORDINARY DIFFERENTIAL EQUATIONS ON SEMI-

AXIS 

Kamilla A. ALIMARDANOVA, Aynur N. SAFAROVA  

Institute of Mathematics and Mechanics of National Academy of 

Sciences,  Baku,  Azerbaijan 

e-mail:kalimardanova@yahoo.com 

 

In this paper we study the scattering problem for the 

system of equations on the semi-axis 0x  





5

1

6,1),()()(
)(

j
kkjkj

k kxyxyxu
dx

xdy
i                (1) 

where
6

1,
)(

jkkj xu  is a matrix with zero diagonal elements; its 

elements are measurable complex-valued functions satisfying 

conditions: 

0,0,)(    ccexc x
kj                                   (2) 

 is a spectral parameter; .0 654321    

The solution of the system  (1) is a absolutely continuous 

vector-function )}(),...,({ 61 xyxy  almost everywhere satisfying (1). 

We can prove that any substantially bounded solution of 

the system (1) under the condition (2) and 0Im  assumes the 

following  asymptotic representations: 
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3,2,1),1(0),(  jeAxy jxi
jj

                        (3) 

6,5,4),1(0),(  jeBxy jxi
jj

                        (4) 

We consider two problems for the system (1) on a semi-

axis. The k-th problem is following. We need to find the solution 

of the system (1) satisfying the boundary conditions:  

.2,1),,0(),0( 12  kzhz k
k

k                          (5) 

where )),,(),,(),,((),( 6542  xyxyxyxz kkkk   

)),,(),,(),,((),(
3211

 xyxyxyxz kkkk   

,

001

100

010

,

100

010

001

21


































 hh  

by given asymptotics (3). 

Matrix-function )),(),(),(()( 321  SSSS   where 

3

1
11 )()(




k

k
k SS  takes 

tAAA ),,( 321  to 
tBBB ),,(

321  (t is 

transposition), is called scattering matrix  for the system (1) on a 

semi-axis. 

Theorem. Let the coefficients of the equations  system 

(1) satisfy the conditions (2) and the condition  

0)(...)( 6561  xcxc  and the discrete spectrum is absent. Then 

the rest coefficients of this system are uniquely determined by the 

scattering matrix. 

The inverse problem for the system (1) on the whole axis 

was studied in [1]. 
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SOME PROPERTIES OF THE RIESZ POTENTIAL 

Fuad ALIYEV 

Azerbaijan State University of Oil and Industry, 34, 

Azadligave., Baku AZ1010, Azerbaijan; 

UFAZ, 183 Nizami str.,Baku and AZ1010, Azerbaijan 

email: fueliyev@gmail.com 

 

Let nR  be an n dimensional Euclidean space of points 

 nxxxx ,,, 21  , and    raxRxraB n  ::,  be a closed 

ball in nR centered at nRa  and radius 0r .The class of all 

locally integrable of  -th degree   p1  functions defined 

in nR  is denoted by  np

loc RL , and the class of all locally 

bounded functions is denoted by  n

loc RL
. 

For the function  n

loc RLf 1 assume that ([1],[3]) 

   
 

 
 








 






















 
  


r

ax
dt

r

at
tf

raB
xfP

k raB

raBk 



 

,

,,
,

1
: . 

It is easy to see that   kraBk PfP ,, ,  where kP  is the set of all 

polynomials in nR  of degree at most k . 

Let nRx , Nk  and suppose that for any   with the 

condition 1 k  there is a finite limit  

     xfDxfPD rxBk
x


 :lim ,,1 



  (1) 

where 
n

nxxx

g
gD











21
21

: . 

Let us denote 
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   
 


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


1

,1
!

:

k
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xfDtfP
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




,   (2) 

   
  









 


 rfPfrxBxn

rxBLxkpp
k
f p :,sup:;

,,1

1

, 

 0,  nRx , 

where !!!! 21 n  . 

Consider the following integral operator of potential type 

(see. [2], [4]) 

          dyyfyXyKD
x

yxKxfR
nR
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k  



























 



1

1

,
!











, 

where   n
xxK





 , n0 , Nk ,  1t

X  is the 

characteristic function of 1:  tRt n
. 

The operator fR k,  is a modification of the Riesz 

potential 

   



nR

n
dyyfyxxfI


 . 

Theorem 2.4.Let  np
loc RLf  ,  p1 ,  Nlk , , 

  lk  , nRx , fRf k,:  and 

 
 



1

0

;
dt

t

txn
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l
f


, 

 
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


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l
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1

1

;


. 

Then the following inequality holds true 
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where constant  0c  does not depend on f ,   and x . 
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In the paper we offer determining equations of the motion 

of viscous fluid in nano-channels ( mdm 49 1010   ), and also give 

generalizated Navier condition of fluid slippage with regard to 
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influence of physical field stress penetrating deep and holding on 

the boundary between the vessel wall and fluid, in the form: 

- equation of motion of viscous compressible fluid in 
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-substance conservation equation 

0]
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- generalized Navier boundary condition in nanohydrodynamics 

with regard to influence of quantum mechanical effects of 

transformation of homogeneous fluid into inhomogeneous one: 

х
Lх






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Here  )](
~

1[0 хE   and )](
~

1[0 хE   is the function of 

density and viscosity of the fluid in depth of fluid,
0

0




   is 

kinematic viscosity. All of them depend on experimentally given 

quantum-mechanical effects given from the density of the action 

of the physical field tension 
0

)(

E

xE
E 


 of hydrodynamics of 

viscous. 

The basic quality and quantity results of hydrodynamics 

of viscous fluids in small-dimensional systems (

mdm 49 1010   ) are the followings: 

- in formation of empty space between the vessel wall and fluid of 

size 012,0 R , 

- in the depth of fluid close to the wall the homogeneous fluid will 

be transformed into inhomogeneous one, 

- mechanical characteristics of inhomogeneous part of fluid (of 

density )(r  and viscosity )(r ) in depth, depending on the 

action of physical field strain will change in the form: 

)](
~

1[0 rE  ,            )](
~

1[0 rE   

- The fluid slippage holds at the expense of influence of quantum-

mechanical effects. 
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TWO – FOLD COMPLETENESS OF A SYSTEM OF 

ROOT FUNCTIONS OF THE PROBLEM OF THE 

IRREGULAR BOUNDARY VALUE PREBLEMS OF 

ORDINARY DIFFERENTIAL EQUATIONS 

I.V. ALIYEV 

Khazar University, Baku, Azerbaijan 

 

Consider a nonlocal boundary value problem: 

 

𝐿(𝜆, 𝐷)𝑢 ≔ 2𝜆2𝑢(𝑥) − 𝜆𝑢′(𝑥) − 𝑢′′(𝑥) + 𝑏(𝑥)𝑢(𝑥) = 0  𝑥

∈ (0,1)(1) 

𝐿1𝑢: 𝑢′(𝑥) − 𝑢′(1) = 0  𝐿2𝑢 ≔ 𝑢(0) − 2𝑢(1)

= 0          (2) 

whereb (x) is given function. The root of the equations 

−ω2– ω+2 = 0 are ω1 = -2, ω2=  1. Problem  (1)-(2) is 

Birkhoff-irregular [1]. Let us show that problem (1)-(2) is 

1-regular with respect to a system of numbers ω1 = −2, ω2 

= 1 (see [2]) and is not 1-regular with respect to a system of 

numbers ω2 = 1, ω1= −2. 

 Inside the angle 

−
𝜋

2
+ 𝜀 < 𝑎𝑟𝑔𝜆 <

𝜋

2
− 𝜀,                               (3) 

the resolvent of problem (1)-(2) decreases like to the 

regular case and, inside the angle 

𝜋

2
+ 𝜀 < 𝑎𝑟𝑔𝜆 <

3𝜋

2
− 𝜀,                 (4) 

the resolvent of problem (1)-(2) increases with respect to 

the spectral parameter λ. 

 

 Theorem. Let  𝑏 ∈ 𝑊𝑞
𝑘+1(0,1), 𝑤ℎ𝑒𝑟𝑒 1 < 𝑞 ≤ ∞,

𝑏(𝑗)(0) = 𝑏(𝑗)(1) = 0, 𝑗 = 0, … , 𝑘 − 1, 

𝑏(𝑘)(1) + 2(−1)𝑘+1𝑏(𝑘)(0) ≠ 0for some𝑘 ∈ 𝑁. 
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Then the spectrum of problem (1)-(2) is discrete and 

the system of root functions of problem (1)-(2) is two fold 

complete in the space 𝑊2
1((0,1); 𝑢(0) − 2𝑢(1) =

0) ⨁ 𝐿2(0,1). 

Proof. Let us denote 

𝐻𝑘 ≔ 𝑊2
𝑘(0,1),   𝑘 = 0,1,2,   𝐻𝜈 ≔ 𝐻0

𝜈 ≔ 𝐶,   𝜈 = 1,2 
Consider an operators𝐴1 and 𝐴2 defined by the equality. 

𝐴1𝑢 ≔ −
1

2
𝑢′(𝑥), 𝐴2 ≔ −

1

2
𝑢′′(𝑥) +

𝑏(𝑥)

2
𝑢(𝑥), 

And functional𝐴10, 𝐴11, 𝐴20defined by the equalities 

 
𝐴10𝑢 ≔ 𝑢′(0) + 𝑢′(1), 𝐴20𝑢 ≔ 𝑢(0) − 2𝑢(1). 

  Then problem (1)-(2)is rewritten in the operator 

form as the following system of pencil equations  

𝐿(𝜆)𝑢 ≔ 𝜆2𝑢 + 𝜆𝐴1𝑢 + 𝐴2𝑢 = 0, 𝐿1𝑢 ≔ 𝐴10𝑢 = 0, 𝐿1𝑢

≔ 𝐴10𝑢 = 0,  

where𝑢 ∈ 𝐻2 = 𝑊2
2(0,1). 
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A BOUNDARY VALUE PROBLEM FOR A FIRST ORDER 

ORDINARY DIFFERENTIAL EQUATION WITH 

CONTINUOUSLY CHANGING ORDER OF DERIVATIVE 
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We consider the following boundary value problem:   

,0),(),(),(

1

3

2

3

3

2

3

1

2

3

1

0

1   


dxyDadxyDadxyDa xxx
 

,0 10 xxx                                                              (1) 

,),(),( 11201   xyxy  

,),(),( 2
3

1

2
3

1

1 10
   xxixxxx xyDxyD  (2) 

.),(),( 3
3

2

2
3

2

1 10
   xxxxxx xyDxyD  

It is known  [1], that the solution of a first order 

differential equation: 

,0)()(

1

0

   dxyDа ,0 0 xx   (3)  

where the coefficients )(а  is a step function, is sought in 

the form of the Volterra function, i.e. in the form: 

.
!

)(

!
),()(

11















d
x

d
x

xyxy 








  

Then,  








 d

x
xyDxyD 










1
)!(

),()( , 

and the characteristic equation will have the form: 
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0)()( 121
2

32
3

3  aaaaaa   

By the found 
1 , 

2  and 
3 , the general solution of 

the equation  (1), is determined in the following form :  

),(),(),(),( 333222111  xycxycxycxy  . (4) 

To solve problem (1) - (2), it is necessary to determine the 

coefficients 
1c ,

2c ,
3c  and they are determined from the following 

system: 

  ,),(),( 1

3

1

1201  
i

iiiii xyxyc               (5) 

,),(),( 2

3

1

3
1

2
3

1

1 10
 














i

xxiixxxiixi xyDxyDc   (6) 

,),(),( 3

3

1

3
2

2
3

2

1 10
 














i

xxiixxxiixi xyDxyDc (7) 

where .0 0 xx   

Subject to the solvability of the system (5)-(6)-(7), 

substituting  the obtained values for  
1c , 

2c  and 
3c , from 

this system to general solution  (4) we determine the solution 

of problem  (1)-(2). 

Under certain conditions on the problem data, i.e. ,1a ,2a

,3a 321 ,,  , and also  ,1 ,2 ,1 ,2 ,1 ,2   we proved a 

theorem on the existence of the unique solution of problem 

(1)-(2). 
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NECESSARY CONDITIONS CONNECTED WITH  

HELMHOLTZ EQUATION ON SEMI-LINEAR 

N.A. АLIYEV,  A.Kh. ABBASOVA, N.Q. MAMMADOVA 

Baku State University 
 

1.Statement of the problem 

The following problem for the Helmholtz equation 

with nonlocal boundary conditions is considered in this 

paper: 

,0)(
)( 2

2

1,

2








xuk
xx

xu
a

ji ji

ij
   ,, 2

21 RDxxx  (1) 
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





















 

),0()(
)(

)(
)(

)( 22
)0(

0

2

1 1

2
)1(

0

2
)0(

11

xux
x

xu
x

x

xu
x i

j x
j

ij

x
j

ij 
 

0;2,1),(),1()( 2222
)1(

0  xixxux ii  (2) 

].1,0[),()0,()(
)(

)( 11110

2

1
0

1

2
























xxxux
x

xu
x

j
xj

j   (3) 

 

2.Necessary conditions 

 

Under some restrictions on domainD,coefficients  and 

right side of equation and boundary conditions, taking into 

account fundamental solution [1]

 )(
4

),( )1(

0   xk
i

kxU  

of equation (1),  where  z)1(

0 -Hankel function and 

 2

2211221112

2

11222

2 )())((2)(
1

)(   xaxxaxa
a

x  
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is a given metrics., for solvability of problem (1)-(3)  using 

second Green’s formula and boundary conditions  was obtained 

necessary conditions in form: 

...
),0,(

),0,( 1

1

0 11

112
1 


  dx

x

kxua
ku


  

...
),,0(

),,0( 2

0 22

212
2 


 



dx
x

kxua
ku


  

...
),,1(

),,1( 2

0 22

212
2 


 



dx
x

kxua
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),(),(),( 1

0 11
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02

22
1

0 11
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12
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222
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
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x

dx

x
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x
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x

kxuaku

xx
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),(),(),( 1

0 22

2
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12
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2
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111


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





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
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
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
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x
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...
),(),(),(

0 22

2

11

11

0 22

2

12
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12
111










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













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x
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x
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x
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x

kxuaku
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Note, that kernels of integrals in obtained necessary 

conditions has singularity and dots notes  regular terms. 
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Let )(xU  be a fundamental solution of Laplace equation: 

)()()(
)()(

)( 212
2

2

2
1

2

xxx
x

xU

x

xU
xU  









 .        (1) 
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




















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


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then a fundamental solution of (1) will be sought in the form 

)()()(
2112

ixxixxCxU                          (3) 

where  )(z is a Heavicide function but with a complex argument. 

 Taking into account that 





)()()()('

)(
211221122

1

2

ixxixxCiixxixxC
x

xU
  

)(')()()(
21122112

ixxixxCixxixxCi   ,  (4) 





)()()()('

)(
211221122

2

2

ixxixxCiixxixxC
x

xU
  

)(')()()(
21122112

ixxixxCixxixxCi   . (5) 

Substituting (4) and (5) into (1) we’ll have: 

)()(

)()(4
)()(

)(
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21122
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xx

ixxixxCi
x

xU
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xU
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
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




 

or )()()()(2)2()(4
2112112

xxxxCixixxCi    

Thus, for the arbitrary constant C we have 

i
C

2

1
  .                                    (6) 

Taking into account (6) in (3), for a two-dimensional Laplace 

equation we have the fundamental solution 

)()(
2

1
)(

2112
ixxixx

i
xU    .             (7) 

We should note that fundamental solution (7) is a fundamental 

solution neither in direction 
1x  nor in direction 

2x . 
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Azerbaijan. 
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In the paper we study one-to-one mappings of p 

dimensional surfaces of n dimensional euclidean spaces in 2n 

dimensional euclidean space. In the paper we use the method of 

moving frames and exterior forms. The following results are 

obtained: 

Theorem 1. If the net pp V  is conjugate then the 

corresponding nets  
pp T   and 

**

pp V  are also 

conjugate. 

Theorem 2. The conjugate net p  (or  
pp T  ) is a 

basis for the mapping T  if and only if the nets p  and 

 
pp T   are orthogonal. 

Theorem 3.  
pp T  if and only if the mapping T  

is conformal.  
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BASIS PROPERTIES OF A BOUNDARY VALUE 

PROBLEM WITH BOUNDARY CONDITIONS 

DEPENDING ON THE EIGENPARAMETER  
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 We consider the following spectral problem 

 ,10),()()(()()4(  xxyxyxqxy  (1) 

,0)1()1()0()0()1()0(  ycTyyaTyyy  (2) 

where C is a spectral parameter, ,yqyTy  ],1,0[ACq  

and ],1,0[,0)(  xxq ca,  are real constants such that 0a and

.0c  

 Problem (1)-(2) was considered in [1, 2], where it was 

proved that the eigenvalues of this problem are real, simple, with 

the exception of at least one (in the case 0c ), and form an 

infinitely increasing sequence 

1
}{

kk
 such that 0

k
 for .4k  

Moreover, if r and l ( r ,l 4, lr ) are arbitrary fixed positive 

integers having the different parity,  then the system of root 

functions 


 lrkkk
xy

,,1
)}({ of problem (1)-(2) forms a basis in the 
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space ,1),1,0(  pL
p which is an unconditional basis for 

.2p  

 The main result of this note is the following theorem. 

 Theorem.Let r and l ( r ,l 4, lr ) are arbitrary fixed 

positive integers having the same parity, and .ca   Thenthere 

exists a positive integer 
0

k  such that for sufficiently large 

integers r and l  satisfying the inequality 
0

|| klr   the root 

functions system


 lrkkk
xy

,,1
)}({ of problem (1)-(2) to form a basis 

in ),1,0(
p

L ,1  p  which is an unconditional basis for .2p  
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Denote by myRm ),( --dimensional Euclidean space with 

the point ),,...,( myyy 1  by   )(xRn
  the same space with the 
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point  ),,...,( nxxx 1

},,),',,();({)( 00 2121  xxxxxxxRxxR nn
., 00 21    

Let 


)(xR n
 be a cylindrical domain in 

)()( yRxR mn


 where    is a bounded domain in  )(yRm

 with a 

smooth boundary   ,  where .









 2

3m

C  

The generalized shift operator  yT is defined by 

,sinsin)'',,()( 212
1

1
1

2

0 0

1
21  

 

 ddyxfCxfT y 
    

where   2
3

2

1
22 ),...,(',cos2  n

niiiiii xxxyyxx R  and 














 

2

11


C 






 


2

11 .
2

12







 



 

The Laplace-Bessel differential operator 


 









2

1
2

22

1

.
i ii ii

i
B

xxx


 

Consider in     the following boundary value problem 

  ),,(),,(2 yxfyxkukB                      (1) 

,0),,( 


yxku                                   (2)  
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where
2

0 ),(),( kCyxf  
  is a constant number not 

necessarily real,     is the boundary of the cylinder   . 

From this theorem it follows 

Theorem 1.The solution of problem (1)-(2)  with a 

complex parameter   
2
k  is represented in the form 




 ,),(),,,(),,( dzfzyxkGyxku   

this solution is unique, where  ),,,( zyxkG    is Green's 

function of problem  (1)-(2). 

 

HARDY-ORLICZ CLASSES AND BASES IN THEM 

F.A. ALIZADEa), M.F. RASULOVb) 

a)Institute of Mathematics and Mechanics of NAS of 

Azerbaijan,9, B.Vahabzade, Baku, AZ1141, Azerbaijan  
b)High school student, Baku, Azerbaijan 

email: fidanalizade95@mail.ru 

  
In this work,  basicity of classical trigonometric systems 

in Orlicz spaces are considered. Hardy-Orlicz classes 

corresponding to  a unit ball on the complex plane are defined. As  

analog of the classical Riesz theorem of the theory of analytic 

functions for Hardy-Orlicz classes is defined. The validity of 

Cauchy formula for functions from these classes also is 

established. 

Let us take some standard notations. N is the set of natural 

numbers;     ;;0   ZNZNZ  R is the set of real 

numbers; C is a complex plane;   1: zCz is a circle  

in C . 

mailto:fidanalizade95@mail.ru
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 Definition 1.Continuous convex function   RR:M 

is called N -function, if  it is even and satisfies the conditions 

   
.lim;0lim

0


 u

uM

u

uM

uu  
 Definition 2. N -function  M satisfy the

2 -condition for 

large numbers u ,if :00
0
 uk

 

    .,2
0

uuukMuM   

Let  M be some N -function,  RG be a (by Lebesgue)  

measurable set with finite measure . By  GL0
denote the set of all 

measurable functions G . Accept 

     ,dxxuMu
G

M 

 and let  

      .:0  uMLuGL MM 
 

 GLM
called the Orlicz class. 

 By 

MH denote  Hardy-Orlicz class of analytic functions 

 F inside   with the norm   

 
       ,sup;supsup

10110
Mr

r
r

r
H

FFF

M

M


 

 


where 

   it

r reFtF  . 

The following analogue of the classical Riesz theorem holds in 

Hardy classes. 

Theorem 1.Let   2M  be some N -function. Then for 

 MHF : 

     ,01,   rFFrM 
 

   ;01,0   rFF
rM

  
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are true, where      FreFeF itit

r
,  is a non-tangential 

boundary values of F  on  .  

From Theorem 1 immediately follows 

Corollary 1.Let  .2 M Then for 
 MHF : 

 ;01,   rFF
MMr

 

 ,01,0   rFF
M

r

 are true.  

 

A HARNACK’S INEQUALITY FOR 2-ND ORDER NON-

UNIFORMLY DEGENERATING ELLIPTIC EQUATIONS 

OF NON-DIVERGENT STRUCTURE 

Narmin R.AMANOVA  

Institute Mathematics and Mechanics of National Academy of 

Sciences,  Baku,  Azerbaijan 

email: amanova.n93@gmail.com 

 

    In this report, we assert a Harnack’s type inequality for the  

class of positive solutions of second order non-uniformly 

degenerating elliptic equations of non-divergent structure.   

      Let nE  be n -dimensional Euclidean space of points 

1( ,..., ), 3,nx x x n  D  be a bounded domain in 
nE with its 

boundary 2D C  and 0 D .  Consider in D an elliptic 

equation  















n

i i

i

n

ji ji

ij xuxc
x

xu
xb

xx

xu
xaLu

11,

2

,0)()(
)(

)(
)(

)(      (1) 

with matrix || ( ) ||ijA a x  to be symmetric and such that for any  

Dx and 
nE it is satisfied the conditions below.   

mailto:amanova.n93@gmail.com
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1 2

1 , 1 1

( ) ( ) ( ) ,
n n n

i i ij i j i i

i i j i

x a x x       

  

                   (2) 

where (0,1]  is a constant, ,
)(

))((
)(

2
1


















x

x
x i

i



 ,,...,1 ni 

 
1

( ) | | ,
n

i i

i

x x 


 ( )i t are monotony increasing functions on  

],0[ Ddiam and (0) 0i  . The 
1( )i t

are inverse functions to  

)(ti .  Furthermore, there exist , (1, )    ,   0A ,   and  

2

2




n

n
qn    such that for all 

1
0,

2
t diam D

 
 
 

 

( ) (2 ) ( )i i it t t    ,                           (3) 

and 
1

1( )
q

i t

t




 
 
 

1 ( )

0

( )
,

i qt

i d At


 






 
 

 
 1,..., .i n       (4) 

Also assume that 

0 0| ( ) | , 1,..., ; ( ) 0,ib x B i n C c x x D                  (5) 

with 0B and 0C are positive constants. 

       For
0 , (0,1]nx E R   and 0K  by 

0

( )x

RE k denote the 

ellipsoid 
2

20

1 2
1

( |)
:

( ( ))

in
i

n

i i

x x
x E K

R


 
  

 
 . 

     Then following assertion takes place. 

Тheorem. Let )(xu  be a positive solution of (1) in the domain D   

for which .)(
0

DkE
x

R  The coefficients of operator L  are 
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assumed to satisfy (2)-(5). Then there exists a constant 

0 0( , , , , ) 0C n B C    such that for any positive solution of (1) it 

holds 

)(inf)(sup

4

1

4

1 0
0

xucxu

R
R

EE 
















  . 

       We cite [1-3] for the subject and additional information for 

this report. 
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INVERSE PROBLEMS FOR THE QUADRATIC PENCIL 

OF THE DISCONTINUOUS STURM-LIOUVILLE 

EQUATION 
R. Kh. AMİROV, A. ERGUN 

Department of Mathematics, Faculty of Science,Sivas 

Cumhuriyet Üniversitesi, 58140, 

Turkey,emirov@cumhuriyet.edu.tr,aergun@cumhuriyet.edu.tr 

 

We consider the following boundary value problem 

                         −𝑦′′ + {𝑞(𝑥) + 2𝜆𝑝(𝑥)}𝑦 = 𝜆2𝜌(𝑥)𝑦,
0 ≤ 𝑥 ≤ 𝜋                                 (1) 
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                                    𝑦(0) =  𝑦(𝜋) = 0                           (2) 

where 𝜆 is the spectral parameter,𝑦 = 𝑦(𝑥, 𝜆) is an unknown 

function,𝑞(𝑥) ∈ 𝐿2(0, 𝜋), 𝑝(𝑥) ∈ 𝑊2
1(0, 𝜋) are real valued 

functions, and 𝜌(𝑥) is the following picewise constant 

function with discontinuity at the point 𝑎 ∈ (0, 𝜋) such that 

𝑎 >
𝛼𝜋

𝛼+1
 : 

𝜌(𝑥) = {
1 , 0 ≤ 𝑥 ≤ 𝑎

𝛼2 , 𝑎 ≤ 𝑥 ≤ 𝜋
,0 < 𝛼 ≠ 1 

Sturm-Liouville equations with potentials depending on the 

spectral parameter arise in various problems of mathematics 

and physics. It is well known that in the case 𝜌(𝑥) = 1 the 

equation (1) appears for modelling of some problems 

connected with the scattering of waves and particles in 

physics. Direct and inverse spectral problems in a finite 

interval for the case 𝜌(𝑥) = 1 was first investigated in [1,2]. 
For fulher discussing of the inverse spectral theory for 

equation (1) in a finite interval with 𝜌(𝑥) = 1 we refer to 

works [3,4]. In the study [5]new integral representations 

was obtained for the fundamental solutions of Eq. (1). In the 

present study we obtain the sufficient conditions for the 

inverse problems by the spectral data and by two spectra. 

This work supported by the Scientific research Project Fund 

of Sivas Cumhuriyet University under the project number 

SMYO-027. 

 
References 

 

1. Guseinov G. Sh. On the spectral analysis of a quadratic 

pencil of Sturn-Liouville operators. Dokl. Arad. Nauk SSSR, 

285(6),(1985),  1292-1296. 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

121 
 

2. Guseinov I. M. and Nabiev I. M. An inverse spectral 

problem for pencils of differential operators. Math. Sb. 

198(11),(2007).  47-66. 

3. Nabiev I. M. The inverse spectral problem for the diffusion 

operator on an interval, Math Fiz. Anal. Geomet., 11(3),(2004).  

302-313. 

4. Hryniv  R. and Pronska N. Inverse spectral problem for 

energy-dependent Sturn-Liouville equation. Inverse 

Problems,(2012).  28055008 

5. A. A. Nabiev and R. Kh. Amirov. Integral representations for 

the solutions of the generalized Schrödinger equation in a finite 

interval. Advanced in Pure Mathematies, V. 5,(2015).  No:13, p. 

777-795. 

 

FRACTIONAL INTEGRAL ON CARLESON CURVES IN 

VANISHING GENERALIZED MORREY SPACES 

Hatice ARMUTCU a) 

a)Gebze Technical University, Gebze, Turkey 

aemail-haticexarmutcu@gmail.com 

 

 The classical Morrey spaces were introduced by 

Morrey [1] to study the local behavior of solutions to 

second-order elliptic partial differential equations. Guliyev, 

Mizuhara and Nakai (1994) introduced generalized Morrey 

spaces  n
p RM , . 

 Let    lssttCt 0,: be a rectifiable 

Jordan curve in the complex plane C  with arc-length 

measure   st  ,  here l  lengths of  : 

 We denote 

    0,,,,  rtrtBrt , 

where    rtzCzrtB  :, . 
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 A rectifiable Jordan curve   is called a Carleson curve 

if the condition 

  rcrt 0,   

holds for all t  and , where the constant 00 c  does not 

depend on t  and r . 

 We consider vanishing generalized Morrey spaces 

defined on Carleson curves  . The main result of this talk is 

to prove the boundedness of the fractional integral operator 
I  on Carleson curves in vanishing generalized Morrey 

spaces  ,pVM . We find the sufficient conditions on the 

pair  21,  which ensures the boundedness of the operator 

I  from  
1,pVM to  

2,pVM , 
qp

11
. 

 

GLOBAL BIFURCATION OF SOME NONLINEAR 

EIGENVALUE PROBLEMS WITH A SPECTRAL 

PARAMETER  IN THE BOUNDARY CONDITION 

Xaqani A. ASADOV 

Baku Ataturk Lyceum, 28 May str., 70,  Baku  AZ1010, 

Azerbaijan 

email: xaqani314@mail.ru 

 

 We consider the following nonlinear eigenvalue problem  

  ),1,0( ),,,,()(=)()(  xyyxHyxryyqyp  (1) 

,0sin)0()0(cos)0(   ypy (2) 

,0sin)0(cos)0(   Tyy (2) 

,0sin)1()1(cos)1(   ypy (3) 

0,=)1()()1()( Tydcyba    (4) 
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where R is an eigenvalue parameter, ],1,0[)( 2Cxp 

],1,0[)( 1Cxq  ],1,0[)(),( Cxxr  ,)(,0)(),(),( Rxrxxqxp 

],1,0[x ,,  ,,,, cba d  are real constants such that 

]2,0[,,    and .0 adbc  The nonlinear term has a 

representation ,gfH   where )]1,0([, 5RCgf  are real-

valued functions satisfying the following conditions:there exist 

0M  and sufficiently small 0
0
  such that  

,],0[),,,(,),,,,,( 5RsuxMuwsuxf  

;||||||||
0

  wsu  

|)||||||(|),,,,,( wsuowsuxg    

in a neighbourhood of )0,0,0,0(),,,( wsu  uniformly in 

]1,0[x  and  in  for every bounded  interval .R  

 This note is devoted to the refinement of global 

bifurcation results obtained in [1]. 
 Let ..]1,0[3 CBCE  be a Banach space with the norm 

,||||||||
3

0

)(

3 



i

syy .|)(|max||||,
],0[

xyy
x 


  For each ,k R  

and },{  by ,
,



k
S we denote the set of functions of E  which 

satisfy  all conditions for determining the set 

k
S  from [2, p.1635] 

with  replacing the condition 1) by the condition 

,)()1,(  ky   where )()()(cot dcba    and 

.0)(  cd  Moreover, for ,k },,{  we define the sets 


k
S  by .

,
R

kk
SS










  

 Theorem 1. For each k  and each },{  there 

exits the connected component 

k
D  of the solutions set of the 

nonlinear eigenvalue problem (1)-(5) which  contain },0{
k

J  

lies in )( 

k
SR })0{( 

k
J and  is unbounded in ,ER where



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

124 
 

k
 is a k -th eigenvalue of the linear eigenvalue problem (1)-(5) 

with 0H  and ,],[
00

 MMJ
kkk
 .)(min

]1,0[
0




x

x  
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HOLDER CONTINUITY IN RIDGE FUNCTION 

REPRESENTATION 

 Aysel A. ASGAROVAa) 
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 A ridge function is a multivariate function of the form 

   mmxaxagg  ...11xa , 

where RRg : ,  maa ,...,1a  is a fixed vector (direction) 

on  0\mR ,  mxx ,...,1x  is the variable and xa   is the 

usual inner product in mR . The term “ridge function” was 

devised by Logan and Shepp in their paper dedicated to the 

mathematics of computerized tomography. After a 1981 paper by 

Friedman and Stuetzle [1] ridge functions started to appear also in 

statistics, especially, in the theory of projection pursuit and 

projection regression. Ridge functions are used in many models in 

neural network theory. For example, in one of the popular models 

called MLP (multilayer feedforward perceptron) model, the 
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simplest case considers functions of the form  



r

i
i

i
ic

1

 xw . 

Here the weights i
w  are vectors in mR , the thresholds i  and 

the coefficients ic  are real numbers and the activation function 

  is a univariate function. Note that for each R and 

 0\mRw the function   xw  is a ridge function. 

Ridge functions are interesting also to approximation theorists. In 

approximation theory, these functions are implemented as an 

effective and convenient tool for approximating complicated 

multivariate functions. 

We consider the problem of representation by sums of 

ridge functions with r , 1r , fixed directions. Let the directions 

 0\mi Ra , ri ,...,1  be given and pairwise linearly 

independent. Assume we know that a function  xf can be 

represented in the form 

   



r

i

i
igf

1

xax                        (1) 

Assume in addition that  xf  is of the class  mk RC . What can 

we say about ig ? Can we say that  RCg k
i  ? The case 1r  

and 2r is obvious. The above question becomes quite difficult 

if the number of directions 3r . It follows from the results of 

Pinkus [2] that if in (1)  RCf k  and each ig  is measurable, 

then necessarily  RCg k
i  for ri ,...,1 . 

The results of Pinkus [2] gave rise to the following 

natural and important problem. Assume in the representation (1) 

 RCf k , but the functions ig  are arbitrarily behaved. Can 
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we write f  as a sum  



r

i

i
if

1

xa but with the  RCf k
i  , 

ri ,...,1 ? In [3], Aliev and Ismailov obtained a partial solution 

to this problem. Their solution comprises the cases in which 

1k and 1r directions of given r  directions are linearly 

independent. 

In this paper, we continue investigations on ridge function 

representations. The question considered here is as follows. 

Assume f  is Holder continuous on compact subsets of mR  and 

possesses the representation (1). Can we replace ig  with Holder 

continuous functions of the same degree as f ? We answer this 

question positively in the case when 1r directions of given r  

directions are linearly independent. 
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ON THE APPROXIMATION BY RADIAL FUNCTIONS 

WITH FIXED CENTERS 

Aida Kh. ASGAROVA a), Arzu M-B. BABAYEV b)and 

Ibrahim K. MAHAROVc) 

a,b,c) Institute of Mathematics and Mechanics, National Academy 

of Sciences of Azerbaijan, Az-1141, Baku, Azerbaijan  

email: aidaasgarova@gmail.coma), 
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In modern approximation theory, radial functions play an 

essential role. A radial function is a multivariate function of the 

form  

),(=)( cxx rF  

where RR:r  , ),...,(= 1 dxxx  is the variable, d
Rc  and 

  is the Euclidean norm in .d
R  The point c  is called the center 

of F . In other words, a radial function is a multivariate function 

constant on the spheres .,= R cx  These functions and 

their linear combinations arise naturally in many fields, especially 

in RBF (radial basis function) neural networks. 

Consider the following set of functions  

 .1,2=),(:)()(= 2211 iCrrr i R cxcxD  

That is, we fix centers 
1c  and 

2c  and consider linear 

combinations of radial functions with these centers. 

Suppose Q  is a compact set in d
R  and 

d
R21,cc  

are fixed points.  

Definition 2.1.A finite or infinite ordered set 

  Qp ,...,= 21 pp  with ,1 ii pp  and either 

,...,,= 1211 14132322 == cpcpcpcpcpcp   

or ,...,,= 2221 24231312 == cpcpcpcpcpcp 
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is called a path with respect to the centers 
1c  and 

2c . 

In the above definition, we alternate distances from two 

fixed points. Paths have many different variations. For example, 

instead of points, one can take two hyperplanes ,= i
i xa 

1,2,=i  where ""  denotes the standard scalar product in d
R , 

and alternate distances from these two hyperplanes. Certainly, in 
2

R , hyperplanes turn into straight lines, thus one can talk about 

distances from straight lines. Paths with respect to two straight 

lines in 2
R  were first considered by Braess and Pinkus [2]. 

They showed that paths give geometric means of deciding if a set 

of points   2
1= R

m

i
i

x  has the “non-interpolation property” for 

so called ridge functions (for this terminology see [2]). Ismailov 

and Pinkus [3] used paths with respect to two hyperplanes in d
R  

to solve the problem of interpolation on straight lines by ridge 

functions. If straight lines are fixed as the coordinate lines in 2
R

, then the corresponding set of points  ,..., 21 pp  turn into “ bolts 

of lightning” (see, e.g., [1]). Ismailov [4] generalized paths to 

those with respect to a finite set of functions. Paths with respect to 

n  arbitrarily fixed functions turned out to be very useful in 

problems of representation by linear superpositions. 

In the sequel, we use the term “path” instead of the long 

expression “path with respect to the centers 
1c  and 

2c ”. A finite 

path  n221 ,...,, ppp  is said to be closed if  1221 ,,...,, pppp n  is 

also a path. 

We associate a closed path  np 221 ,...,,= ppp  with the 

functional  

).(1)(
2

1
=)( 1

2

1=
k

k
n

k
p f

n
fG p

  

This functional has the following obvious properties: 
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(a) If Dr , then 0=)(rGp . 

(b) 1pG  and if ji pp   for all ,ji  nji 2,1   , 

then 1=pG . 

 The images of the distance functions 1cx  and 

2cx  on Q  denote by 
1X  and 

2X , respectively. For any 

function ),(QCh  consider the real functions 

,),(min=)(),(max=)( 1

=1

2

=1

1 Xaxhasxhas

a

Q

a

Q










cx

x

cx

x

 

.),(min=)(),(max=)( 2

=2

2

=2

1 Xbxhbgxhbg

b

Q

b

Q










cx

x

cx

x

 

The following theorem is valid. 

Theorem.Let 
dQ R  be a compact set and ).(QCf   

Assume the following conditions hold. 

1) for any two points x  and y  in Q  with 

11 = cycx   ( 22 = cycx  ) and any sequence 


1=}{ nnx  tending to ,x  there exists a sequence 


1=}{ nny  tending to 

y  such that 1n1n = cycx   ( 2n2n = cycx  ) for 

all 1,2,...=n  

2) there exists an extremal element D0r  for the 

function f ;  

3) for any path Qq n ),...,(= 1 qq  there exist points 

Qsnnn  qqq ,...,, 21  such that ),...,,,...,( 11 snnn  qqqq  is a 

closed path and s  is not more than some positive integer 0n  
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independent of q .  

Then the approximation error can be computed by the 

formula 

  ,)(sup= fGfE p
Qp

 

where the sup is taken over all closed paths. 
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We consider the system consisting of L  independent 

subsystems of linear differential equations   

,],0[),()()()( i

iiii lxxBxyxAxy  (1) 

,)( ini Ry  .,...,1 Li   

mailto:ashrafova.yegana@gmail.com


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

131 
 

Here )(),( xBxA ii
 are known continuous square matrices’ and 

vector functions dimension i
n  accordingly, where 

),0(,)(
i

i lxconstxA  ; unknown vector functions )(xy i

dimension in   are continuous differentiable at ],0[
i

lx ; 0il - 

are given; .,...,1 Li   The solutions )(xy i
, Li ,...,1 , to the 

subsystems in (1), are connected with initial and boundary 

conditions, which we will write in the following general form: 

,)()0( RlQyGy       (2) 

Where 𝐺, 𝑄 are given square matrices dimension nn , 





L

i

i
nn

1

, and the rang of extended matrices’ ),( QG  is: 

nQGrang ),( ;  TnrrR ),...,( 1
 is given vector dimension n . 

The most of elements of the matrices G and Q  are zero in 

practice, and nonzero elements match to the connection between 

initial and final states of corresponding distinct nodes of the 

complex object. The problem (1), (2) is the two-point boundary 

value problem and is characterized by the following specific 

features: 1) the subsystems of differential equations of the system 

(1) are mutually independent, 2) the solutions ,,...,1),( Lixy i 
of the subsystems are connected by unseparated boundary 

conditions, 3) the great number of subsystems, and consequently 

in general by the large order of the system (1).  The problem of 

calculation of unsteady fluid flows in the pipeline networks of 

complex structure are brought to the considered problem. The 

mathematical models of such processes are described by the 

systems of partial differential equations. These systems consist of 

subsystems of hyperbolic type equations, which describe the 

process of fluid flow in each distinct segment [1]. The condition 
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of thread continuous and material balance is satisfied at junctions, 

determined by the conditions (2). The problem of calculation of 

the regimes of fluid flow in the pipeline network is reduced to the 

problem (1), (2) by the application of straight method ([2]) 

(analogues to the application of decomposition).          

The results of numerical experiments are carried out, 

which are obtained by the solution to the model problem, which 

base is the problem of calculation of unsteady fluid flow for the 

segment of the pipeline network of complex structure [3,4]. The 

numerical experiments are carried out by applying the approach 

given in the work and the analysis of obtained results will be 

presented at the report. 
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ENERGYSPECTRUM OF JOSEPHSONQUBİTS AS 

EİGENVALUE PROBLEM 
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        Possible application of Josephson junctions in the 

field of quantum computation seems very interesting [1,2]. It 

is well known that, the quantum processor then performs a 

quantum mechanical operation on this input state in order to 

derive an output which is also a quantum coherent 

superposition. The state of the qubit  |ψ>  can be presented is 

a linear superposition of the two quantum basis states |0>  and 

|1> [1,2].  Josephson junctions  based qubits  seems as good 

candidates for the realization and readout operations [3,4].  

Investigations of last years  shows that  [5-8], unconventional 

character of current-phase relation  becomes important at 

operating  temperatures of qubits.  As a result unconventional 

character of current-phase relation must be taken into account 

in consideration of superconducting  qubits. For the 

determination of spectrum of qubits, one has to solve the 

corresponding stationary Schrödinger equation  

 EH  ,                     (1) 

where H is the Hamiltonian operator of  qubit.  It is well 

known thar, the quantum dynamics of an isolated Josephson 

junction is described with the Mathieu-Bloch picture for a 

particle moving in a periodic potential  [9,10]. In this study, 

we will  describe the quantum dynamics of  phase, charge and 

flux qubits for different types of current-phase relation. Such 

qubits have distinguished limiting regimes: the phase regime, 

EJ=
e

Ic

2


≫EC=

C

e

2

2

 (Iccritical current, C capacity of junction) 
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is analogous to the tight-binding approximation, and the 

charge regime, EJ<<EC, is analogous to the near-free particle 

approximation. 

Phase qubit: Hamiltonian of the  phase qubits  on single  

Josephson junction [10] can be written as (iBbias burrent,
Josephsonphase) 

 


cos
2

2







bJC
iEEH                (2) 

Potential energy profile of such qubit correspond to tilted 

wash board potential. At low biascurrent iB, the energy 

spectrum  of phase qubit coincides with the spectrum of 

harmonic oscillator with the frequency 4/1)1(
2

B
c

p i
e

I
  .  

Charge qubit:   The Hamiltonian of the charge qubit 

system  (Fig. 1a)  has a form  [3,8]:      

  cos)( 2  bJgC iEnnEH             (3) 

Splitting of energystates in chargequbitpresented in Fig 

1b. 

Flux qubit on single Josephson junction interfeometer: 

Hamiltonian of the  flux qubits  on 

Fig.1a) 
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 Fig.1b) 

single  Josepshon junction intereferometer  with 

inductance L can be written as  







 







l
EEH e

JC
2

)(
cos

2

2

2 



;


c

eLI
l

2
 ;


e

e

e


2


(4) 

Flux qubit with three Josephson junction:The main draw 

back of the flux qubit with a single Josephson junction 

described above concerns the large inductance of the qubit 

loop, the energy of which must be comparable to the 

Josephson energy to form there quired double-well potential 

profile. This implies large size of the qubit loop, which makes 

the qubit-vulnerable to dephasing by magnetic fluctuations of 

the environment [10]. One way to over come this difficulty, 

replacing the large loop inductance by the Josephson 

inductance of an additional tunnel  junction. Energy spectrum 

of such qubit also is analyzed. 
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Consider the differential equation 
n

m

RxxfuDA







 ),(                         (1) 

where
A are bounded operators 0

HH
m


  . Hilbert spaces 

miH
i

,...,1,0,   are such that 
ii

HH 
1

. In equation (1) )(xf  is 

given function 
0

HRn  .   

The solution of the equation (1) is such function 

m
Hxu )(  that 






m
HuD  at m  and the equality (1) is 

satisfy at almost all nRx . 
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For studying the equation  (1) consider the operator  

function 

,)()(

1










 

m

AiR




  

acting from 
0

H  to 
m

H . 

Designate by 
ak

H
,

 the space with norm 


nR

xa

kak
dxexuu ,)(

22

,
 

where
k
  is the norm in the space .

k
H  

By the Fourier transform the following theorem is proved . 

Theorem. If )(R exists and is an analytical function,  

 
n
 ,...,,

21
 in the field hJm

i
  and in this field 

  ,,...,1,0,1)(
0

mjcR
jm

HH j





  

then for any 
2

,)(
,

h
aHxf

ao
  there exists the unique solution 

of the equation (1) satisfying the inequality 

.)()(
,,

1
aoaj H

m

j
H

xfcxu 


 

The case when )(R  is regular everywhere in 
nR  was 

considered in [1]. 

 At 1n  elliptical boundary problems in unbounded layer  

  n

nn
Rxxxxxx 

121
,...,,,10:  

and some other problems come down to the equation (1). 
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ABOUT IMPLEMENTATION OF COMPLEX 
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COMPLEX VARIABLE THEORY 
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b) Russian Federation, Komi Republic, Syktyvkar, 

Oktyabrskyprosp., 55, Syktyvkar State University named 

after Pitirim Sorokin 

email:  r_aslanov@list.ru,  vvsu@mail.ru 
The course of the complex variable theory represents one 

of the most difficult and at the same time one of the most 

important mathematical courses. At the same time, the 

complex variable theory course has unique potential in 

representation of logically complete and integrated informative 

and methodical lines. The universal problem book on the 

complex variable theory should contain a set of rather 

independent modules (chapters)the study of which can be based 

on a chosen methodical line. At the same time each chapter 

should contain different-level tasks making it possible to give the 

student understanding of the material in necessary extent. 

"Problem Book of the Complex Variable Theory" is created 

exactly in this way by Aslanov R.M., Gorin E.A.and Sushkov 

V.V. The edition is prepared by the authors on the basis of long-

term complex variable theory teaching experiencein the Moscow 

Pedagogical State University (MPSU), the Ganja State 

Pedagogical Institute (nowadays Ganja state university) and the 

Syktyvkar State University namedafter Pitirim Sorokin. 

Problem as a training aid is an object which after being 

studied can make the mathematical training material a student’s 

object of activity, and, consequently, it will be mastered well. At 

the same time the efficiency of learning how to solveproblems is 

defined not only by a set of methods, but also thematic pithiness 
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of material. The authors divide the main material of the 

problem book into 7 chapters: "Plane of complex numbers. 

Numerical sequences and series", "Functions of complex 

variable.Functional sequences and series", "Analytic functions", 

"Elementary functions and conformal mappings", "Complex 

integral", "Representation of functions by ranks.Special 

points.Residue theory", and "Applications of the complex 

analysis in the theory of differential equations and operational 

calculation". 

Each chapter is accompanied by a sufficient theoretical 

reference containing definitions, examples, and theorems 

explaining the material in detail. The problems presented in the 

chapters differ fundamentally in terms of levels and types –they 

are computational problems, problems for checking conditions, 

problems for evidence and construction, problems of a research 

nature. 

The authors dedicate this book to Professor Gorin E.A., 

an outstanding mathematician and teacher, a bright and talented 

person who was excellent not only in mathematics and the history 

of mathematics, but also in music, literature, art. The influence of 

this outstanding personality on the life and pedagogical creativity 

not only of the mathematical faculty of the MPSU, but also of the 

whole Moscow Pedagogical State University as a whole will 

remain tangible for many years to come. 
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 Considered selfadjoint extensions of closed 

symmetric operators generated with differential expressions 

with unbounded discrete operator coefficients. Given 

description of selfadjoint extensions with exit from  space as 

well as description of selfadjoint extensions with discrete 

spectrum . It is known that selfadjoint extensions with exit 

from space when applying to boundary value problems for 

differential equations give rise to problems with eigen 

parameter dependent boundary conditions.  For boundary 

value problem corresponding to one of such extensions, 

when one of boundary conditions depend rationally on eigen 

parameter, we find asymptotics of eigenvalues. We also 

derive formula for the first regularized trace of 

corresponding to that problem operator.  
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b) Baku State University, 23 Z.Khalilov Str., AZ1141, Baku, 

Azerbaijan 

email: cafarov.90@bk.ru  
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On a semi-axis 0x  consider a system of equations of 

the form:                                

   
  5,1),,(,

,, 5

1













itxUtxc
x

txU

t

txU

j

jij

ii

i         (1) 

where ),( txcij  are complex-valued measurable functions with 

respect to x  and t  satisfying the conditions: 

                                        ,)1)(1(),(
1 

 txCtxc
ij

         (2) 

Moreover 0),( txcii , 5,1i , 
54321

0   , 

 t . 

 Let us consider system (1) on a semi-axis under three 

different boundary conditions.    

The scattering problem for system (1) is in finding the 

solution to the system (1) bythe given incidence waves )(ta and 

boundary conditions for .0x  

In the space of essentially bounded functions, we 

determined the operator  321 ,, SSSS   that takes incidence 

waves )(ta to scattering waves )(tb :       

3,1,
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)(
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
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Here,         321 ,, SSSS           and 

        
3,1,

3231

2221

1211





















 k

SS

SS

SS

S

kk

kk

kk

k                  (4) 

 Here is studied some properties of scattering operator. Or 

rather the following theorem is correct:  

 Theorem.  Let conditions (2) are satisfied  for the 

system (1). Then scattering operator (8), minors 

                                          3,1,
3231

2221















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and operator   

                                         2,1,
1
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1
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1
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
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have  inverse. And the operators 
1

21

3

21

1

21

2

21 ,  SS  are in the form 

.3,2,   kGI k The operators kG -Volter operators. 
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GROUP 
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In this abstract we study the boundedness of the fractional 

maximal commutator ,b
M  on Heisenberg group n

  in the 

generalized Morrey spaces. 
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The fractional maximal commutator is 

 
 




tuB

r
b

vdVvfvbubtuBufM
Q

,
0

,
),()()()(),(sup))((

1


  

where 22  nQ is the homogeneous dimension of n
 . 

We denote by p  the sets of all positive measurable 

functions   on   ,0n such that for all 0t , 

,
),(

sup

),(









 tL

p

Q

u ru

r

n 
and .),(sup

),0(

1 





tL

u

ru
n

  

Denote by p
G  the set of all almost decreasing functions 

),0(),0(:   such that ),0(),0(  q

Q

tt  is almost 

increasing 

We proved the following theorem. 

Theorem. [1] Let ),1[, qp , Q0 , p1 , 

q2 and )(
n

BMOb  , 


Q
p 1  and 

Qpq




11
. If 

pG1  satisfies the condition 

)()(ln1sup
11

rCrtt
r

t

tr

  











 

for all 0r , where 0C  does not depend on r , then the 

condition   )(21 tCtt    is necessary and sufficient for the 

boundednessof ,bM from )(
1, npM    to )(

2, npM  . 
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ON SMOOTHNESS OF THE DERIVATIVE OF A SIMPLE 

LAYER POTENTIAL WITH A UNIQUE DENSITY FOR A 

CONTINUOUS DIFFERENTIAL FORM IN DOMAIN OF 
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 This paper is the continuation of the paper [3]. We 

consider a was approach for styling a derivative in the direction of 

a simple layer potential for continuous differential forms in 

domain of rhombs in 2R  and  find the direction for which we 

prove continuity of the  derivative of the potential in this direction 

on the boundary, including at angler points. 

 There exist a great number of paper devoted to the  study 

of classic potentials in the domains with piecewise –smooth 

boundaries with finitely   many angler points. The review of such 

studies  is in   [1]. In many problems  for such domains as a rule, 

weight functional spaces with a weight dependent on the distance 

to the if points set where the smoothness condition  of the 

boundary violates, are used. In [2] a new  approach for styling 

simple and double layer potential in  Hölder classes  was offered. 

A new  simple layer potential in dR , 2d , was introduced.  

This potential for   2d wich  density , may be represented in 

the form  

),(
||

1
ln)(

2

1
))(( 12 





 dd

x
xS

Q




 
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And for the class of domains with irregular boundary including 

unrectifiable  Indian cures, the smoothness properties of this 

potential are studied in Holder classes. 

The direction for which the continuity of the derivative  of this 

potential in this direction on the boundary  including at angler 

points was found in [3]. 

Let  Q   be a rhomb on the plane, and  

2
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1

)(
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)(
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  
be a derivative in the direction  )}();({)( 21 xxx    of the 

potential  ))(( xS   at the point .Qx  

   Theorem. Let Q  be a rhomb centered at the origin of  

coordinates with acute slope angle   , with sides equal  to 2 , 

whose bases are parallel to the coordinate axis 1O . Then 

continuous confirmation of )(xDS  in the direction  












basestoclosexifWWW

sidescloselaterxifVVV
xv

),(

),,(
)(

21

21  

on  Q , where
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),sincos2)(sin(cos
2

2
2,1 


 W  

With the exception of angler points ( verties, of the rhomb) and 

boundary values )(xDS , continued  in coordinaty along the 

boundary to the angler points of the rhomb, i.e. function from the 

class )(1 QH  . 

References 

1.  Kondrat'evV. A. and OleinikO. A., “Boundary-value 

problems for partial differential equations in non-smooth 

domains”, Russ. Math. Surv. (1983), 38, 1,1–86.  



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

146 
 

2. Azizov O., Guseynov Y., Layer potentials on rough 

boundaries and fractals. Amer.Inst. of Phiz. Conference 

Proceedings 1978, 020010 (2017); htpp: //doi. 

org/10/1063/1.4972602. 

3. O.GГ. Azizov , E.G.Guseynov,  On continuity of boundary 

values of the derivative of simple layer potential in a square 

for a continuous differential form , Evroaziatsky soyuz 

uchenikh  2018, may, №49. 

 

HARDY OPERATOR IN THE LOCAL 

"COMPLEMENTARY" GENERALIZED  

VARIABLE EXPONENT WEIGHTED MORREY SPACES 

Zuleyxa O. AZIZOVA and Javanshir J. HASANOV 

Azerbaijan State Oil and Industry University, Baku, Azerbaijan 

email: zuleyxa_azizova@mail.ru and 

hasanovjavanshir@yahoo.com.tr 

 

We consider the following Hardy operator  

.
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n
u  

  

Let )(p  be a measurable function on   with values in )[1, . 

An open set   is assumed to be bounded throughout the whole 

paper. We mainly suppose that  ,<)(<1   pxpp  where 

1,>)(e:= xpinfssp
x 

 .<)(e:= 
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 xpsupssp
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By )()( pL  we 

denote the space of all measurable functions )(xf  on   such 

that the norm  
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this is a Banach function space. By 
1)(

)(
=)(




xp

xp
p' , ,x  we 

denote the conjugate exponent. 

)(P  is the set of bounded measurable functions 

)[1,: p ; 

)(logP  is the set of exponents )(Pp  satisfying the 

local log-condition  

,,
2

1
||,

||ln
|)()(| 


 yxyx

yx

A
ypxp  

 where 0>)(= pAA  does not depend on yx, . 

We will use also the following decay condition:  

2,||,
|||ln|

|)()(|   x
x

A
pxp                         (1) 

 where 1>)(lim= xpp
x 

 . 

)(logP  is the set of exponents )( logp P  with 




<)(<1 pxpp ; 

 for   which may be unbounded, by )(P , )(


logP , 

)(
logP  we denote the subsets of the above sets of exponents 

satisfying the decay condition (1) (when   is unbounded). 

By   we always denote a weight, i.e. a positive, locally 

integrable function with nR . The weighted Lebesgue space 

)()( npL R

  is defined as the set of all measurable functions for 

which  
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L
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Let us define the class )()(
n

pA R  to consist of those 

weights   for which  
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Everywhere in the sequel the functions )(),( 1 rr   and )(2 r  

used in the body of the paper, are non-negative measurable 

function on )(0, . The local generalized weighted Morrey space 
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Theorem 1. Let )( nlogp RP , )()(
n

pA R . Suppose also that 

)()( tu

t
C

ru

r 

 , rt <<0 , R  and the function ),( 21   satisfy 

the conditions  

))(0,(
)(2))(0,(

)(1
0

)()(
tB

p
LsB

p
L

t
tC

s

ds
s    ,          

)(

)(

)(

)( 1
1

1

0 tut

t
C

s

ds

su

s
nn

t 


  

 where 0>t . Then the weighted Hardy operator uA  is bounded 

from the space )(
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ON THE IDEAS OF MATHEMATICAL LOGIC IN 

THE WORKS OF NASIREDDIN TUSI
1 
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Institute of Mathematics and Mechanics of ANAS, 

B.Vahabzadeh, Baku, AZ 1141, Azerbaijan 

e-mail: ali_babaev@inbox.ru, mmlera@mail.ru 

Two main ideas were in the foundation of formation of 

mathematical logic as discipline: applying logic to the theoretical 

issues of mathematics and application of mathematical methods 

in logic. 

 Discussion of the problem of first direction occupied 

minds of philosophers and mathematicians since ancient times. 

These issues found great attention in the works of mathematicians 

of the eastern Middle Age (numerous commentaries wordings of 

―Element‖ of Euclid, especially problem of so-called 5-th 

postulate, measurement problem, etc.) 

 We are engaged in researches mathematical and logical 

works of Nasireddin Tusi (1201-1274). Our researches carried out 

in the direction to translations, comments, research and deep 

study of the theoretical views of this outstanding scientist, who 

systemized the logical and mathematical knowledges of his time.  

 We can conclude from our results that Tusi is trying to 

introduce logical rigor into the mathematics of that time, and 

approached to the problem of introducing mathematical methods 

into logic closer than his predecessors and contemporaries. 

 Note some facts that allow us to draw certain conclusions. 

In his treatise ―Tahriri Uklidis‖ Tusi applies logical principles to 

the correction of ―Elements‖. In the preface of treatise he is trying 

to reconcile initial concepts with logical requirements. He applies 

principle of logical division to the concept of ―point‖. He 

postulates the existence of geometric objects and actually 

                                                           
1 This work was supported by the Science Development Foundation under the 

President of the Republic of Azerbaijan – Grant № EIF /MQM/Elm-Tehsil-1-

2016-1(26)-71/11/5 
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introduces an axiom of existence. He implements the principle of 

existence of subject of reasoning, repeatedly emphasized by him 

in his logical treatise. ―We can say anything about nonexistent‖. 

This principle he uses in the Clauses XXIV-XXV of 10-th books 

of ―Tahriri Uklidis‖. He precedes the proof of Euclid by the proof 

of existence. 

 In the stereometric part of his treatise Tusi formulates 3 

stereometric axioms (the first stereometric axioms in the history 

of mathematics). 

 He changes the style of proofs certain Euclid‘s Proposals 

using varieties of partitive-categorical modi of syllogism. 

 Tusi comes to the concept of real number as relationship 

using the logical categories of genus and species. 

 In scope of the second direction, the logical treatise of 

Tusi ―Asas ul iktibas‖ is of great interest. In this work he 

repeatedly appeals to mathematical thought. 

 Tusi refines the theory of Aristotl syllogisms. He 

considers 4 figures of syllogism, establishes the position of large 

and minor premise of syllogism: minor before large, unlike 

Aristotl. The Aristotl‘s order can be explained by his generic-

species approach to the tree-like division of concepts. Tusi takes a 

set-theoretic approach in terms volume (denotation) of concept. 

As follows from examples, given by him he replaces the term 

―covers‖ with ―it contains‖. 

 In this treatise Tusi gives 43 tables, most of which are 

truth tables, although not in symbolic form.   

 Tusi gives a formal method for verifying the effectiveness 

of the modus of syllogism figures, which, according to him, 

belongs to Baghdadi. This method is based on the construction a 

formal tree of premises, designated by the letters of the Arabic 

alphabet. 

 Even if we will confine ourselves to the mentioned facts 

we can say that in Tusi‘s works rudimentary ideas of 

mathematical logic were expressed. 

 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

151 
 

THE ABSENCE OF GLOBAL SOLUTIONS TO A 

SEMILINEAR PARABOLIC EQUATION WITH A 

BIHARMONIC OPERATOR IN THE MAIN PART 

Sh.G.BAGYROV
a,b)

, M.C.ALIYEV
a)

 
a)

Baku State University, Baku, Azerbaijan 
b)

Institute of Mathematics and Mechanics of the National 

Academy of Sciences of Azerbaijan 

email-sh_bagirov@yahoo.com, a.mushfiq@rambler.ru 

 

  We introduce the following notation: 𝑛 > 4, 𝑟 =  𝑥 =

 𝑥1
2+. . . +𝑥𝑛

2, 𝐵𝑅 =  𝑥;  𝑥 < 𝑅 , 𝐵𝑅
′ =  𝑥;  𝑥 > 𝑅 , 𝑄𝑅

′ = 𝐵𝑅
′ ×

(0; +∞), ∂𝐵𝑅 =  𝑥;  𝑥 = 𝑅 . 
In the domain 𝑄𝑅

′  we consider the following problem: 

 
  
 

  
  𝑥 𝜆

∂𝑢

∂𝑡
= −Δ2𝑢𝑝 +

𝐶0

 𝑥 4
𝑢𝑝 +  𝑥 𝜍  𝑢 𝑞                          (1)

 𝑢 𝑡=0 = 𝑢0 𝑥 ≥ 0                                                              (2)

  

0

∞

  

∂𝐵𝑅

𝑢𝑑𝑥𝑑𝑡 ≥ 0,     

0

∞

  

∂𝐵𝑅

Δ𝑢𝑝𝑑𝑥𝑑𝑡 ≤ 0,                     (3)

  

where 𝑞 > 1, 0 ≤ 𝐶0 ≤  
𝑛 𝑛−4 

4
 

2
, 𝜍 > −4. 

     The question of the existence of non-negative global solutions 

to the problem (1)-(3) is investigated. We will understand the 

solution of the problem in the classical sense. The function     

𝑢(𝑥, 𝑡) will be called the solution to problem (1) - (3) if u (x,t) 

satisfies equation (1) at each point   𝑄𝑅
′ , condition (2) for t = 0 and 

condition (3) for |𝑥| = 𝑅. 

Denote:  

 𝑛 − 2 2 + 𝐶0 = 𝐷,       
𝑛 − 2

2
 

2

+ 1 ±  D = 𝛼±. 

Consider the functions: 𝜉  𝑥  =
1

2
 1 +

 𝐷−𝛼+

𝛼−
  𝑥 −

𝑛−4

2
+𝛼− +
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1

2
 1 −

 𝐷−𝛼+

𝛼−
  𝑥 −

𝑛−4

2
−𝛼− −  𝑥 −

𝑛−4

2
−𝛼+ , 

 

𝜑 𝑥 =

 
  
 

  
 1,                                      при1 x  

1 1
cos( ( 1)) ) ,

2 2

x
при


  2x  

0,                                      при 2x 

  

 

𝑇𝜌 𝑡 =

 
 
 

 
 1,                                          при 0 kt  

1 1
cos( ( 1)) ) ,

2 2

kt при     2k kt  

0, при 2 kt 

  

where𝜅 = 𝜍
𝑝−1

𝑞−𝑝
+ 4

𝑞−1

𝑞−𝑝
+ 𝜆. Using𝜓 𝑥, 𝑡 = 𝑇𝜌 𝑡 𝜉 𝑥 𝜑 𝑥 as a 

test function we find a critical exponent of the absence of a global 

solution to the problem (1)-(3). 

Теорема.Let 𝑛 > 4, 𝜍 > −4, 1 ≤ 𝑝 < 𝑞, 0 ≤ 𝐶0 ≤

(
𝑛 𝑛−4 

4
)2and  𝑞 ≤ 𝑝 +

𝜍+4
𝑛+4

2
+𝜆+𝛼−

. If 𝑢(𝑥, 𝑡) is a solution to 

problem  (1.1)-(1.3), then 𝑢(𝑥, 𝑡) ≡ 0. 

 

ON PRECOMPACTNESS OF SETS IN MORREY SPACES 

R.A. BANDALIYEV 

a) Institute of Mathematics and Mechanics of ANAS, 

B.Vahabzade 9, Baku,AZ 1141, Azerbaijan 

email: bandaliyevr@gmail.com 

 

We study totally bounded sets in special type Morrey 

spaces. Some characterization of this kind of sets is given for the 
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case of Morrey spaces. Furthermore, the sufficient conditions for 

compactness are shown in this spaces. 

This is jointly work with Vagif Guliyev and Przemyslaw 

Gorka. 
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ON ASYMPTOTIC BEHAVIOUR OF THE NEGATIVE 

PART OF THE DIFFERENTIAL OPERATOR WITH 

OPERATORCOEFFICIENTS 

M.BAYRAMOĞLU
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Let H be a separable Hilbert space. Let us consider the operator 

L  in the space  HLH ;,021   defined by the following differential 

expression:  

          xyxQxAyxyxp 
  

 with the boundary condition     000  yay . Here  a real  
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number, A  is a nonnegative self-adjoint operator from  AD  to 

H with   HAD  such that   1
 IA is compact operator ( I is 

the identically operator) and 
 
  0,inf

0



fAf

ADf
. Assume that 

function  xp  and operator function  xQ  satisfies the following 

conditions: 

1. For every   ,0x   HHxQ : is a positive 

self-adjoint operator and   constxQ  . 

2.  xQ  decreasing monotonically and the function 

  1
 xQCIA is continuous for large x  where c is some 

positive number. 

3.   0lim 


xQ
x

 

4.   21 cxpc   where 
1c , 

2c  are a positive numbers. 

5. Function  xp  has continious derivative on  ,0  

6.  xp  is non-decreasing on  ,0  

In this paper,  asymptotic formula for the  N  which is the 

number of negative eigenvalues smaller than   0  is 

obtained. Papers on this theme we note [1-2]. Let 

    ...21  xx  be the eigenvalues of the operator   AxQ   

(each eigenvalue is written according to its multiplicity) we have 

the following  

Theorem.If the conditions 1.-6. Are satisfied and for a 

constant  2,0k  and 0h

     ,0limlim
1

11 








hk

x

nk

x
xxxx  then 

      
  

dx
xp

x
N

i x

it

i

 


 





 011

 as 0 . Here 

0t  is a constant. 
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ON A PARTICULAR SOLUTION OF HOMOGENEOUS  

RIEMANN BOUNDARY VALUE PROBLEMS IN HARDY-

ORLICZ CLASSES 

B.T.BILALOV
a)

, F.A.ALIZADE
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This work considers the Orlicz space and the Hardy-

Orlicz classes of analytic functions inside and outside the unit 

circle,  generated by this space. The homogeneous and non-

homogeneous Riemann boundary value  problems with piecewise 

continuous coefficients in these classes are considered. 

 Definition 1.  Continuous convex function

  RR:M  is called N -function, if  itis even and satisfies the 

conditions
   

.lim;0lim
0


 u

uM

u

uM

uu

 

 Definition 2. N -function  M  satisfy the 
2 -condition 

for large numbers u , if :00 0  uk
 

    .,2 0uuukMuM   

 By  

MH denote  Hardy-Orlicz class of analytic functions 

 F inside   with the norm   

 
       ,sup;supsup

10110
Mr

r
r

r
H

FFF

M

M


 

 


where    it

r
reFtF  . 
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Similarly to the classical case, the Hardy-Orlicz class 


Mm H , of analytic functions outside the unit circle  that have 

finite order at infinity is defined. 

Consider the non-homogeneous Riemann problem 

       

  ,;

,,arg









MmM HHFF

fFGF 
 (1) 

where    MLf is some function. Suppose that the coefficient 

 G  satisfies conditions i), ii) and   Z   is the canonical 

solution of the homogeneous problem corresponding to the 

argument  .  

We will assume that the coefficient  G  satisfies the 

following conditions: 

 i)    ;,1  

 LG ii)     iteGt arg  piecewise  

Holder function on   ,  with jumps  0 kk sh 

 0 ks , ,,1 rk   at discontinuity points    11
: ss

r

k 

. rs  

 Let     ,0,:  be some weight function 

and ,ML weighted Orlicz space with a norm  
,M

 :  


 ,,

, MMM
Lfff  . 

Denote by 
MA the class of weights for which the singular 

operator is bounded in ,ML  , i.e.     ,: MM LSA   . 

For  N -function   M  assume  MM Lt 


 :inf . 

The following theorem is true.  

Theorem 1. Let   2M  be some N -function with a  

complement *M . Let the coefficients  G  of the problem (1) 
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satisfy the conditions  )),iii  and the jumps  r

kh
0

  of the 

argument    satisfy the relations ,
2

*


 k

M

h
  ;,0 rk

,
0 M

A where weight  
0

 is defined by the expression 

  ,

1

2
22

0

2

0







r

k

sttt
k

h

h

k




   ,t . Then the function 

 ,1 F defined by the expression 

 
 

 
  ,;

)(

2
1

dtztK
eZ

tfzZ
zF

it







 




,z ( 




ze

e
ztK

it

it

);( is a 

Cauchy kernel )  is a solution of  the non-homogeneous problem 

(1) in Hardy-Orlicz classes .1





  MM HH  

 

ON THE BASISNESS OF THE EXPONENTIAL SYSTEM 

IN WEIGHTED HARDY SPACES 

B.T.BILALOV
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We first define the weighted counterparts of the Hardy 

classes. Let 

  

,1 :
~

q
LfHfH , 

where 

1
H are Hardy classes of functions defined inside and 

outside of the unit disc, respectively,    is a weight function 

defined on   , , ,q
L is a weighted Lebesgue space on 

mailto:b_bilalov@mail.ru
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  , ,   itef is the non-tangential boundary value of  


1

Hf .   Equip H
~

with the following norm: 

 



,

~
q

it

H
eff ,                  (1) 

where  ,p
is the norm of ,p

L : 

 
p

p

p
dtttff

1

,
(














 











 . 

It is proved the following 

 Proposition 1.Let 
1

Lq

p




 , 1
11


qp
,  q1 . 

Then H
~

, endowed with the norm (1) is a Banach space which 

be denoted as 


,q
H  . 

  Let 


1Hm be the Hardy class of  the functions, which are 

analytic outside the unit disc and has a zero of order not greater 

than m at infinity.  

 Let  be a weight function on   , . Denote 

   

,1 :
~

q

it

m LefHfH . 

Proposition 2. Let 
1Lq

p




 , 1
11


qp
,  q1 . 

Then H
~

, endowed with the norm  

 



,

~
q

it

H
eff , 

is a Banach space. 

We denote this Banach space as 


,qm H  . 
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 Denote the restrictions of the classes 

,pH  and 


,pm H  to 

 by

,pL and


,pm L , respectively: 





   ,, pp
LH ; 





   ,, pmpm
LH . 

We say that the weight   defined on   , belongs to 

the Muckenhoupt class  pAp 1, , if  

 
    




































1

1

1

;

11
sup








II

I

dtt
I

dtt
I

, 

wheresup  takes over all subintervals    II ,,  is the 

Lebesgue measure of the interval I .  

 Following theorem is proved. 

 Theorem.Let  pA
p

1, . Then: i) the system 

 
Zn

nz  (i.e.  
Zneint
) forms a basis in 



 ,
H  (i.e.in 



 ,L ); ii) the 

system   mn

nz 

  (i.e.   mne 

 int
) forms a basis in 



 ,
H

m  (i.e. in 



 ,
L

m ). 
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In this work we deal with Rieszbasisness of root functions 

of a discontinuous Sturm Liouville operator with periodic 

boundary condition and with conjugate conditions. One of 

conjugate conditions contains differentfinite one-sided limits at 

point zero. We firstly acquire asymptotic formulas of eigenvalues 

and eigenfunctionsby using asymptotic expression of fundamental 

solution. By the aid of these asymptotic formulas of 

eigenfunctions and Bessel properties of eigenfunctions we prove 

the basisness of the root functions of the boundary value problem.  
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ON THE QUATERNION PADOVAN NUMBERS 

 Orhan DIŞKAYA
a)

, Hamza MENKEN
A)

 ,  

Kh. R. MAMEDOV
a) 

a)
 Mersin University,Graduate School of Natural and Applied 

Science, Mathematics Department, 333343 Mersin, Turkey 

emails:orhandiskaya@mersin.edu.tr; 

hmenken@mersin.edu.tr,hanlar@mersin.edu.tr 

It is well known that the Padovan sequence  
0n n

P


 is 

defined by the recurrence relation 

0 1 2 2 31, ( 3)n n nP P P P P P n        

First few members of this sequence are1,1,1,2,2,3,4,5,7,9 . The 

recurrence of the Padovan sequence involves the characteristic 

equation 3 1 0x x   . The Binet formula for the Padovan 

sequence is  
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n n n

nP a b c      

where ,  ,      are the roots of the characteristic equation, and 

,  b and a care constants connected to ,   and    .  

A quaternion is defined by the following equation 

0 1 2 3q q iq jq kq     

where 0 1 2 3, ,  and q q q q are real numbers and 1, , , i j k are the 

standartbasis in 4 (For more information see [1-4]). 

The quaternion Padovan sequence ( , , , )PQ a b c d is 

defined by  

1 1 1 1 1 1

1 1 1 1 1 1

( , , , )

                       

P d c b a d c b a

d c b a d c b a

Q a b c d P P P P iP P P P

jP P P P kP P P P

     

     

 

 
 

 In the present work, we study on the quaternion Padovan 

sequence PQ . We obtain the plastic-like ratio and some identities 

for PQ . We give the generating and exponential generating 

functions for this sequence. Also, we establish its series and a 

binomial sum formula.  
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Finding a solution for the combinatorial optimization 

problems has always been important due to their applications. But 

most of them are NP-Complete and unsolvable in polynomial 

time. Therefore, the approximation algorithms have been 

designed for them. One of these problems is total dominating set 

problem. In this paper, we present a new quadratic integer 

programming model for total dominating set problem and design 

an approximation method to find a lower bound for total 

dominating number. Consider an undirected and connected graph 

𝐺 = (𝑉,𝐸), where𝑉 = {𝑣1 ,𝑣2 ,… , 𝑣𝑛 }and𝐸 are respectively 

vertices and edges of𝐺. A set𝑆𝑡of vertices of a graph𝐺is called a 

total dominating set if every vertex𝑣𝑖 ∈ 𝑉is adjacent to an 

element of𝑆𝑡 . The size of total dominating set with minimum 

cardinality is denotedby𝛾𝑡(𝐺). For more details for total 

dominating set, we refer the reader to [1]. The open neighborhood 

of a vertex𝑣consists of the set of adjacent vertices to𝑣, that 

is,𝑁(𝑣) = {𝑤 ∈ 𝑉:𝑣𝑤 ∈ 𝐸}and The closed neighborhood of𝑣is 

defined as𝑁[𝑣] = 𝑁(𝑣) ∪ {𝑣}. The following labelling can be 

defined on𝑉with respect to a subset 

𝑦(𝑣𝑖) =  
1 𝑣 ∈ 𝑆

−1 𝑣 ∉ 𝑆.
 𝑆 ⊆ 𝑉 

Theorem 1: 𝑆 ⊆ 𝑉is total dominating set if and only if it must 

satisfy in the following inequalities: 
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 (

𝑗∈𝑁(𝑖)

1 − 𝑦𝑖𝑦𝑗 ) +  
1 + 𝑦𝑗

2
𝑗 ∈𝑁[𝑖]

≥ 2  𝑖

= 1,2,… ,𝑛 

(1) 

Now, based on the (1), the quadratic integer programming model 

can be written as follows:  

(2) 

 

With making many changes in (2), the following semidefinite 

programming model is written:  

𝑚𝑖𝑛 
𝑛

2
+< 𝐶,𝑋 >  

𝑠. 𝑡. 
< 𝐴𝑖 ,𝑋 > 
≥ 2 

𝑖 = 1,…  ,𝑛 

 𝑋𝑖𝑖 = 1 𝑖 = 0,1,… ,𝑛 

 
𝑟𝑎𝑛𝑘 𝑋 
= 1 

 

 𝑋 ≽ 0  

Because the constraint 𝑟𝑎𝑛𝑘(𝑋) = 1 is nonconvex, the problem 

is relaxed by dropping it and the following model is obtained: 

𝑚𝑖𝑛 
𝑛

2
+< 𝐶,𝑋 >  

𝑠. 𝑡. 
< 𝐴𝑖 ,𝑋 > 
≥ 2 

𝑖 = 1,…  ,𝑛 

 𝑋𝑖𝑖 = 1 𝑖 = 0,1,… ,𝑛 

 𝑋 ≽ 0  

𝑚𝑖𝑛 
1

2
 (1 + 𝑦𝑖)

𝑛

𝑖=1
  

𝑠. 𝑡. 

  1 − 𝑦𝑖𝑦𝑗  
𝑗∈𝑁(𝑖)

+  
(1 + 𝑦𝑗 )

2
≥ 2

𝑗 ∈𝑁(𝑖)
 

𝑖
= 1,… ,𝑛 

 𝑦𝑖 ∈ {−1, +1} 
𝑖
= 1,… ,𝑛 
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SOME EMBEDDIG THEOREMS ON BANACH 

VALUES BESOV SPACES 

M.S. DZHABRAILOV, S.Z. KHALIGOVA 
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We define the space  EERB ns

qp ,: 0,  as follows.  

Let 0E  and E  Banach spaces, EE 0  continuosly embedding 

and 0E  in E  is everywhere dense.  

Definition 1. Let for   ,,,...,1  in ssss
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with q corresponding change. So for  nsss ,...,1  
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with the appropriate norm. 

 We define the space ),:( 0, EERB ns

qp  for

 ,,...,1 nsss   js  for functions with values from 0E  

and values of derivatives from E as follows. 

Definition 2. The system of functions   
0kk x  satisfying 

certain conditions for any N  is denoted by N , we take 







1N

N . 

Theorem 1. Let   ,1,,...,1  psss n .1  q  Then the 

Banach space  EERB ns

qp ,: 0, is defined as follows. Let 
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and this norm is equivalent to the norm
 



EERB ns
qp

f
,: 0,

. 

Theorem 2.  Let  nsss ,...,1 , , is  ,,...,1 n 

nii ,...,1,0  ,1  p .1 21  qq Then the following 

embedding are continuous 

     
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
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


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


 

where  nnsss   ,...,11 . 
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FINITE DEFORMATION OF INTERNALLY 

PRESSURIZED COMPRESSIBLE RUBBER-LIKE 

MATERIAL 
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In this work a finite deformation of internally pressurized 

compressible hollow sphere and cylinder with strain energy 

function as proposed by Levinson and Burgess is analyzed. 

Stresses and displacements of the result from the second order 

nonlinear ordinary differential equation are determined. This is 

applied in determining the strain, stresses and displacements in an 
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inflated car tyre using the finite element method with 

mathematica software (AceFEM). 
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ONE UNIQUE SOLVABILITY OF A BOUNDARY VALUE 

PROBLEM FOR E FOURTH ORDER OPERATOR-

DIFFERENTIAL EQUATION ON FINITE SEGMENT IN 

HILBERT SPACE 

G.M. EYVAZLI
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A uniquely solvability problem of a fouth order operator-

differential equation in the finite seqment in Hilbert space was 

studied in the presented paper. Usinq the Fourier transformation 

method a uniquely solvability of nonhomogeneous equation is 

proved for considered boundaryvalue problem in the Hilbert 

space   .;1,0
4

2 HW


 

Let H  be separable Hilbert space, A  be a self-adjoint 

positive-definite operator in H  with domain of definition )(AD . 

Denote by Hilbert space 

      HLtuAHLtutuHW ];1,0[)(,];1,0[)(:)(];1,0[
2

4

2

)4(4

2
  

with a scalar product 
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We consider the boundary value problem  

],1,0[),(4

4
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dt

ud
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.0)1()0(,0)1()0(  uuuu                  
(2) 

Definition. If at any  HLtf ];1,0[)(
2

 , there exists the 

vector-function  HLWtu ];1,0[)(
2

4

2
 which satisfies equation (1) 

almost everywhere in [0,1], the boundary conditions (2) in the 

sense 
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and the inequality 

   HLHW
fconstu

];1,0[];1,0[ 2
4

2

  

then the problem (1)-(2) we´ll call regularly solvable or uniquely 

solvable. 

It holds the following theorem. 

Theorem. Let A  be self-adjoint positive-definite 

operator in H  space. Then the boundary value problem (1)-(2) is 

regularly solvable. 
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FINDING THE FIRST EIGENVALUE OF THE LANDAU 

OPERATOR 

E.Kh. EYVAZOV  
 Baku State University, Baku, Azerbaijan; 

ANAS Institute of Mathematics and Mechanics, Baku, Azerbaijan; 

Baku Engineering University, Baku, Azerbaijan 

email: eyvazovelshad@gmail.com 

When  studying surface superconductivity in  II kind 

superconducting material with different cross sections in the 

condition of increasing of the external magnetic field strength it 

becomes necessary to study the first eigenvalue and its 

corresponding eigenfunction of the system of  Ginzbury-Landau 

system of equations   (see. [1, p.143]) 

        

       
   







































,
,0

,

Re
1

,1
2

2

2
2

on
curlA

xhAi

in

xhAix
h

curlAcurl

xx
h

xhAi












 

where    2
21, Rxxx  , 


















21

,
xx

,   is an the external 

magnetic field, h  is magnetic field strength,  

    212211 ,,, xxaxxaA  is induced real magnetic potential, 

1i , 0  is a Ginhzburg-Landau parameter,   is a cross 
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section of the material,    is the boundary of the domain   , 

 x  is a wave function,   is an external normal vector, 
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From the second variation of the Ginzburg-Landau 

functional  
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in the neighborhood of the normal state    0x  it is seen that 

this problem is closely related to finding the exact lower 

boundary of the  Rayleigh magnetic quantity 

   
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 

2

2

2

2
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dxxhAi
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
 

in the first order Sobolev space        212
0

1
2

21
2 RHRWRW  . 

We have the following   

Theorem. Let    12 ,
2

xx
h

xA  . Then the first 

eigenvalue  h1  of the Landau operator is equal to the number  

h . 

This result is well known from physical literature and in 

some way goes back to Landau. Some unsuccessful  attempts for 

proving  this theorem were made in [2] and [3]. 

This paper, in the opinion of the author, provides a simple 

proof of this theorem.   
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HYPERBOLIC EQUATION TYPE 

A.S.FARAJOV
a)

,K.S.ABUSHEVA 
b)

 
a)

AzerbaijanStatePedagogicalUniversity, Hasan Aliyev str. 104, 

AZ1072, Azerbaijan 
b)

Baku State University, Z.Khalilov str.23,Baku, Az1148, 

Azerbaijan 

email: a.farajov@mail.ruxanim.abushova@mail.ru 

  

Consider an equation of mixed parabolic-hyperbolic type 




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
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2
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             (1) 

where 0 constb . 

Let },,10:),{(   txtxD where   and 

- given positive real numbers. 
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        Boundaryvalueproblem:Findfunction ),( txu in D , that 

satisfying the following conditions:    

 )()(),( 21


 DDCDCtxu                  (2) 

,),(),,(


 DDtxtxFLu                   (3) 

,10),(),(),(),(  xxxuxxu          (4) 

  ttutu ),,0(),0(                   (5) 

    ttutu
xx

),,1(,0                 (6) 

where, 1 - fixed number, )(x , ),(,)( txFx -given 

functions. 

      Note that the boundary-value problem for equations of mixed 

parabolic-hyperbolic type was studied [1] - [4] and other authors. 

 In this paper, the uniqueness and existence of a solution to the 

problem is proved.     
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In this paper, by providing an example, we show that the 

con-dition which produced by Radenovi_c and Kadelburg in 

[Generalized weak contractions in partially ordered metric spaces, 

Comput. Math. Appl. 60(2010) pp. 1776-1783] is not sufficient 

for uniqueness of the fi_xed point. Fur-thermore, a new sufficient 

condition is introduced for the uniqueness of _fixed point. Some 

suitable examples are furnished to demonstrate the validity of the 

hypotheses of our results. 

 

EXISTENCE OF STRONG SOLUTIONS FOR THE 

COUPLED SUSPENSION BRIDGE EQUATIONS 

Y.M. FARHADOVA
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e-mail: ferhadova.yeter@gmail.com  

We consider the following mathematical model for the 

oscillations of the bridge which has one common point with the 

cable: 
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)()0,(),()0,( 10 xuxuxuxu  , 

 )()0,(),()0,( 10 xvxvxvxv  , 

where  0,0  tlx ,   l 0 . Here ),( txu   is state 

function of the road bed and ),( txv  is that of the main cable, 

)( tu , )(
t

vG    are  the aerodynamically dampings. The 

solution of the problem is reduced to the Cauchy problem 

for the operator differential equation in some functional 

spaces. 

In this study, we show the existence of global 

solutions of the considered problem and investigate the 

asymptotics of these solutions. 

 
AN ALMOST PARA-COMPLEX  STRUCTURES ON THE 

LINEAR COFRAME BUNDLE  

H. FATTAYEV 

Department of Algebra and Geometry, Faculty of Mechanics-

Mathematics, Baku State University, Baku, Az1148, Azerbaijan 

email: h-fattayev@mail.ru 

Let ),( 2 gM k  be a pseudo-Riemannian manifold 

admitting an almost para-complex structure  .  is called 

almost para-Nordenian if g  has a signature of ),( kk  and is pure 

with respect to  , i.e. ),(),( YXgYXg     for any vector 

fields YX ,  on kM 2 . Almost para-Nordenian structures are used 

not only in mathematics, but also in theoretical physics. For this 

reason, a number of papers have been devoted to the study of 

such structures in fiber bundles (see, for example, [1], [2]).  In the 

present report, on the linear coframe bundle equipped with 

Sasakian metric, almost para-Nordenian structures are 

determined, their properties, and also integrability conditions are 

mailto:h-fattayev@mail.ru
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studied. Let  ),( gM  be a n -dimensional pseudo-Riemannian 

manifold of class C , )(MF 
 be a linear coframe bundle over 

M  with Sasakian metric gS
 (see, [3]) . On the )(MF 

, tensor 

fields ,,...,2,1, nF   of type )1,1(  are determined by the 

following: 

,
~

)( XXF
VH 

  ,~)(  


 HV
F   

for all )(1

0 MX   and )(0

1 M , where 

)(
~ 0

1 MXgX   , )(~ 1

0

1 Mg     . It is proved that 

for each ,,...,2,1 n , F  is an almost para-complex structure, 

i.e.  IF 2

 .  The following theorems are also proved.                                                                                                                 

Theorem 1. For each ,,...,2,1 n , the triple ),),(( FgMF S
 

is an almost para-Nordenian  manifold.                                   

Theorem 2. Let ),( gM  be a pseudo-Riemannian manifold and 

)(MF 
 be its linear coframe bundle equipped with Sasakian 

metric gS
. Then the almost para-Nordenian manifold 

),),(( FgMF S
,  for each n,...,2,1 , is para-Nordenian if 

and only if 0R , where R is the curvature tensor field of the 

Levi-Civita connection g . 
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The to find condition‘s of orthogonality of the input 

sequences of binary three - parameters  multy-dimensional non-

linear modular dynamic systems (3D–MNMDS) with  memory 

0n , limited connection 21 PPP  , degree S , r input and k

output is considered [1]:  



    



    





)),(),(,(),,(

,,,

)(

1 )( )( ),( ])[,,(

,,,21

210

21 21

[              

],,[  ],,[

 


 mQ

wi
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i i w LLj wm

wi

n

jhccny







   




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.,1    ),2())],(()),((),,,( 2211 kGFpcjpc    


                          (1) 

In (1) },,...,1,0{],0[ NNn  },,...,1,0{],0[  CCc 

)},(),...,1({  rppP  ,)(...)1(   rpp  

Zp )( , ,,1  r 2,1  , where Z is set of integer number; 

]),,[],...,,,[(],,[ 2121121 ccnyccnyccny k ,  

]),,[],...,,,[(],,[ 21,,,21,,,121,, ccnccnccn wirwiwi    ; 

Definition of  , ),(i ,)(0 Q ),( 1L , 2L , ),,( 21 m ,

 )),(( 11,  L )),(( 22,  L 21    ,  , j ,  , m , )),(),(,( 21   mQ 

etc. given in [1].  Let 

.))](()),((),,,([               

),,,,,(                                                 

)),(),(,(),,(

2211

)(

,,,

)(

0

210

















 








mQ

wi

Q

pcjpcn

jwiV

















   (2) 

)),,,,,(   ...  ),,,,,((),,,,(
])[,,(0101

21 wm
jwiVjwiVjwiV





 , (3)                           

)),,,,(),...,,,,,(),...,,,,,((),,(
212 1111112 LLL

jwiVjwiVjwiVwiV   ,(4)              

)),,(),...,,,((),(
)(2123 




 wiVwiViV ,  

)),(),...,,(()(
)(3134 i

iViViV


  ,              (5) 

))(  ...  )1(( 445 SVVV  ,   ],...,[ 55 VVdiagV  .         (6) 

In (2) ),,(
)(  

 is   -th components of  -th triple   from 

])[,,( 21 wm . In matrix ),,,,,(0  jwiV each triple 

 ),,,( 21 ccn  ],,0[ Nn ],0[c  ],,0[ 2211 CCc  , corresponds to 

arow, i.e. this matrix is with dimension‘s 1)1)(1)(1( 21  CCN . 

In (6) matrixV  is block matrix n th order. MatrixV
isalsoanordinarymatrixofdimension‘s 

MkCCN  )1)(1)(1( 21 , where M,1 . Let‘s 
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),,,,(1  jwiR , ),,(2 wiR  , ),(3 iR , )(4 iR  are number of 

columns  respectively matrix‘s ),,,,(1  jwiV , ),,(2 wiV  , 

),(3 iV , )(4 iV . Let for all ),(  ),(0   wQ ),(i

},,...,1{ Si  input sequences  

]},0[],,0[],,0[:],,[{ 221121,,, CcCcNnccnwi  such, that 

thematrix V , formed by (2) - (6) is orthogonally, i.e. the matrix 

V  satisfies the conditions of orthogonallity 

];,...,[ ,1,1 MM
T dddiagVV  ,0, d M,1 , where ,,d

M,1 are elements of the matrix . VV T    Then this sequence 

is called the orthogonal input sequence (OIS) of 3D–MNMDS 

(1).  

Theorem 1. For, so that V satisfies the ortogonality 

conditions, is necessary and sufficient to for all  ),(w

),( i },...,1{ Si   satisfy the relation 

, )},,2(),...,,,2({),,(),,( ),,(),,,(1,122 22
wdwddiagwiVwiV wiRwiR

T  

, ),,(,1 ,0),,2( 2, wiRwd    

where ),,2(, wd  , ),,(,1 , 2 wiR   are elements of the matrix 

),,(),,( 22 wiVwiV T   , but for all  ),(w ),(i

},...,1{ Si ,  ),( w },...,1{  ),( Sii  ,  ),,(),,( wiwi  

carried to ratio .0),,(),,( 22  wiVwiV T   

Theorem 2 . Let‘s },...,1{  ),(  ),( Siiw   . For 

own orthogonalityofsequences 

},,...,1{   ]},,0[],,0[],,0[:],,[{ 221121,,, rCcCcNnccnwi    it is 

necessary and sufficient, that for all 21),( LLj  carried to   

, )}1(),...,1({),,,,(),,,,(
),,,,(),,,,,(1,111

11 


jwiRjwiR

T dddiagjwiVjwiV   
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, ),,,,(,1,0)1( 1,  jwiRd  where )1(,d , , ),,,,(,1 1  jwiR  

are elements of the matrix ),,,,(),,,,( 11  jwiVjwiV T  , but  

for  all 21),( LLj  , 21),( LLj   , ),(),(   jj carried 

to ratio   . 0),,,,(),,,,( 11   jwiVjwiV T
 

Theorem 3 .  Let: 1. Forall ),(0 Q

},...,1{  ),(  ),( Siiw   sequences ],,[ 21,,, ccnwi   is 

 1,0 sequenceswith period‘s ,1,, wiT  1),,(1 wiA   and 

1),,(2 wiA    on 1 , cn   and 2c  respectively,  and

, )},,2(),...,,,2({),,(),,(
),,(),,,(1,122 22

wdwddiagwiVwiV
wiRwiR

T  

 

, ),,(,1,0),,2( 2, wiRwd   where ),,2(, wd  ,

),,(,1 2 wiR    are  elements of the matrix 

),,(),,( 22 wiVwiV T   ,  but ),,(2 wiV   formed from sequences 

],,[ 21,,, ccnwi  , ],,0[ ,, wiTn  )],,,(,0[ 11 wiAc 

)],,(,0[ 22 wiAc  by theformula:  

.))](()),((),,,([               

),,,,,(                                                 

)),(),(,(),,(

2211
)(

,,,

)(

0

210


















 








mQ

wi

Q

pcjpcn

jwiV
















)),,,,,(   ...  ),,,,,((),,,,(
])[,,(0101

21 wm
jwiVjwiVjwiV







, 

)),,,,(),...,,,,,(),...,,,,,((),,(
212

1111112 LLL
jwiVjwiVjwiVwiV  

; 
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2. a) Forall ),(0 Q },...,1{  ),(  ),( Siiw    and 

 ],0[),,( ,,21 wiTccn  )],,(,0[ 1 wiA   )],,(,0[ 1 wiA 

)],,(,0[ 2 wiA   sequences ],,[ 21,,, ccnwi  determined by the 

formula: 










),,,(),,(),,(),,( if  ,                          0

),,,(),,(),,(),,(  if  ],,,[
],,[

2121

212121,,,

21,,,
wiGwiGwiFccn

wiGwiGwiFccnccn
ccn

wi

wi










  

where
 , ,0]),,(),,(),,,(),,([),,( ,,11 TTwiwiNwiwiNwiF wi  

 

 , ,0)],,(),,(),,,([),,(   CwiAwiDwiDwiG  2,1 ,               












;0),,( if ,                                                                  0

,0),,( if ,1},...,,...,max{
),,(

1

1)(),(,)(,1,1,1, 212

wiN

wiNmmm
wi






 
 

b) For all },...,1{  ),( ),( Siiw    integer numbers 

),,(1 wiN  , ),,( wiD  , ),,(2 wiD   and domain 

],0[],0[],0[ 21 CCT   such, that for any 

),(  ),( iw   },...,1{ Si  ,  where  wiwi ,,,,  , 

are carried out the ratios  ),,(),,( wiFwiF  Ø   or   

 ),,(),,( 11 wiGwiG  Ø   or   ),,(),,( 22 wiGwiG 

Ø; 

3. For all ),(0 Q },...,1{ ),( ),( Siiw   sequences

],,[ 21,,, ccnwi   is the periodic continuation of sequence 

],,[ 21,,, ccnwi  from domain  ],0[],0[ 1CT ],0[ 2C   to other 

parts domain ],0[],0[],0[ 21 CCN   with a period‘s ,1,, wiT 

1),,(1 wiA   and 1),,(2 wiA  by n , 
1c  and 

2c respectively. 

Then matrix is   V  orthogonally. 

OIS is used in solving the problem of optimal synthesis of 

3D - MNMDS. On the based above described conditions of 
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orthogonality, it is possible to develop an algorithm for 

constructing the ORP for 3D –MNMDS (1). 
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We consider the initial value problem (IVP) 

))(,(=)()()]()([ txtftxtBtxtA
dt

d
 ,  (1) 

00 =)( xtx , where 00  tt , 
nntf RR),[:  , 

)R(),[:, nLtBA   and the linear operators )(),( tBtA  may be 

degenerate (noninvertible). A differential equation (DE) of the type 

(1) with the degenerate operator )(tA  is called degenerate DE, 

differential-algebraic equation (DAE), descriptor system, algebraic-

differential equation or system, singular system, etc. Degenerate 
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Des of the form (1) are used to describe mathematical models in 

control theory, radio electronics, economics, mechanics of 

multilink mechanisms, chemical kinetics, ecology and other fields. 

We do not consider the optimal control problem; therefore, there is 

no explicit dependence of f  on a control input. However, we can 

consider the equation (1) as a control system (e.g., a closed-loop 

system), where ))(,,(),( tuxtgxtf   and )(tu  is any admissible 

control such that f  satisfies required conditions. We obtain 

conditions for the existence and uniqueness of global solutions, the 

Lagrange stability, and the Lagrange instability of the degenerate 

DE (1). A solution )(tx of the IVP is called global if it exists on 

),[ 0 t , and Lagrange stable if it is global and bounded, i.e., 




<)(
),

sup

0
[

tx
tt

. The Lagrange stability of the degenerate DE (1) 

ensures that each its solution starting at the time moment 
0t exists 

on ),[ 0 t and is bounded.A solution of the IVP is called Lagrange 

unstable if it exists on some finite interval and is unbounded, i.e., it 

is blow-up in finite time. It is assumed that the operator pencil 

)()( tBtA   is regular for every 
 tt . The theorems on the 

Lagrange stability and instability of degenerate Des of the type (1) 

with stationary operators A , B  were obtained in [1] (when

BA is regular) and [2] (when BA is singular). In [3], two 

combined numerical methods for solving the degenerate DE with 

the stationary operators are obtained.  The talk contains the results 

of the work partially supported by the NAS of Ukraine (project 

0119U102376 ―Qualitative, asymptotic and numerical analysis of 

various classes of differential equations and dynamical systems, 

their classification, and practical application‖). 
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Let   is a bounded open set in  nR  and 

),,0( TQT  0T  be a cylinder. We consider initial 

boundary value problem for linear and non-linear elliptic-

parabolic equations in  
TQ . This problem arise as mathematical 

models of various applied problems, for instance reaction-drift-

diffusion processes of electrically charged species phase 

transition. 

We study qualitative property, solvability these type 

problems, and some a priori estimates of solutions is obtained.  
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DEVELOPMENT THE EDUCATIONAL COURSE 

“ORTHOGONAL TRANSFORMATION METHODS” 
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The article presents practical, theoretical and 

methodological features of the development of a distance course 

"Methods of orthogonal transformations" 

Keywords: orthogonal transformations,students, mathematics, 

distance learning, matrix. 

There are multidimensional quantities in engineering, 

mathematics, economics, computer science and other sciences, 

multidimensional quantities. This kind of information is presented 

in the form of matrices, which leads to the use of matrix algebra. 

Orthogonal matrix transformations are used to solve a 

wide range of applied problems in various fields of science and 

technology, for example, in linear algebra for calculating inverse 

matrices and solving linear algebraic equations, in digital signal 

processing in satellite electronic radio systems, for digital image 

processing and many others, however, in university courses in 

linear algebra this topic is either not considered at all, or 

insufficient attention is paid to it. 

However, the courses on the study of linear algebra are 

presented at many universities, for example, at the Ulyanovsk 

State Pedagogical University I. N. Ulyanova , course― Linear 

Algebra ‖for ― Mathematics ‖, at the Ulyanovsk State University, 

course― Mathematics for economists ‖for the ― Economics ‖, at 

the FSBEI of Higher Education in Kazan (Volga Federal 

University)  course "Mathematical modeling" for the "Applied 

smallcranberry@gmail.com
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Mathematics". Unfortunately, few hours are devoted to the study 

of the discipline and many hours are spent on independent work 

(50 percent or more of the total number of course hours). And the 

study of various types of orthogonal transformations does not pay 

attention at all. 

LMS Moodle was chosen as a tool for designing a course 

in a distance learning system. 

In terms of its capabilities, Moodle can be compared with 

the well-known commercial LMS, but at the same time it is 

distributed in open source code, which makes it possible to 

integrate new modules into it if necessary. 

This distance educational course on the topic ―Methods of 

orthogonal transformations‖ aims to teach students various 

methods of orthogonal transformations, that are actively used in 

solving systems of linear algebraic equations. The course is 

complementary to such sections as ―Matrices‖, ―Linear Algebra‖, 

etc. 

 It is assumed, that students starting to study this course 

already have the basic techniques of mathematical analysis, have 

studied vectors, have knowledge of analytical geometry and linear 

algebra, as well as basic programming skills in the Matlab 

software package. The educational course is divided into 3 

modules, also it includes 12 lectures, test tasks and practical tasks, 

during which students consolidate their knowledge during the 

study of lectures. 

The distribution of lectures by hours and hours of 

independent work to consolidate the received material are shown 

in table 1. 

 Table 1. Distribution of hours of lecture classes. 
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№ Theme Lessons 

Lectur

e 

Practic

e 

Module 1. Basic concepts and definitions of matrix theory 

1 The concept 

of a matrix. Matrix 

Types 

1 2 

2 Matrix 

Properties. Matrix 

rank 

1 2 

Module 2. Methods of orthogonal transformations 

4 Householder 

Orthogonalization 

2 3 

5 Givens 

Orthogonalization 

2 3 

6 Gram-Schmidt 

Orthogonalization 

2 4 

Module 3. Application of the result of orthogonal 

transformation 

8 Algorithm for 

solving systems after 

orthogonalization 

2 3 

9 Matrix 

inversion after 

orthogonalization 

2 3 

 

After module 1, students are given the opportunity to pass a 

closed test with 10 questions, aimed at consolidating the theory 

and applying knowledge in solving problems. After module 2, 

students are given 2 practical tasks for orthogonal transformations 

and one laboratory work in Matlab. To solve these practical 

problems, students need to apply not only the knowledge gained 

in the course, but also basic knowledge in the field of 
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programming in the Matlab software package. After module 3, 

students do the control test. 

We give the examples of the practical task and the 

laboratory work for students studying in this course. 

This practical task follow after module 2 and it are 

mandatory for students of any specialties. The correct solution to 

each problem is estimated at 5 points. 

The practical task to chapter 1.3: 

For matrix 

A =  
1 3 3
−2
−2

4
5

−1
7
  

execute: 

Using a QR – decomposition of matrix A solve the 

system of linear equations Ax = b, 

where is the vector b =  −4,13,−9 T . 
Laboratory work to chapter 2: 

Write a program that implements your version of 

orthogonal transformation (in Matlab). Check the correctness of 

the calculations "manually". Compare the results. To conclude. 

The order of lectures in this educational course is not random; 

each lecture is based on some knowledge gained in previous 

topics. That is why all lectures must be studied strictly in the 

sequence of their following the course. Studying each topic, the 

student should familiarize himself with the recommendations in 

the description of each lecture, because all lectures have their own 

specifics and are designed for different levels of training. If it is 

difficult to study a topic, the student can resort to studying 

additional literature from the list given in each module, or the 

student can contact the teacher in the Moodle system and ask him 

questions that interest him. The same goes for the test and the 

practical tasks of the course. When studying each topic, a brief 

lecture notes should be compiled, which will provide faster 

assimilation of the material. 
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THE INVERSE PROBLEM OF NON-STATIONARY FLOW 

LIQUIDS IN A PIPE WITH A PERMEABLE WALL 
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The process of unsteady flow of an incompressible 

viscous fluid in a horizontal pipe with a permeable wall, length l , 

diameter d , is considered. The mathematical model of this 

process is represented as the following system of partial 

differential equations 

),(
2

),(),(1),(
).(

),(
2

2

txu
d

txu

x

u
v

x

txp

x

txu
txu

t

txu 






















, 

(1) 

),(
4),(

txq
dx

txu





  ,            (2) 

where ),( txp is the fluid pressure in the pipe, ),( txu  is the average 

velocity over the cross section of the pipe, ),( txq  is the fluid 

outflow rate through the pipe wall, v  is the kinematic viscosity of 

the fluid,  is the fluid density,  is the hydraulic resistance 

coefficient. 

It is assumed that the outflow of fluid through the 

permeable wall of the pipe occurs in accordance with Starling‘s 

law [1-3], according to which the rate of outflow of fluid is 

directly proportional to the difference between the fluid pressure 

inside the pipe and the pressure in the environment 

)),(),()((),( txptxptktxq e ,                        (3) 

where ),( txpe  is the pressure of the external environment, )(tk is 

the permeability coefficient of the pipe wall. 
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The system of equations (1) - (3) is transformed to the 

following equation with respect to ),( txu  

),(
2

),(),(),(

)(4

),(1),(
),(

),(

2

2

2

2

txu
d

txu

x

txu
v

x

txu

tk

d

x

txp

x

txu
txu

t

txu e
































 . (4) 

For equation (4), the initial 

)()0,( xxu                  (5) 

and boundary conditions 

)(),0( ttu  ,           (6) 

)(),( twtlu  .              (7) 

In the framework of the obtained model, the inverse problem is 

posed of restoring the coefficient of permeability of the pipe wall 

)(tk according to a given additional condition 

)(),( ttlp  . 

This condition by combining equations (2) and (3) is converted 

into an additional condition for equation (4) 

)),()()((
4),(

tlpttk
dx

tlu
e




  .                    (8) 

 The problem is to determine a pair of functions {} satisfying 

equation (4) and conditions (5) - (8). The posed problem (4) - (8) 

belongs to the class of coefficient inverse problems of 

mathematical physics [4, 5]. 

For the numerical solution of the problem (4)–(8), the difference 

grid is introduced 

 mjnitjtxixxt jiij ...,2,1,0,,...2,1,0,,:),(   

and we construct a discrete analog of the problem on this grid 
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1,...,2,1  ni , 

iiu 0
,         ni ,...,2,0 , 

jj
u 0 ,  

jj
n wu  ,    

)(
41 j

en
jj

j
n

j
n pk

dx

uu





   ,  

где  ji
j

i txuu , ,  jie
j

ie txpp , ,  j
j tkk  ,  j

j t  ,  

 j
j tww  ,       j

j t  ,   )( ii x  . 

To solve the obtained system of difference equations, a 

special representation is proposed. The result is an explicit 

formula for determining the approximate value of the 

permeability coefficient of the wall at each discrete value of the 

time variable. On the basis of the proposed computational 

algorithm, numerical experiments were carried out for model 

problems. 
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Recall that if XXA :  is a bounded linear operator 

on a Banach space X  (i.e.,  XA B ), thenitscommutant is  

    .:: ABBAXBA 


B  

Theclosedsubspace XE   is a hyper invariant subspace for ,A if

EBE forall   .


 AB The spectral multiplicity  A  of operator

A  is definedby 

    ,0::dimmin: XnEAspanEA n   

where  0: nEAspan n
meansclosure of the linearhull of theset 

 .,...2,1 and :  nExxT n
Thesubspace XE  witht hisproperty 

is called as a cyclicsubspace of theoperator .A Thevector Xx  is 

called cyclic for ,A if   .,...2,1: XnxAspan n  In this case, A  

is called a cyclicoperator. It is clear that if A  has a cyclicvector, 

then   .1A It is well known, for example, that   1V and

  ,1xM where ,V     ,

0

dttfxVf

x

  is the Volterra integration 

operator on the space  1,0pL (  p1 ) and 
xM , 
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    ,xxfxfM x   is the multiplication operator on  .1,0pL  

It is necessary to remark that the concepts spectral 

multiplicity and cyclic vector are an important characteristics of 

operators. For instance, the notion of cyclic vector is important in 

connection with the general problem of existence of a non trivial 

in variant subspace, since an operator  XA B  has non on trivial 

invariant subspace if and only if everynon zero vector Xx  is a 

cyclic vector for .A Cyclic vectors are also useful in weighted 

polynomial approximation theory. 

Recall also that the operator equation 

XBAX             (1) 

naturally arises in numerous issues of spectral theory of operators, 

representation theory, stability theory (Lyapunov's equation), etc. 

For example, if the set of solutions of equation (1) contains a 

boundedly invertible operator ,Y then A and B are similar, 

,1AYYB  and hence have many common spectral properties. If

,AB  ,C following [1], one refers to  as an extended 

eigenvalue of ,A and each bounded non zero solution of the 

equation ,XAAX  i.e., equation (1) with ,AB   is called an 

extended eigenvector of .A  

Here we consider the weighted composition Volterra 

operators mnV , and mnW , defined on  1,0pL by the formulas 

   dttfxxfV

mx

n
mn 

0

, :  

and 

   dttf
x

xfW

mx

nmn 

0

,

1
:  

for ,1, mn and study cyclic vectors, hyper invariant subspaces and 

extended eigenvalues of these operators. Their double integration 

analogy also will be considered. 
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Some other related questionsal so will be discussed. 
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We consider the Schrodinger operator  

 


 xU
dx

d
L 

2

2

,  1,0Gx  

with matrix potential  xU  all the elements  ,xuij mji ,...,2,1,  , 

of which are complex-valued functions summable on the interval 

 1,0 . 

It is required that for the systems    
1kk

x   and  

  
1kk

x conditions  A (V.A. Il‘in conditions) be satisfied: 

1) For each number  .....2,1k   the vector-functions  xk  

and   xk   possess components continuous together with the 

first derivatives on the segment  1,0G , and for some complex 

number k  satisfy almost everywhere in G  the equations 

1 kkkkkL  , 11 

  kkkkkL  ,where   U
dx

d
IL

2

2

,                

U is a matrix adjoint to the matrix U , I  is a unit matrix;  k   is 

mailto:aygunqaraeva@mail.ru


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

194 
 

a number equal to zero or a unit (in the last case the equality 

should be fulfilled 
1 kk  ) ,  moreover  01  ; 

2) there exist the constants  
0C   and  

1C  such that ,Im 0Ck   

....;,2,1k 



1

1 0,1



k

C in which ,
kk
  0Re  kk  ; 

3) even if one of two systems of vector-functions   
1kk x  

and   
1kk x be complete  GLm

2
; 

4) there exist the constant  2C   such that for all numbers of k  the 

inequality 2,2,2
C

mkmk    be valid.                                                                                               

Theorem. Let the biorthonormed pair   
1

,
kkk    satisfy 

conditions  A ,  the vector-function    GWxf m

1

,1  satisfy the 

condition  

 
mkk fCf

,23

1

0
,   , ...,2,1k  

and the number series   




 
2

1

,1

1 ,
k

m kfk  converge.  

 Then the biorthogonal expansion of the vector-function 

 xf in the system   
1kk x  converges absolutely and uniformly 

on the segment  1,0G . 
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We employ an approach that treats an interval problem as 

a set of real (classical) problems. In previous studies, we have 

investigated a system of linear differential equations with real 

coefficients, but with interval forcing terms and interval initial 

values. We have shown that the value of the solution at each time 

moment forms a convex polygon in the coordinate plane. The 

motivating question of the present study is to investigate if the 

same statement remains valid or not, when the coefficients are 

intervals. Numerical experiments show that the answer is 

negative. Namely, at a fixed time, the solution's value does not 

necessarily form a polygon. Moreover, it can form a non-convex 

region.  
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The thesis is devoted to the problem of  linear 

programming  with  a special  structure, where  the  main  matrix   

is  in  a   block-ladder   form . 

Mathematically, the  problem  statement   is   as   follows: 

max),( jxc ,                        (1) 
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          bxA 11
,                                      (2) 

          1 jjj xxA ,  Jj ;2 ,                          (3) 

          0jx ,  Jj ;1 ,                              (4) 

The  dimensions  of  the vector jx and matrix jA are  

consistent,  b  is  vector with dimensions jm ,  Jj ;1 , x   and  

c   are vectors with dimensoin   Jj ;1   .An algorithm for 

solving the problem is created and a universal batch program is 

developed. At the same time,  Danchik-Wolfe   decomposition  

method  was  also  used  to  solve  the  problem. 

 The algorithm was used to solve a practical problem, and 

a positive result  was  achieved. 
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 We consider a controlled process described by the 

function ),( xtu , which satisfies the equation 
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
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







m

i

ii xpttxtf
x

u
u

t

u

1
2

2
2 )()(),(  ,  (1) 

inside the domain ]0,10[ TtxQ  , and satisfies the initial 

and boundary conditions 

)(),0( 0 xuxu  ,            (2) 

0)1,(
)1,(

,0
)0,(










tu

x

tu

x

tu
 ,                   (3) 

at the boundary of Q , where )1,0()( 2
0 Lxu   and

)(),( 2 QLxtf  are given functions, Tttt m  ...0 21 are 

fixed points in time, )(t is the Dirac‘s function, mixpi ,1),( 

are control function. 

 The class of admissible controls are all vector-functions

))(...,),(),(()( 21 xpxpxptp m from )1,0(2
mL . 

 Each concrete admissible control defines a unique 

generalized solution to the boundary-value problem (1)–(3) [1]. 

 Let )1,0()( 2Lx  be a given function. The considered 

optimal control problem consists in finding a solution ),( xtu of 

the problem (1)–(3) satisfying the condition 

)(),( xxTu                                   (4) 

and giving the smallest possible value to the functional 






1

0 1

22

)1,0(
)(][

2

m

i

i
L

dxxpppI
m

.               (5) 

 Using the Fourier method, the stated problem is 

formulated in an infinite-dimensional phase space.Applying the 

eigenvalue expansion of the problem 

0)1()1(,0)0(,10,0)()( 2  XXXxxXxX   (6) 

we obtain the following system of ordinary differential equations 

for the Fourier coefficients )(tun
: 
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...,2,1),()()()(

1

22  




ntfptttuatu n

m

i

iminnn    (7) 

with initial conditions 

0)0( nn uu  ,                                         (8) 

where )(tfn and 
0
nu are Fourier coefficients of the functions 

),( xtf and )(0 xu , respectively. 

 Then the functional (5) takes the form 









m

i

innn

n

nn ppIpIpI

1

2

1

][],[][ .                   (9) 

 Thus, the problem is reduced to the determination of the 

numerical parameters 
m

mnnnn Epppp  ),...,,( 21 such that the 

corresponding solutions to the problem (7)–(8) would satisfy the 

conditions 

nn Tu )( ,                                         (10) 

and at the same time for each fixed n , the functional ][ nn pI

would take its smallest possible value, where n are Fourier 

coefficients of the function )(x . 

 Since, according to the Cauchy formula, the solution to 

problem (9)–(10) can be represented as 

 











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

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n deptfeutu nn

0
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1

0
2222

)()()(   , 

thenthe condition (10) can be written as 

...2,1,)(

,

0

)(0

1

)(

2222
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


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

, (11) 
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or, designating by 







 )()( 22
1

22

,..., mnn tTatTa
n eee

 moment 

ratios in the form 

  nnn ep , .                        (12) 

 Therefore, one hast of in davector np of minimum length, 

satisfying the condition (12). 

 Reasoning by the statement of Leva's theorem [2], we 

establish that if the considered optimal control problem has a 

solution, then it can be represented as 

nnn ep  или miep
tTa

nin
n ,1,

)( 1
22


   

where 

,...2,1,
),(
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)(2 22
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
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e
ee m
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n
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Since the eigenvalues of the different (usually elliptic) 

operators describe various physical or mechanical parameters of 

the corresponding natural processes investigation of the problems 

involving eigenvalues presents a huge interest both from practical 

and theoretical points of view. It is well known that eigenvalues 

of the Schrodinger operator describe full energy of the quantum 

particle, biquadratic operator with corresponding boundary 

conditions - eigenfrequency of the free, clamped and pressed 

plates. There exists a lot of practical problems that require 

solution of the minimization problems with respect to the 

eigenvalues. Usually in such problems minimization procedure is 

carried out over the parameters that describe the materials of the 

plates, environment, boundary conditions etc. Indeed these 

parameters are described by functions. But there exist a large 

class of problems where minimization with respect to the 

geometrical characteristics (for example form of the plate) is 

required. These problems are called shape optimization problems. 

In the last three decades these problems have been intensively 

studied and a number of methods have been offered by different 
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authors for their solution in various aspects. But till now the 

general method for solution of the different shape optimization 

problem is absent [2-4]. 

In this work we get existence result for the shape 

optimization problems for the eigenvalues of the Pauli operator. 

Consider the following eigenvalue problem  

,, DxP                             
(1) 

.,0 DSx
                           

(2) 

where P is the Pauli operator defined by the expression   

BJaPP   ),( .                            (3)  

Here 

    VaivaPJ 
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2
,,

10

01
,
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01
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; i  is an imaginary unit; V is a smooth enough function; 


















yx
, ; 

2
21 ),( Raaa   is a vector potential; B magnet 

field generated by the vector potential a  

12 a
y

a
x

B








 . 

If to consider all these definitions one can write two dimensional 

Pauli in the form  
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By K  we denote the set of all bounded, convex domains 

  with smooth boundary Consider the problem 

 mKF  ,:))((min  .                    (5) 

Here )(  is the Dirichlet eigenvalues of operator (4) in the 

domain K , m is a given number.  

The following theorem is proved for this problem.  

Theorem.Let   ,0: nRF be a semicontinuous and 

monotone function. Then optimization problem (5) has a solution 

on the set K . 
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For  simplicity of notation and  reasoninshere we will consider the 

following model problem. 

Problem statement.Find  the classic solution of  the 

equation 

,0,10,
2

2
2 Ttx

x

u
a

t

u









              (1) 

under  boundary conditions  

0),1(),0(  tutu as ,0 Tt                 (2) 

and satisfying the finite condition  

,10),(),(
),(









xxtxu
t

txu
Tt

Tt

 (3) 

where Ta ,,,   are the known numbers )(x  is a given 

function  ),( txuu  is the desired classic solution 

Solution . 

1
0
.Let 0a  and .0T  

2
0
. Let 

22 k for ....2,1k  

3
0
.Let   

,...,2,1,sin)(
2

221

0

22



 k

ke

k
dk k

Tk





 

where k   are some numbers satisfying the inequality

,constk   for ,....2,1k .  
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Let problem (1)-(3) have a classic solution

 .],0[]1,0[),( TCtxuu  Assume  

,10),(),(
0




xxftxu
t

                      (4) 

where )(xf  is an unknown function to  be  determined. At first, a 

priori assuming )(xf  to be known, applying the finite integral 

transformation  [2] 

,)(

0

2

  deK

t


                             (5) 

to problem (1), (2), (4),  we prove the following 

Theorem 1. Under constraints 1
0
, if problem  has a 

classic solution, then i) it is unique , ii) this solution is 

represented by the formula  

 





1

01

.0,10,sin)(sin2),(
22

Ttxdkfxektxu
k

tk  

(6) 

From (6)  we have  

 








1

01

22 .sin)(sin2
),( 22

  dkfexkk
t

txu tk

k

  (7)          

Having substituted (6) and (7) in  (3)  we get 

  




1

01

22 .10),(sin)(sin)(2
22

xxdkfexkk tk

k

  (8)  

Expanding )(x   in Fourier series [1], we have  








1

01

.sin)(sin2)(  dkxkx

k

(9)   

Substituting (9) in (8),  we obtain 

   
1

0

1

0

22 ....2,1,sin)(sin)()(
22

kdkdkfek Tk  

 

Hence 
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  




1

0

1

0

22
....2,1,sin)(sin)(

22

kdk
k

e
dkf

Tk







(10) 

Thus, we established the following  

Theorem 2. Under constraints 1
0
 , 2

0
 and 3

0
 problem (1)-

(3)  has a unique classic solution and this solution is  represented 

by the formula (6), where the desived function )(xf is represented 

by the formula  








1

01

,sin)(sin2)(  dkfxkxf

k

 

the coefficients 
1

0

,sin)(  dkf   are determined by formula 

(10). 

 

References 

 

1. Finchtenholdz. G.M.: Course of differential and integral 

calculus  vol III , Moscow, Nauka ,1970. 656 p. 

2. Gasymov E.A.: Application of the finite integral 

transformation method , Baku, Nauka, 2018, 456 p. 

 

PROBLEMS OF APPROXIMATION IN LIZORKIN-

TRIEBEL SPACES WITH DOMINANT MIXED 

DERIVATIVES 

A.M. GASIMOVA
a) 

a)
 Sumgait State University, Sumgait , Azerbaijan 

email: ezizigul.qasimova@mail.ru 

 

In this abstract we study the approximation problems in 

the Lizorkin-Triebel )(,  GFS l
p   spaces with dominant mixed 

derivatives. 

ezizigul.qasimova@mail.ru%20


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

207 
 

Definition. Denote by )(,  GFS l
p  the space of locally 

summable functions f on G  having the generalized derivatives 

fD
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with the finite norm 
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where nRG  ,  p1 , 1 , ),...,,( 21 nllll  ,   ,0jl

 ),,...,2,1( nej n  and let ),,...,,( 21
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 0jt  is continuously differentiable functions;   0lim
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The following theorem is proved. 

Theorem. Let  p1  and ).(,  GFSf l
p  Then there 

exist the functions )(xhh ss   (s=1, 2,…) infinitely differentiable 

finite in nR  such that 

.0lim
)(,


  GFSs

s
l
p

hf  
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 We consider the spectral problem for the discontinuous 

second order differential operator    

         ,,,
1

1210 
l

s

ss xxxyyxpyxpyxpyl


 

(1) 

with the boundary conditions 

 

       000
1 0

1 
 



l

s

k

j

s

j

sjs

j

sj xyxy


  , 1,4  , (2) 

10  k ,  bxxxxa l...210 , 

     baLxpxp ,, 121  , and the function  xp0 on each interval 

 ss xx ,1 has the form:     si

s expxp


00  , 

,,1,20 lss   , where  xp s0  is a positive absolutely 

continuous function on  ss xx ,1 . 

         In the present work a definition of the regularity andstrongly 

regularity of boundary conditions is given, the asymptotic 

formulas for eigenvalues are obtained, a resolvent is constructed, 

the basis properties of eigen and associated functions arestudied 

in weighted Lebesgue spaces. 
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Let   



l

s

s

s
xxx

1

,


   be a weight function that satisfies the 

condition ,/1/1 qp k   mk ,1 , where .1/1/1  qp Let 

 baLp ,,
 be  a weighted Lebesgue space with norm  

pLp
ff 




,
 and consider the system  

Nnny


in  baLp ,,
, 

where  xyn  are  the eigenfunctions of the problem (1),(2).  It is 

hold the following  

 Theorem. The system  
Nnny


of eigen and associated 

functions of the regular problem (1), (2) form a basis with 

parentheses in the space  baLp ,,
, 1 <𝑝<∞, and form a usual 

basis in this space if the boundary conditions are stronglyregular. 

 

 Similar problems for discontinuous differential operators 

were studied in [1-3].  
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BASIS PROPERTY OF THE SYSTEM OF 

EIGENFUNCTIONS CORRESPONDING TO A 

PROBLEM WITH A SPECTRAL PARAMETER IN 

THE BOUNDARY CONDITION  

T.B. GASYMOV
a)

, T.F. QASIMOV
b) 

a)
Institute of Mathematics and Mechanics, NAS of 

Azerbaijan, Baku, Azerbaijan 
b)

Azerbaijan Technological University, Ganja, Azerbaijan 

email: telmankasumov@rambler.ru; tehransened@mail.ru 
Consider the following spectral problem 

 

  ,yyxqy   ,1,0x
                 (1)        

 


),1()()0(

,0)0(

ybay

y





                            

(2)  

where is a spectral parameter,    1,01Lxq   complex-valued 

function, a  and b  are arbitrary nonzero complex numbers. In this 

work the basis properties of the eigen and associated functionsof 

problem (1),(2) in spaces   CLp 1,0   and  1,0pL ,  p1 , 

are studied. Problem (1),(2) has a countable number of 

eigenvalues  
onn  that are asymptotically simple and have 

asymptotics 

.,...2,1,0,
1

2

















 n

n
Onn   

Let the system   
onn xu  be the eigen and associated functions of 

problem (1),(2). Let us define an operator L  in the space 

  CLp 1,0 as follows 
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             00,1,0,1;ˆ 2  uWxuauxuuLD p , 

        .ˆ10;ˆ LDuforbuuxuuL   

The eigenvalues of the operator L    are  
     .,...2,1,0,1,ˆ  nauxuu nnn

 

 

The following theorems are proved. 

Theorem 1.System  
onnû of eigen and associated vectors of the 

operator L  forms a basis in the space   CLp 1,0 ,  p1 , 

equivalent to the system  
onnê , where  

   .0;sinˆ,1,0ˆ
0 nxee n   

Theorem 2.Let 
0n  be an arbitrary simple eigenvalue of problem 

(1),(2). Then the system   
onn xu  , 0,

0
nnn  ,  forms a basis in 

 1,0pL ,  p1 , equivalent to the system   .sin 1



nnx  

Note that some special cases of problem (1),(2) analogous 

problems were studied in [1-3]. 
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ON NEW FAMILIES OF THE TETRANACCI IDENTITIES 

Taras GOY
 

Vasyl Stefanyk Precarpathian National University,  

57 Shevchenko St., Ivano-Frankivsk 76018, Ukraine 

email: tarasgoy@yahoo.com 

 

The tetranacci numbers are a more general version of 

Fibonacci numbers and start with four predetermined terms, each 

term afterwards being the sum of the preceding four terms.  

The tetranacci sequence 
0{ }n nt 
is the sequence of 

integersdefined by the initial values 
0 1 2 0t t t   , 

3 1t   and the 

recurrence 

1 2 3 4n n n n nt t t t t       ,     4n  . 

For Toeplitz-Hessenberg determinants entries of which are 

tetranacci numbers we use Trudi‘s formula (see [1–4] for more 

details) to obtain new identities involving sums of products of 

tetranacci numbers and multinomial coefficients. 

Let 
nF and 

nT be the Fibonacci and tribonacci numbers, 

defined by recurrences  

0 0F  ,  
1 1F  ,

1 2n n nF F F   ,   2,n   

0 1 0T T  ,  
2 1T  ,     

1 2 3n n n nT T T T     ,   3,n   

respectively.  

Let us denote 
1 22 ...n ns s ns     , 

1 2| | ... ns s s s    , and 

1 2

1 2

( ... )!
( )

! !... !

n
n

n

s s s
p s

s s s

  
 . 

Theorem. The following formulas hold 

1 2| | 1

0 1 1 2( 1) ( ) ... , 2,n

n

ss ss

n n n

n

p s t t t T n

 

 

    
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1 2

/2

| |

2 3 1 2 1

1

( 1) ( ) ... ( 1) , 1,n

n

n
ss ss i

n n n i

n i

p s t t t F n
  

  

  

      

1 2| | 1

5 7 2 3 2( 1) ( ) ... , 3,n

n

ss ss

n n n

n

p s t t t F n

 

 

    

1 2| |

4 5 3( 1) ( ) ... 0, 5,n

n

ss ss

n n

n

p s t t t n

 

    

1 2

3 /2

5 6 4

( 1) ( 1)
( ) ... , 2,

2
n

n

nn
ss s

n n

n

p s t t t n
  



 

  
   

1 2

0 1 1 /2

2 ( 1) 5( 1) 2
( ) ... , 1,

30( 1) 10

n

n

n n n
ss s

n n n
n

p s t t t n   
 

   
  


  

1 2

( 3)/2 2 3

1 2

0 0

3 2
( ) ... , 1,n

n

n n i
ss s

n n

n i j

n i j i
p s t t t n

i j

    

   

    
   

  
    

1 2| | 1

3 4 2( 1) ( ) ... n

n

ss ss

n n

n

p s t t t



 

  

( 1)/2 ( 1)/2

0 0

2 3 1
, 1,

2 3 1

n n

i j

j i j n
n

i j n i

       

 

    
       
   

where the summation is over nonnegative integers 
is satisfying 

Diophantine equation 
1 22 ... ns s ns n    . 
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THE SUFFICIENT CONDITION FOR THE REGULARITY 

OF BOUNDARY POINT WITH RESPECT TO THE 

DIRICHLET PROBLEM FOR THE PARABOLIC 

EQUATIONS SECOND ORDER 

A. GULIYEV 

 

Institute  of  Mathematics and  Mechanics  of  ANAS, Baku, 

AZ1141, Azerbaijan 

email: abdurrahim_57@yahoo.com 

 

Consider the Dirichlet problem   

 𝑎𝑖,𝑘 𝑡, 𝑥 𝑢𝑥𝑖𝑥𝑘 − 𝑢𝑡 𝑡, 𝑥 = 0,    𝑢|𝜕𝑝𝐷 = 𝑓 𝑡, 𝑥 

𝑛

𝑖,𝑘=1

 

where 𝑎𝑖 ,𝑘 𝑡, 𝑥 = 𝑎𝑘 ,𝑖 𝑡, 𝑥 ∈ 𝐻𝛼 𝐷 , 𝑓 ∈ 𝐶 𝜕𝑝𝐷 . 

 

in the 𝐷 ⊂ 𝑅𝑛+1 bounded domain for the parabolic equation. 

Let  𝑡, 𝑥 = (𝑡, 𝑥1 ,… , 𝑥𝑛) ∈ 𝑅𝑛+1  and  𝑠 > 0, 𝛽 > 0  are the 

fixed  positive numbers. Denote the function type of Weierstrass 

kernel in 𝑅𝑛+1 as   

𝐾𝑠,𝛽 𝑡, 𝑥 =  
𝑡−𝑠𝑒𝑥𝑝  −

 𝑥 2

4𝛽𝑡
  , 𝑡 > 0

                   0 , 𝑡 ≤ 0

  

and  for 𝜆 > 1 and  𝑚 ∈ 𝑁 = 𝑁 ∪  0    the paraboloids  

 

𝑃𝑚 =   𝑡, 𝑥 ∣  𝑥 2 < −𝜆𝑚 ∙ 𝑡 , 𝑡 < 0   . 
Let  

𝐵𝑚 ,𝑘 = (𝑃𝑚+1\𝑃𝑚            ∩  −𝑡𝑘 ;−
3

4
𝑡𝑘   for  𝑚,𝑘 ∈ 𝑁,  and    𝐵0,𝑘 =

𝑃0,𝑘
     ∩  −𝑡𝑘 ;  −

3

4
𝑡𝑘  . 𝑡1 > 0. 
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Define the  following cylinders 𝐶𝑚 ,𝑘  with two parameters  

𝑚,𝑘 

𝐶𝑚 ,𝑘 =   𝑡, 𝑥 ∣ −𝑡𝑘 < 𝑡 < 0,  𝑥 < 𝑎𝜌𝑚 ,𝑘  , 

where  𝑎 > 0 - positive real number and   𝜌𝑚 ,𝑘
2 = 𝜆𝑚 ∙ 𝑡𝑘    and 

denote by   𝑆𝑚 ,𝑘  the lateral surface of the cylinder  𝐶𝑚 ,𝑘  . 

Let ‗s call  

𝑇𝑚 ,𝑘 = 𝐶𝑚 ,𝑘\𝑃𝑚  

trapezoids of the compliment of paraboloids 

𝑃𝑚 =   𝑡, 𝑥 ∣  𝑥 2 < −𝜆𝑚 ∙ 𝑡  

with respect to the  cylinders  𝐶𝑚 ,𝑘   and denote by  𝑇𝑚 ,𝑘
 𝑗  

 , 𝑗 ∈

 1,2,… ,𝑛0(𝑛)  ,  the minimal finite partition of  𝑇𝑚 ,𝑘such that for 

which the following inequality  

 𝑥 − 𝜉 ≤  𝜉  
 

is fulfilled  at  𝑡, 𝑥 ∈ 𝑇𝑚 ,𝑘
 𝑗  

 and (𝜏, 𝜉)𝜖𝑇𝑚 ,𝑘
 𝑗  

 . 

 

Lemma. There exist absolute constants 𝐶1 > 0  and 

𝐶2 > 0 , depending  only on fixed numbers  𝜆,𝑎, 𝑠,𝛽 such that  

holds  

 sup𝑆𝑚 ,𝑘
𝑃
𝐵𝑚 ,𝑘

(𝑗) (𝑡. 𝑥) ≤ 𝐶1𝑃𝐵𝑚 ,𝑘
 𝑗 (0.0), 

 

and also for the  finite partition and for  all fixed  𝑗 ∈
 1,… ,𝑛0(𝑛)    such that 

 inf
𝑇𝑚 ,𝑘+1
 𝑗  𝑃

𝐵𝑚 ,𝑘
 𝑗  𝑡, 𝑥 ≥ 𝐶2 𝑃𝐵𝑚 ,𝑘

 𝑗 (0,0) . 

moreover  𝐶2 > 𝐶1, where 

𝑃𝐵 𝑡, 𝑥 =  𝐾𝑠,𝛽 𝑡 − 𝜏, 𝑥 − 𝜉 𝜇(𝜏, 𝜉)
𝐵
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the parabolic potential, with the generated kernel of  𝐾𝑠,𝛽(𝑡, 𝑥) , 𝐵 

is a Borel  set and 𝜇is a Borel measure. 

Theorem. In order to the boundary point to be regular 

with respect to the Dirichlet problem sufficiency is that               

 𝑃𝑩𝒎,𝒌
 0,0 = ∞∞

𝑚 ,𝑘=1 . 

 

OPTIMIZATION OF ZONAL FEEDBACK PARAMETERS 

WHEN CONTROLLING THE ROD HEATING PROCESS 

S.Z. GULIYEV
a,b) 

a)
Azerbaijan State Oil and Industry University, Azadliq ave. 

16/21, Baku,AZ1010, Azerbaijan 
b)

Institute of Control Systems of ANAS, B.Vakhabzade 9 str., 

Baku,AZ1141, Azerbaijan 

email: azcopal@gmail.com 

Consider the problem of controlling rod heating process 

by means of point sources: 

 

 

 

 

 

whose locations are, in the general case, optimized. 

Suppose that at the points , the coordinates 

of whichare, in the general case, also optimized), we take 

temperature measurements: 

  
Let the range of temperature values of the rod under all possible 

control actionsbe given: 

  

We divide this range into zones with the given values , ,…,

: 

 
Moreover, the partitions are not necessarily uniform. 
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We introduce time intervals depending on the belonging of the 

current values of the state  at the measurement points , i.e.

, tothe corresponding zone.It is obvious that 

 

where  is a multi-index; i.e.for 

 there takes place: 

 

note that some  can be empty sets, since the states in the 

corresponding zones may never be. In addition, the intervals 

can be multilinked, i.e. the process can get into any zone more 

than once, for example,  times. In this  

case  . 

The values of the control sources are assigned depending on the 

temperature values at the measured points in the form of linear 

feedback: 

 

 

 

with optimizable capacities and for

. 

Substituting (4) in (1), we obtain the equation: 

 

 

 

where  and . 
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Equation (5) is a loaded equation.The constant 

synthesized coefficients change their values when the 

state at the measurement points passes from one zone to 

another.Under these passages, the solution  is continuous in 

the time variable . 

The number of optimized parameters is, in the general 

case, equal to . Forexample, for

and , thedimensionis68, which can be 

considered quite acceptable for control synthesis problems with 

distributed parameters. 

Constraints imposed on controls, i.e. 

 
can be taken into account with the use of penalty functions. 
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RIESZ POTENTIAL AND ITS COMMUTATORS IN 
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 The variable exponent generalized Morrey spaces 

  ),(pM  over an open set nR  was introduced and the 

boundedness of the Hardy-Littlewood maximal operator, the 

Riesz potential, the singular integral operators and their 

commutators on these spaces was proved in [1] (bounded set) and 

[2] (unbounded set), respectively. The variable exponent 

generalized weighted Morrey spaces   


),(pM  over an open 

set nR was introduced and the boundedness of the Hardy-

Littlewood maximal operator, the Riesz potential, the singular 

integral operators and their commutators on these spaces was 

proved in [3]. 

 Let nR be an open unbounded set. We consider 

generalized weighted Morrey spaces   


),(pM and vanishing 

generalized weighted Morrey spaces   


),(pVM  with variable 

exponent )(xp and a general function  rx,  defining the 

Morrey-type norm. The main result of this study are to prove the 

boundedness of Riesz potential and its commutators on the spaces 

  


),(pVM  (see [4]). This result generalizes several existing 

results for Riesz potential and its commutators on Morrey type 

spaces. Especially, it gives a unified result for generalized Morrey 

spaces and variable Morrey spaces which currently gained a lot of 

attentions from researchers in the theory of function spaces. 
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 Keywords: variable exponent vanishing generalized 

weighted Morrey space, Riesz potential, commutator, BMO 

space. 

 

 This talk is based on joint research with J.J. Hasanov and 

X.A. Badalov. 
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ON THE DETERMIONATION OF THE LOWEST  
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In this paper,  we consider the problem of determining the 

lowest coefficient of one weakly nonlinear wave equation. The 

problem reduces to the optimal control problem; in the new 

problem, the existence of an  optimal control theorem is proved , 
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the Frechet  differentiability of the functional and the necessary 

optimality condition is derived. 

Consider the problem of finding a pair )}(),({ xvtxu  from 

the following relations 

,),(),,,(
2

2

Qtxutxfvuu
t

u






 (1)  

,),(),(,),(,0
1

0

00










xxu

t

u
xuuStxu

t

t

 (2) 

 

T

xxdttxutxK
0

,),(),(),( 

 (3) 

where -operator Laplace with respect to 
)(),,(),(),(),,,(,

10
xtxKxuxuutxfx   are given functions, 

),0( TQ    cylinder in 
),4(1  nRn

  a   bounded region in 
nR  with a sufficiently  smooth boundary ),0(, TS   is the 

lateral surface of the cylinder 0, TQ  is a given  number. 

Note that problem (1)-(3) is inverse to the direct problem (1), (2) 

for a given function ).(xv We reduce this problem to the following 

optimal control problem: in the class of functions 
  oneabxvaLxvV ..)(/)()(

2  (4) 

find the minimum of the functional  

dxxvdxxdtvtxutxKvJ

T
.2

2

0

|)(|
2
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1
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


















 (5) 

under conditions (1), (2), where 0  is a given number, a and   

b are some constants and ,ba  );,( vtxu  is a solution to the 

boundary value problem (1), (2) for ,)( Vxvv   the function 
)(xv  is called the control, and the set V  is called the class of 

admissible controls. 
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This problem will be called the problem (1),(2), (4), (5).  

Let );,( vtx   be a generalized solution of the adjoint problem 

,),(,)();,(),(),(
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
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
x

t
Stx
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Tt


 (7)  

Theorem 1.  Let satisfies  above conditions on the data of 

problem (l), (2), (4), (5).Then the functional (5) is continuously 

differentiable in terms of Frechet on V and its differential at the 

point Vv  with increment )( Lv  is determined by the 

expression 

.)(),(
0

' dxxvdtuvvvJ
T

  










  

Theorem 2. Let the conditions of theorem 1 be fulfilled. Then for 

the optimality of the control Vxvv  )(**  in the problem (l), (2), 

(4), (5) it is necessary that the inequality 

0))()((),(),()( *

0

*** 







 



dxxvxvdttxtxuxv
T



 

holds for any control ,)( Vxvv   where,  
);,(),(),;,(),( **** vtxtxvyxutxu    

solutions of problems (1), (2) and (6), (7) respectively for  
).(* xvv   
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OPTIMAL CONTROL PROBLEM FOR THE WEAK 

NONLINEAR EQUATION 

OF THIN PLATE WITH CONTROL AT THE 

COEFFICIENT OF LOWEST TERM 

H.F. GULIYEV
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,  Kh.I. SEYFULLAYEVA
 b)

 
a)

Baku State University, Baku, Azerbaijan 
b)

Sumgayit, AZ5008, Azerbaijan 

email: xeyaleseyfullayeva@gmail.com 

 

Our aim to find the pair of functions
adUQWu  )(),( 1,2

2  

from the relations  

,),,(),,,(),(

2)1()(
2

2

2

2

2

2

2
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 , 

where  byaxyxyx  0 ,0:),(),( , ),0( Tt ,  

),0( TQ  , a , b , T  are given positive numbers, ),( yx  is a 

dense of the mass at the point ),( yx , ),( yxh is the thickness of 

the plate in the point ),( yx , ),,( tyxu - is deflection of the plate 

in the point ),( yx  at the moment t ,   is Laplace operator with 
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respect to x , y , 
)1(12 2

3




Eh
D - cylindrical rigidity,











2

1
0  - Poisson‘s coefficient,  0E - Young's modulus.

  .e.on ),(:)(),(
102
ayxLyxU

ad
 , 

)(),( 2
20 

o

Wyx , )(),( 21 Lyx , )(),,( QLtyxK  , 

)(),( 2 Lyxg are given functions, 
10

, are given numbers. 

Note that equation (1) is thin plate vibrations equation [see 

1].  

We study the generalized solution of the problem (1)-(3). 

This problem we reduce to the following optimal control 

problem: to find the minimum of the functional in the set 
adU  

 





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


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2
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2
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)( 2

2

0





(4) 

subject to (1)-(3), 0 is given number. 

In this work obtained necessary condition of optimality in 

the form variation inequality in the considered problem (1)-(3), 

(4) [2]. 
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AN OPTIMAL CONTROL PROBLEM BY THE 

COEFFICIENT OF THE WAVE EQUATION WITH NON 

LOCAL CONDITION 

H.F. GULIYEV, Kh.T. TAGIYEV, R.O. HACIYEVA 

Baku State University, Baku, Azerbaijan 

e-mail: hkuliyev@rambler.ru, tagiyevht@gmail.com 

In the paper we consider a problem of definition of a pair 

of function VQWxtxu  )())(),,(( 1

2  from the conditions 
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
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,           (5) 

where   is a bounded domain with smooth boundary  , 

 ,,0,0  MT are the given numbers, )(2 QLf  , 

)(1
20 Wu , )(21 Lu , )(QLR  , )(2 L , 

)(  LK  are the given functions. 
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For the problem (1)-(5) we associate the following 

appropriate optimal control problem: it is regured to minimize the 

functional 




















 dx
T

xdttxutxRI

2

0

)();,(),(
2

1
)(  ,   (6)  

under condition (1)-(3), (5), where );,(),( txutxuu  is a 

solution of boundary value problem  (1)-(3) corresponding to the 

function Vx  )( .  

In the paper we prove continuous Frechet differentiability 

of functional (6) and derive a necessary optimality condition in 

the from of variational inequality [1,2]. 
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In this talk, we prove the Hyers-Ulam stability of 3-Lie 

homomorphisms in 3-Lie algebras for Cauchy-Jensen functional 

equation by using the fixed point method. We also prove the 
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Hyers-Ulam stability of 3-Lie derivations on 3-Lie algebras for 

Cauchy-Jensen functional equation by using the fixed point 

method. 
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BOUNDEDNESS IN VARIABLE EXPONENT SPACES OF 

GENERALIZED POTENTIAL OPERATORS GIVEN ON 

NONHOMOGENEOUS SPACES  
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We consider generalized  potential operators with the 

kernel  
  

  Nyx

yxa

,

,




on bounded measure metric space  ,,X   

with  measure $\mu$ satisfying the upper growth condition 

   NArrxB , ,   ,0N , Under some natural assumptions 

on  ra  in terms of almost monotonicity we prove that such 

potential operators are bounded from the  variable exponent 

Lebesgue space 
  ,XLp 

  into a certain Musielak-Orlicz space 
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 ,XL  ra , if the corresponding maximal operator is bounded 

on 
  ,XLp 

. 

COMMUTATORS OF SUBLINEAR OPERATORS WITH 

ROUGH KERNEL GENERATED BY CALDERON-

ZYGMUND OPERATORS ON GENERALIZED 

WEIGHTED MORREY SPACES  

V.H. HAMZAYEV 
Nakhchivan Teacher-Training Institute, Nakhchivan, 

Azerbaijan 

 
The classical Morrey spaces were introduced by Morrey 

(1938) to study the local behavior of solutions to second-order 

elliptic partial differential equations. Moreover, various Morrey 

spaces are defined in the process of study. Guliyev, Mizuhara and 

Nakai (1994) introduced generalized Morrey spaces  n
p RM , ; 

Komori and Shirai (2009) defined weighted Morrey spaces 

 wL kp,
; Guliyev (2012) gave a concept of the generalized 

weighted Morrey spaces  wM p ,  which could be viewed as 

extension of both ,pM  and  wL kp, . In [1], the boundedness of 

the classical operators and their commutators in spaces  wM p ,

was also studied. 

Let  1 n
s SL  with  s1  be homogeneous of degree 

zero. For a functionb , suppose that bT ,  represents a linear or a 

sublinear operator, such that that for any  nRLf 1  with 

compact support and fx supp  
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


nR
n

dyyf
yx

yx
ybxbcxfT 0 ,    (1) 

where 0c  is independent of f and x . 

Let  p1 ,  be a positive measurable function on 

  ,0nR  and w be non-negative measurable function on nR . 

The generalized weighted Morrey space  wM p ,  is the set of all 

functions  n
wp RLf loc

,  with finite norm  

 
    

  rxBL
p

rRx
wM wpnwp

frxBwrxf
,

1
1

0,
,,

,,sup




  . 

The main goal of this work to study the boundedness of a 

large class of sublinear operators with rough kernel bT ,  on the 

generalized weighted Morrey spaces  wM p ,  for with 

 pq , 1p and qpAw  /  or qp 1  and qp
p Aw 
  /

1
, 

where  1 n
s SL  with 1q be homogeneous of degree zero 

(see [2]). 
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ON THE BOUNDEDNESS OF COMMUTATORS DUNKL-

TYPE FRACTIONAL INTEGRAL OPERATOR IN THE 

DUNKL-TYPE MODIFIED MORREY SPACES 

S.A. HASANLI 

Nakhcivan State University, Azerbaijan 

Let 1/2>   be a fixed number and   be the weighted 

Lebesgue measure on R , given by 

  .||1)(2:=)( 1211 dxxxd   
   

For every  p1 , we denote by ),(=)(,  dLL pp RR  the 

spaces of complex-valued functions f , measurable on R  such 

that 
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            For  <1 p  we denote by )(, RpWL , the weak 

)(, RpL  spaces defined as the set of locally integrable functions 

f  with the finite norm  

   .|>)(| : sup=
1/

0>,

p

rpWL
rxfxrf R


  

            Let } [||},||{0,max]|:|{=),( txtxyytxB R  

and [,,=])(0, tttBBt  0>t . Then ,= 22 
 tbBt  

where   11 1)(1)(2=
  

b . 

We denote by )(RBMO  (Dunkl-type BMO space) the set of 

locally integrable functions f  with finite norm 
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In the sequel we consider the signed measure yx, , on 

R , given by  
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For Ryx,  and f  a continuous function on R , we put  

).()(=)( , zdzfyf yxx  R  

Definition. Let  <1 p , 220   , 

},1min{][ 1 tt  . We denote by )(
~

,, RpM  Dunkl-type modified 

Morrey space as the set of locally integrable functions )(xf , 

,Rx  with the finite norm 
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      Given a measurable function b  the operator |,| ,Ib  is 

defined by  
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      Theorem. Let 22<<0  ,   22<0 , 












 22

11

22 qp
 and 



  22
<<1 p . Then the 

commutator |,| ,Ib  is bounded from )(
~

,, RpM  to 

)(
~

,, RqM  if and only if BMOb . 

 

ROUGH MULTILINEAR FRACTIONAL MAXIMAL 

OPERATOR ON GENERALIZED WEIGHTED MORREY 

SPACES 

A.A. HASANOV 
Ganja State University, Ganja, Azerbaijan 

 

   The  classical Morrey spaces were introduced by Morrey 

(1938)  to study the local behavior of solutions to second-

oder elliptic partial differential equations. Moreover, various 

Morrey spaces and defined in the process of study. Guliyev, 

Mizuhara and Nakai (1994) introduced generalized Morrey 

spaces Mp,φ(ℝn
);Komori and Shirai (2009) defined weighted 

Morrey spaces  wL kp,
; Guliyev (2012) gave a concept of the 

generalized weighted Morrey spaces  wM p ,  which could 

be viewed as extension of both ,pM  and  wL kp, . In [1], the 

boundedness of the classical operators and their 

commutators in spaces  wM p , was also studied.  
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 The generalized weighted Morrey space  wM p ,  is 

the set of all functions 
loc

wpLf , (ℝn
)with finite norm 

      
  rxBL

p

rRx
M wpn

w
p

frxBwrxf
,

1
1

0,
.,

,,sup




 


 

 Let us give the definition of the rough multilinear 

fractional maximal operator as follows: 

 
 

   
 
 









rxB

mmn
r

dyyfyxAR
yx

yx
xfM

,

1
0

,,;sup
1   

where  ,0 n  is homogeneous of degree zero and  

   

    




yxyADxA

yxARsSL

m

m

n

s





 



!

1

,:,1,1

 

In this talk, we study the boundedness of multilinear 

fractional maximal operators with rough kernels 
mAM ,

, , 

which is generalization of the higher-order rough fractional 

maximal commutator on the generalized weighted Morrey 

spaces  wM p , . We find the sufficient conditions on the 

pair  21,  with qpAw ,  which ensures the boundedness 

of the operators 
AM ,  from  p

p wM
1,  to  q

p wM
2, for 

  21 seeqp  .  
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ORLICZCHARACTERIZATION OF MAXIMAL 

OPERATORS IN GENERALIZED WEIGHTED -MORREY 

SPACES 

S.G. HASANOV 
Ganja State University, Ganja, Azerbaijan 

The classical Morrey spaces were introduced by 

Morrey (1938) to study the local behavior of solutions to 

second-oder elliptic partial differential equations.  

Moreover, various Morrey spaces and defined in the process 

of study. Guliyev, Mizuhara and Nakai (1994)  introduced 

generalized Morrey spaces Mp,φ(ℝn
); Komori and Shirai 

(2009) defined weighted Morrey spaces  wL kp,
; Guliyev 

(2012) gave a concept of the generalized weighted Morrey 

spaces  wM p ,  which could be viewed as extension of both 

,pM  and  wL kp, . In [1], the boundedness of the classical 

operators and their commutators in spaces  wM p , was also 

studied.  

The main goal of this talk to give necessary and 

sufficient conditions for the boundedness of the Hardy-

Littlewood maximal operator and its commutators on 

generalized weighted Orlicz-Morrey spaces. The main 

advance in comparison with the existing results in that we 

manage to obtain conditions for the boundedness not in 

integral terms but in less restrictive terms of supremal 

operators and we do not need 2
condition for the  

boundedness of the maximal operator (see [1]). 
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This contribution is based on recent joint works with 

V.S.Guliyev and F.Deringoz. 

 
References 

 

1.V.S.Guliyev, Generalized weighted Morrey spaces and 

higher order commutators of sublinear operators, Eurasian 

Math. J.3 (2012), no 3, 33-61. 

 2. F.Deringoz, V.S.Guliyev, S.G.Hasanov, Maximal 

operator and its commutators on generalized weighted 

Orlicz–Morrey spaces, Tokyo J.Math. 41(2) (2018), 347–

369. 
 

ON THE EXISTENCE OF A GENERALIZEDSOLUTION 

OF THE INVERSE PROBLEM FOR EQUATION OF 

PARABOLIC TYPE 
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        For an equation of parabolic type, the following inverse 

problem is considered. By given functions 

       xhutxxutxf ,,,,,,,  it is required to determine a 

pair of functions     txuxc ,, from the conditions: 

       txutxfuxcuu
t

,,,, ],0( TD ,  (1) 

   ,0, xxu  ,DDDx   ,nRD  (2)        

 ,,, utx
N

u




   ,,0),( TDStx  (3) 

    Dxxhdttxu
T

 ,,
0

, .0 constT  (4)                                                                                                                    
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        We assume that the input datas of the problem satisfy the 

following conditions: 

1
0
.  ptxf ,,  12/, RC   , there is a constant ,01 m such 

that for all 
1

21, Rpp  and   tx,

   
21121

,,,, ppmptxfptxf  ;   

2
0
.    DCx   2

; 3
0
.    DCxh  2 ;  

4
0
.  ptx ,,  12/, RSC  

, there is a constant ,0
1
m such 

that for all 
1

21, Rpp  and   Stx ,

    21221 ,,,, ppmptxptx  . 

Suppose that the input datas satisfy conditions 1
0 

–4
0
. Then the 

solution of problem (1) – (3) can be represented in the form 

       

t

D

uftxxtxu

0

)(),,(,;,, 

 

     ,,,;,),()(

0

 ddtxddtHc

t

D

 


  (5) 

             1

0

,,,















  xhTxudtutxfxhxxc

T

 , 

Dxtx  ,),( . (6)                   

Definition. A pair of functions     txuxc ,, is called the 

integral (generalized) solution to problem (1) – (4) if:   

1)    ;DCxc   2)       0,11,2, CCtxu ;   

3) these functions are satisfied the relations of system (5) – (6).  

The following theorem is proved: 

Theorem.Let that conditions 1
0
–4

0
 are satisfied. Then 

there exists a  TTT  ** 0 , such that when    *,0, TDtx 
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there exists a solution of the system of integral equations (5)–(6) 

and    DCxc  ,     *,0, TDCtxu  .  
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THE ESTIMATE OF NORM THE OPERATORS OF 

INTERMEDIATE DERIVATIVES WITH CONNECTION 

OF OPERATOR-DIFFERENTIAL EQUATIONS IN 

PARTIAL DERIVATIVES OF SECOND ORDER ON ALL 

SPACE 
nR  

R.F. HATAMOVA 
Sumqait State University, Sumqait, Azerbaijan 

email: hetemova_roya@mail.ru 
 

In present work korrectly solvabibity some class of 

operator-differential equation of second order on all space 
nR  is 

investiqated. For this is before of theorem about of isomorphism 

of head part of operator from space  HRW n;4

2
 on space 

 HRL n;
2

proved. 
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We formulate theorem about estimate of norm operators 

of intermediate derivatives which play important role under get 

sufficiently condition for correctly solvability of equation 

described over coefficients giving equation. 

Let H separable Hilbert space, C selfadjoint positive 

defined of operator in H . Well known, that domain of definition 

of the operator )0( C  is Hilbert space 
H  with scalar product 

 yCxCyx 

 ,),(  .  At 0t , take .
0

HH   

We notation over  HRD n;  the set infinity differentiable 

vector-function with compact support in nR . In linear set

 HRD n;  we define the norm 
2/1

2
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2
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n uC
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We complete the set  HRD n;  related this norm and 

define over  .;2

2
HRW n  

In space H  following the operator-differential equation 

considered 

.),(2
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
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(1) 

 Definition 1. If at );()(
2

HRLxf n  exist of vector-

function );()( 2

2
HRWxu n , which satisfy to equation (1) almost 

every in 
nR  then )(xu  is called requlurity solution of (1). 

 Definition 2.It at any );()(
2

HRLxf n  equation (1) have 

solution );()( 2

2
HRWxu n  which have estimate 

);();( 2
2

2 HRLHRW nn fconstu   

then equation (1) is called correctly solvability. 

 Over 
0

L  we define the operator 
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 We have 

Theorem. Let );()( 2

2
HRWxu n .Then have following 

inequality 
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This theorem have important role at sufficient condition 

for correctly solvability of equation (1).  
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The article is dedicated to the life and work of 

CarolineLucrezia Herschel, her scientific heritage and role in the 

development of astronomy. 
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Keywords: astronomy, comet, nebulae, star catalog, 

observer astronomer, vocals. 

In 2009, the European Union launched its telescope 

spaceward under the name of Herschel. It was much larger than 

first Hubble orbital telescope launched by NASA. If Hubble made 

us open our mouths in surprise, then Herschel would seem like a 

real miracle. "Herschel" is named after the greatest astronomer of 

the 18th century, William Herschel (1738-1822), an Englishman, 

who was born in Germany and changed his name to Williamwhen 

he was moving to the green fields of Britain. He became 

incredibly prominent owing to thanks to the discovery of the 

planet Uranus. William Herschel had a sister, Caroline Lucrezia 

Herschel, who was also engaged in astronomy like him.  

In 1772, Caroline Lucrezia arrived in 

England at the invitation of her older 

brother William Herschel. They both 

made music, but besides music they had a 

hobby - astronomy. One day a book on 

astronomy fell into the hands of William 

Herschel. It was the book of Ferguson 

Astronomy (1750). William fell in love 

with the science of starry sky, and the 

love was mutual. When she was 32 years 

old, she became a student with her brother. Under the guidance of 

her brother, Caroline studied the basics of mathematics and then 

independently processed her and his observations. 

Caroline began to manage her brother's affairs and carried 

out all the laborious trigonometric calculations before and after 

the observations. During her leisure time, Caroline Herschel 

independently observed the sky and she already discovered three 
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new nebulae in 1783. In 1786, Caroline Herschel discovered a 

new comet - the first comet discovered by a woman, and behind 

this comet Caroline discovered another 8 new ones in 1786-1797. 

This was an outstanding achievement for any astronomer. And 

some began to call her "first lady of comets." Caroline began to 

be considered as an independent astronomer. Caroline completed 

a work on her own catalog of stars, where she described all her 

discoveries and clarified the famous results obtained by John 

Flemstead, the royal astronomer and contemporary of Newton. 

She cataloged 561 new stars. At that time, she became a respected 

astronomer and was invited to the royal court three times.  

By 1828, she had completed a work on a catalog of 2,500 

star nebulae observed by her brother. Her contribution to 

astronomy was recognized by the government of Great Britain. 

The Royal Astronomical Society of Great Britain awarded her  

with a gold medal and elected her as its honorary member in 

1835. In the year of 1838, Caroline Herschel was elected as an 

honorary member of the Royal Irish Academy of Sciences. In 

1846, the king of Prussia presented her with a gold medal for 

science.  

Herschel named Lucrezius 281 asteroid  in the honor of 

Caroline, discovered in 1888 and a crater on the moon with a 

diameter of 13 kilometers. Her name has been given on the map 

of the moon.  

 After her death, objects under NGC numbers such as 

205,225,253,381,659,891,2349,2360,2548,6633,7380,7789 were 

listed in the new star catalog. 
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The aim of this talk is to present a qualitative and 

geometric description of a mechanical-differential equation 

without giving a direct solution. To understand the geometry of a 

phase space we use geometric and topological properties of its 

(co)-tangent bundle which are characterized by an algebraic 

equation. (Each differential equation in a phase space is an 

algebraic equation in the higher tangent bundles). Our goal is to 

investigate possible geometric relation(s) between the phase space 

and its (co)-tangent bundle. Let  be a system of differential 

equations of p independent and q dependent variables. The 

solution of this system is a p-dimensional submanifold of . 
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The higher tangent bundle of this submanifold satisfies an 

equation same as the one in  with the difference that instead of a 

differential equation we have an algebraic one. (Each differential 

equation of order n on M converts to an algebraic equation in 

tangent bundle of order n). Form advanced differential geometry 

we have the isomorphism between (higher) tangent bundles. 

Therefore, we may approach to our problem by investigating 

possible geometric relation(s) between the bundles  and 

 with the manifold M. More precisely, one may 

rephrase the above problem as follows: if an algebraic equation 

on  and  (obtained from a differential equation 

on ) has some special geometric properties, such as 

homogeneity, (local or generalized) symmetry, having critical or 

singular point or special curvature, then could M inherit the 

similar properties? Classical mechanics on a manifold M can be 

modeled as Hamiltonian mechanics on the tangent space or 

Lagrangian mechanics on the cotangent space. The same 

questions as above arise here: are there any geometric relation(s) 

between the model space and the base space (phase space)? If an 

equation on the model space has a special geometric character 

then does the base space (M) has the same character?[1]. The 

main key in understanding this geometric relation, is to know how 

tensors on M should lift to  and tensors on  

should shrink to M. Many different forms of lifting such as 

vertical, horizontal and complete lift have been introduced. In 

this talk we review some of these liftings and shrinking. 
Toomanian and Ledger showed that if g ( ) is a semi-Riemannian 

metric (an affine connection) on M then the complete lift of g ( ) 

is a semi-Riemannian metric (an affine connection) on TM. 

Moreover, if M is homogenous then so is TM, and if M has a 

symmetry (local or generalized) of any kind (s-regular space) 

then, with complete lift, TM has the same kind of symmetry [1,3]. 

However, the converse is not always true. We show that if TM is 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

244 
 

homogenous (symmetric) then, with complete shrink, one can 

only say that M is local homogenous (symmetric) around non-

singular points of the algebraic equation obtained from the 

corresponding differential equation. 
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 Let ,2,  nRD n  be a domain such that the hypwerplane 

   0,
n

n xRx  divides it into two nonempty parts   

 0:)1( 
n

xxDD  and  0:)2( 
n

xxDD  . 

In the domain D  consider the family of elliptic equations  
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with parameter  1,0 with a measurable exponent )(xp  such 

that  
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almost everywhere in D , and with the positive weight ),(x

defined by the formula 










.,1

,
)(

)2(

)1(

Dxif

Dxif
x




        (3) 

 The coefficients of the operator are measurable and 

symmetric, satisfy the uniform ellipticity condition 

,)(
1,

221 


 
n

ji

jiij
xa        (4) 

To define what we call a solution of equation (1), let us introduce 

the function class  

 )(),(:)( 1)(1,1 DLuDWuuDW
loc

xp

locloc
  

where )(1,1 DW
loc

is the Sobolev space of functions locally 

integrable in  D  together with their first generalized derivatives. 

A solution of equation (1) will be understood as a function 

),(DWu
loc

 satisfying the integral identity 
















n

ji D ii

xp

vj
dx

xx

u
uxa

1,

2)(
0)(


  (5) 

for any functions ),(
0

DC  which will be called test functions 

as usual. An important role is played by the question as to 

whether smooth functions are dense in the solution class )(DW
loc

 

thus introduced. It was shown in the paper [1] that if the 

logarithmic condition  

  1
ln)()(


 yxcypxp for ,, Dyx  ,

2

1
 yx (6) 

is satisfied, then for an arbitrary function )(DWu
loc

  there exists 

a sequence  ,
j

u  where ),(DCu
j

  such that the following 

relations hold in an arbitrary subdomain DD 


 

,0lim
)(1,1


 DWj
j

uu  
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





D

xp

D

xp

j
j

dxudxu ,lim
)()(

 

Theorem. If conditions (2), (4) and (6), are satisfied, then 

there exists a constant )1,0( , independent of   such that the 

family  )(xu  is compact in the space )(Dc   in an arbitrary 

subdomain DD 


. This theorem was established by the present 

authors for the case of 2)( xp  in the paper [2]. 
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ABOUT ONE INVERSE PROBLEM FOR STURM-

LIUOVILLE OPERATOR 
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, N.A.MAGSUDOVA
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b)
 Institute of Mathematics and Mechanics of NAS of Azerbaijan, 
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Consider the differential equation  

−𝑦′′ + 𝑞 𝑥 𝑦 = 𝜆2𝑦,    −∞ < 𝑥 < ∞                          (1)  
with discontinuity conditions at the points 𝛼1 ,𝛼2 ∈ 𝑅   (𝛼1 < 𝛼2) 

𝑦 𝛼𝑘 − 0 = 𝛼𝑘𝑦 𝛼𝑘 + 0 ,𝑦′ 𝛼𝑘 − 0 = 𝛼𝑘
−1𝑦′ 𝛼𝑘 + 0 ,     (2) 

where 𝑞(𝑥) is a real-valued function that satisfies the condition 

 (1 + |𝑥|)

∞

−∞

 𝑞 𝑥  𝑑𝑥 < +∞, 

𝜆 – is a complex parameter , 𝛼𝑘- are real numbers , where 𝛼𝑘>0, 

𝛼𝑘 ≠ 1 (k=1,2). 
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The inverse problem for the equation (1) with scattering data has 

been studied. The solution 𝑒± 𝑥, 𝜆  of the equation (1) satisfying 

the condition (2) and the following condition 

lim
𝑥→±∞

𝑒± 𝑥, 𝜆 𝑒+ 𝑖𝜆𝑥 = 1 

exits (Jost solution)  and shown as  

𝑒± 𝑥, 𝜆 = 𝑒0
± 𝑥, 𝜆 ±  𝐾± 𝑥, 𝑡 

±∞

𝑥

𝑒±𝑖𝜆𝑥 𝑑𝑡 

where 𝑒0
± 𝑥, 𝜆 - is Jost type solution of the equation (1), when 

𝑞(𝑥) ≡ 0. The kernel 𝐾+ 𝑥, 𝑡  and coefficients of the equation 

(1) are related with the identities  

𝐾+′ 𝑥, 𝑥 =  

−𝑞 𝑥 ,                       𝑥 > 𝑎2 ,

−𝛼2
+𝑞 𝑥 ,        𝑎1 < 𝑥 < 𝑎2 ,   

−𝛼1
+𝛼2

+𝑞 𝑥 ,               𝑥 < 𝑎1

  

where 𝛼𝑘
± =

1

2
(𝛼𝑘 ± 𝛼𝑘

−1). 

The similar relation holds true for the kernel 𝐾− 𝑥, 𝑡  and q(x) as 

well. 

For simplicity let‘s assume that the eigenvalues of the equation 

(1) don‘t exist. Then the function 𝑟+(𝜆)  can be taken as 

scattering data that defines the asymptotic of the right 

eigenfunction  

𝑢+ 𝑥, 𝜆 = 𝑟+ 𝜆 𝑒𝑖𝜆𝑥 + 𝑒−𝑖𝜆𝑥 + 𝑜 1 ,    𝑥 → +∞. 
The inverse problem consists of the following: 

Define the function q(x) by 𝑟+(𝜆) . 

In order to solve the inverse problem derive the main equations 

𝑅1
+ 𝑥, 𝑦 + 𝐾+ 𝑥, 𝑦 +  𝐾+ 𝑥, 𝑡 𝑅+ 𝑡 + 𝑦 𝑑𝑡 −

𝛼2
−𝐾+(𝑥, 2𝛼𝑘 − 𝑦)

𝛼2
+

+∞

𝑥

+ 

+  −1 𝑘
1

 𝛼2
+ 2

 
𝛼1
−

𝛼1
+ 

𝑘

 
𝛼2
−

𝛼2
+ 

𝑘−1

𝐾+ 𝑥, 2𝛼2 − 2𝑘 𝛼2 − 𝛼1 − 𝑦 = 0, 𝑦 > 𝑥

∞

𝑘=1

 

where  
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𝑅+ 𝑥 =
1

2𝜋
 (𝑟+ 𝜆 − 𝑟0

+(𝜆))

∞

−∞

𝑒𝑖𝜆𝑥 𝑑𝜆, 

𝑅1
+ 𝑥,𝑦 = 

=

 
 
 

 
 

𝑅+ 𝑥 + 𝑦   ,                                                                                     𝑥 > 𝑎2,

𝛼2
+𝑅+ 𝑥 + 𝑦 + 𝛼2

−𝑅+ 2𝑎2 − 𝑥 + 𝑦 ,                            𝑎1 < 𝑥 < 𝑎2

𝛼1
+ 𝛼2

+𝑅+ 𝑥 + 𝑦 + 𝛼2
−𝑅+ 2𝑎2 − 𝑥 + 𝑦  +                                         

+𝛼1
−  𝛼2

+𝑅+ 2𝑎1 − 𝑥 + 𝑦 + 𝛼2
−𝑅+ 2(𝑎

2
−  𝑎1) + 𝑥 + 𝑦  , 𝑥 < 𝑎1

  

𝑟0
+ 𝜆 =

− 𝛼1
+𝛼2

−𝑒2𝑖𝜆𝑎2 + 𝛼1
−𝛼2

+𝑒−2𝑖𝜆𝑎1 

𝛼1
+𝛼2

+ + 𝛼1
−𝛼2

−𝑒2𝑖𝜆(𝑎2−𝑎1)
 

 

ON CONVERGENCE RATE OF SPECTRAL EXPANSION 

IN EIGEN-FUNCTIONS OF FOURTH ORDER 

DIFFERENTIAL OPERATOR  

Y.I. HUSEYNOVA 

Baku State University, Baku, Azerbaijan 

e-mail: y.huseynova@mail.ru 

 

On the interval  1,0G we consider the operator 

            xUxUxUL 4

1

3

2

2

4   

With matrix coefficients      4,2,1,   
m

jiij xuxU , where

   GLxu ij 1  are real functions    )(xuxu jiij   . 

 Under the eigen vector-function of the operator L  

responding to the eigen-value   we will understand any 

identically non-zero vector-function          xxxx m ,...,, 21
 

satisfying equal almost everywhere in G  the equation (see [1])

0L . 
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 Let   1, pGLm

p  be a space m - component vector-

functions          xfxfxfxf m,...,, 21  with the norm 

   

p
p

G

m

i

i

p

G

p

mp
dxxfdxxff

1
2

1

2

1

,






























  


. 

Assume that   
1kk x  is a system completely 

orthonormed in  GLm

2  consisting of eigen vector-functions of 

the operator L . Denote by   0,
1




 kkk  , the appropriate 

system of eigen values. 

Denoting 4
kk    we consider a partial sum of 

orthogonal expansion of the vector-function    GWxf m

1

,1  in 

the system   
1kk x  

    ,0,,  







k

xffx kk
where

          ,,,

1

0 1

1

0

dxxxfdxxxfff kj

m

j

jkkk  


  

         xxxx kmkkk  ,...,, 21 . 

 Theorem. Let the vector-function    GWxf m

1

,1 satisfy 

the conditions 0)1()0(  ff and    






2

1
,1

1 ,
n

m nfn  . 

Then the expansion of the vector-function  xf  in the 

system   
1kk x  converges absolutely and uniformly on 

 1,0G . 
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ON THE STUDY OF THE STRESS-STRAIN STATE 

OF THIN-WALLED SHELL STRUCTURES UNDER 

RADIATION EXPOSURE 
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The development of nuclear energy has contributed to the 

formulation of tasks related to the reliability and durability of 

structural elements operating under irradiation conditions. This is 

due to the fact that these objects use structural elements that 

undergo a series of     physicochemical transformations under the 

influence of irradiation. In this case, neutron fluxes have the 

greatest influence. They penetrate deep into the body and cause 

various structural changes in it. As a result of this effect, Young's 

modulus changes, strength indicators decrease, shear modules 

change, and volume changes appear. Moreover, all these changes 

at different points in the body can manifest themselves in 

different ways [1]. 

During operation, structural elements of nuclear power 

plants are exposed to external loads and volumetric deformation 

caused by deformation. Therefore, phenomena associated with a 

change in the mechanical properties of the irradiated body can 

have a significant effect on the performance of these structures. 
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Therefore, it is necessary to study the stress-strain state of these 

structures with a subsequent assessment of their stability 

parameters, that is, the state in which the loss of the bearing 

capacity of the structure occurs. 

Among the many structures used at nuclear facilities, 

shell structures, which are characterized by high strength and 

rigidity, occupy a significant place. However, being thin-walled, 

such structures are especially susceptible to radiation exposure. 

Therefore, the tasks associated with the calculation and 

subsequent evaluation of the stability parameters of these 

structures during irradiation are of particular relevance. 

Determining the stability parameters of structures 

operating under irradiation conditions is a rather difficult task. In 

this case, under the influence of external load and irradiation, the 

body is deformed and its deformation will be determined by the 

sum of two deformations: the deformation caused by fixing and 

loading, and the deformation associated with their radiation 

process. Moreover, if we take into account that the deformation 

caused by external forces satisfies Hooke's law, and also that both 

the mechanical properties of the material of the irradiated body 

and its volume expansion are a function of the coordinate 
kx , the 

radiation dose D , and the physical parameters of body  , then 

the covariant components of the strain tensor  can be represented 

as follows: 
 

,),,(),,(  ij
kklk

ijklij gDxDxGe  
 

 
where ijklG is the tensor of elasticity,  

kl are contravariant stress 

tensor components,   is the volumetric deformation,   ijg is 

the metric tensor. For an unirradiated body, i.e. for 0D  we 

have that 0),,(  Dxk
, and the tensors ijklG  are the elastic 

constants of the unirradiated  body. 
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In addition, when solving such problems, especially with 

respect to shell structures, it is necessary to take into account 

changes in their physical and mechanical properties over the 

entire thickness of the irradiated body and geometric nonlinearity 

[2]. 

Solving a problem of this kind by analytical methods is 

rather difficult, since in the considered case the solution of the 

corresponding equations is connected with the solution of a 

system of nonlinear defining equations and boundary value 

problems with variable coefficients. 

Therefore, it is necessary to develop and apply 

approximate solution methods to such problems, in particular, 

variational methods. A variational principle of a mixed type can 

be proposed, where the variable values are the speeds of 

movement and the speeds of voltage, and the speed itself was 

determined as a derivative with respect to the radiation dose [3]. 

The task of the calculus of variations in this case is to build some 

three-dimensional functional.Along with the components of the 

above strain tensors, it would take into account the components of 

the strain tensor expressed in terms of the components of the 

displacement vector and finding its stationary value, taking into 

account the fulfillment of the equilibrium conditions and the   

requirements of boundary value problems. 

The paper presents the construction of a functional based 

on a variational principle of a  mixed type as applied to the study 

of the stress-strain state of shell structures in three-dimensional 

space under radiation exposure, a distinctive feature of which is 

that here the derivatives of the displacement vector and stress 

tensor with respect to the radiation dose are  varied 

independently. It is proved that the stationary value of the 

presented functional is achieved for functions describing 

nonlinear equilibrium equations, physical relations of the 

irradiated body, and nonlinear boundary conditions. The 

determining system of equations obtained in this case is a system 
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of quasilinear differential equations, the procedure for solving 

which by  numerical methods on  the computer is quite simple. 
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      The Nyquist – Shannon – Kotelnikov sampling theorem [1]-

[3] connects continuous and discrete signals. The theorem states 

that a discrete sequence of samples of a continuous signal ( )f x  

going one after another in T seconds, consisting of frequencies 

from 0 to 12,c cf f T  , carries all the information about a 

continuous signal. In other words: a continuous signal ( )f x , the 

Fourier transform of which is equal to zero outside the segment

 ,c cf f , can be represented as an interpolation series: 
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 (1) 

where  
 sin

sinc .
x

x
x

  

      Based on the Kotelnikov formula (1), we obtain a solution to 

the Cauchy problem for the heat equation on the infinite axis in 

the following form: 

 

 .
2

t x k
erf i f k

t

  
     

 (2) 

    Similarly, we obtained a formula for solution the Dirichlet 

problem for the Laplace equation in the upper half-plane 

0y  : 

 
    

 
2 2

exp( / )sin /1
,

k

x k y x k
u x y

x k y





       
 

   
  

  

 
 2 2

exp( / )cos /
.

y y x k y
f k

x k y

     
  

   

      (3) 

        Our formulas (2) and (3) reveal that the sequence of samples

 k  of a continuous signal ( )f x , consisting of harmonics with 

frequencies from 0 to cf , carries all the information about the 

structure of nonstationary (2) and stationary (3) continuous fields. 

Formulas (2) - (3) determine the solution by the sum of a series, 

which will allow us to construct new computational algorithms. 

 

 

( ) ( )sinc ( ) ,
k

f x f k x k




 
     
 0 ,T 

 
  2

exp / 4
,

4 2k

x k t t x k
u t x erf i

t t





      
        

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        Let   1,1,2  mpGL m

p   be a space of m2 -component 

vector-functions with the norm 

 

p

G

p
m

j

jmp
dxxff

/1
2/

2

1

2

2,






























  



 

     In the case p  .sup
2,

xfvraif 


For    ,2 GLxf m

p

   ,2 GLxg m

q  where ,111   qp  p1  the scalar 

product      



G

m

j
jj dxxgxfgf

2

1

,  is determined. 

       Let us consider m2 -th order Dirac-type operator 
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        ,,..., 221 xpxpxpdiagxP m moreover   mixpi 2,1,   are 

complex-valued functions determined on arbitrary interval 

 baG ,  of real straightline. 

       Following [1], we will understand root functions of the 

operator D irrespective to the form of boundary conditions, more 

exactly, under the eigen-function of the operator D  responding 

to the complex eigen-value  , we will understand any 

identically non-zero complex-valued vector-function  ,
0

xu

absolutely continuous on any closed subinterval G  and almost 

everywhere in G  satisfies the equation 
00

uuD  . 

     Similarly, under the self-adjoint function 1, ll  responding to 

the same   and eigen-function  ,
0

xu  we will understand any 

complex-valued vector-function  xu
l

that  is  absolutely 

continuous on any closed subinterval of the interval G and 

almost everywhere in G  satisfies the equation .
1


lll

uuuD   

     Theorem: Let G  be a finite interval,   mixpi 2,1,   belong 

to the class  GL2
 the length of any chain of root vectors be 

uniformly bounded and there exist a constant C such that 
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,...2,1,Im  kCk  

     Then for the Bessel property of the root systems    

  
12,2 kmkk uxu  it is necessary and sufficient the existence of 

the constant M  such that 

 

RM
k





 1Re

,1  
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Let the sequance     
1

,
kkk

 be given on the 

probability space    PF,, , where the random variables 

 
k and  

k , 1k are independent and identically 

distributed.  

Let us construct the process: 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

258 
 

       











k

i

i

k

i

i

k

i

i
tiftztX

0

1

0

1

0

,,  , 
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We denote: 
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It  is obvious that 
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According to the formula of total probability, we can put it 

as 
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From the last equation, we have: 
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(1) 

By applying the Laplace transformation with respect to t to 

both sides of the equation (1) we have: 
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SOME WEIGHTED INEQUALITIES G - FRACTIONAL 

INTEGRALS 
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In this abstract we reduce  a some weighted inequality for 

G - fractional integrals fJG

 ,
 associated with 

 Gegenbauer differential operator 
dx

d
xG 2

1

2 )1(





. 

 This results is an analog of Hening‘s type  result. Further, 

the Stein-Weiss inequality for the G - fractional integrals    is 

proved as an application of obtained results.(see,[1]) 
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This work is designed to derived Sixth, eight and tenth 

order compact finite difference schemes for one dimensional 

Helmholtz equation using Neumann boundary condition. 
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Numerical experiments was conducted to test the efficiency, 

accuracy and validity of the proposed shemes. Numerical results 

obtained from difference orders are compared and also with the 

exacts solution, Convergence and stability obtained and errors 

computed using L2 norms. Results shows that the tenth order of 

accuracy is better than order eight and sixth order while the sixth 

order of accuracy is better than the fourth order. 
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In the XVIII century the tasks implying the use of the 
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The calculus methods were created by Isaac Newton (1643–1727) 
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and Gottfried Wilhelm Leibniz (1646-1716). These tasks lead to 

the inception of the differential geometry. 

Leonard Euler (1707–1783) played an important role in the 

process of the creation of the differential geometry. This fact has 

been analysed by many mathematics historians. We performed 

the analysis of the works by Euler which were the part of the 

"Opera Omnia", published correspondence of the scientist  as well 

as the materials found in his notebooks which are being kept in 

the Russian Academy of Sciences, St. Petersburg office. This 

analysis allowed us to prove the fact that Euler acquired the basic 

results in the stated area of research.  

The issues of cartography, geodesy and mechanics led us to 

the necessity of the analysis of the spatial problems of Euler's 

differential geometry. The report will be devoted to the analysis 

of the issue of bending of one surface into another as Euler 

regarded it in his works. It is necessary to mention that bending is 

the deformation of surfaces when the length of an arc of a line 

drawn on the surface remains unchanged. The problem of 

bending of the surfaces is an important one because if one surface 

bends into another then their inner geometry is the same. The 

unfolding of a surface onto the two-dimensional subspace is a 

specific instance of bending. 

Euler published his results of the analysis of the unfolding 

surfaces in his work "De solidis quorum superficiem in planum 

explicare licet" (1771, published in 1772).  

It is worth mentioning that Euler acquired the results 

concerning the unfolding surfaces in 1767 five years before 

publishing. This is shown by his note in his notebook № 138 

sheets 3об.–5об.  

He also introduces the notion which now corresponds to 

the term bending of a surface onto another and sets the task to 

find the conditions of the bending in the same notebook, sheets 

5об.–7.  
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The results Euler did formulate became the basis for the 

researches of Gaspard Monge (1746–1818) and Carl Friedrich 

Gauss (1777—1855). 
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 Suppose that nR is the n-dimensional Euclidean space 
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The operator of generalized shift (Bk,n-shift operator) is defined 

by the followingway 
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Consider the nkB , -fractional integral 
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Then the inequality  
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This paper considers the problem of calculus of variations 

of the form 
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are given twice continuously differentiable functions. Here 

  nRttCtx ,,)( 10

1  is the sought function. For a given 

function )(L , called an integrand, we assume that, it is twice 

continuously differentiable in terms of all its variables. The 

function   nRttCtx ,,)( 10

1  that satisfies boundary conditions 

(2), is called admissible.  

First of all, using linearly varying property of an 

admissible function )(x , it is proved that, the second variation in 

the problem (1), (2) takes the following form 
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txtxtytyty

txtxtytxtxty

txtxtytxtxty













,:)(

,,,

,,,



 

   Tyyyy tytytLtL )(),(, 
  ,  tL yy  and  tLyy  can be 

defined analogously.  

Then, from the necessary condition   ,0);((2  yxJ 
  y , the Legendre condition for a weak local minimum is 

obtained. 

In the paper, we also separately investigate the case that  

the Legendre condition degenerates at least at one point 

 10 ,ttt 
. 
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LINEAR INVERSE PROBLEM FOR A THIRD ORDER 

HYPERBOLIC EQUATION WITH AN INTEGRAL 
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The last years there is a great interest to studying wave 

processes in media characterized by the availability of dispersion 

and absorption. In particular, study of acoustic waves in media 

where wave propagation is disturbed by the state of 

thermodynamical and mechanical equilibrium is among these 

issues [1]. 

 The goal of the paper is to prove the uniqueness and 

existence of the solution of the inverse boundary value problem 

for a third order partial differential equation with an integral 

condition. 

For the equation [1] 

),(),()(),(),(),(),( txftxgtatxutxutxutxu xxtttxxttt    (1) 

in the domain 
TD  =   Ttxtx  0,10:, we consider 

inverse boundary value problem with initial conditions 
             100,,0,,0, 210  xxxuxxuxxu ttt  , (2) 

the periodic condition 

,)0(),1(),0( Tttutu                 
 (3)   

the integral condition  

0),(
1

0

 dxtxu )0( Tt                      (4) 
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with additional condition and 

)0()(),(
0

Ttthtxu  ,                 (5) 

where )1,0(0 x is a fixed number, 0 is a given number,  

      2,1,0,,,, ixtxgtxf i  ,  th  are the given functions, and 

 txu ,  and  ta  are desired functions. 

We introduce the denotation 

.)}(),(),,(),(),(:),({)(
~ 23,2

TttttxxTT DCtxutxuDCtxutxuDC   

Definition.Under the classic solution of the inverse 

boundary value problem (1)-(5) we understand the pair 

})(),,({ tatxu of  functions ),( txu , )(ta , if  ),(
~

),( 3,2
TDCtxu 

],0[)( TCta    and the relations  (1)-(5) are fulfilled in the 

ordinary sense. 

Assume that the data of problem (1) - (5) satisfy the 

following conditions: 

1. )1,0()(],1,0[)( 2
2 LxCx ii   , )1()0( ii   , 

0)1()0(  ii  , 

),1()0( ii   )1,0(0)(

1

0

 idxxi . 

2. )1,0()(],1,0[)( 2
1

2 LxCx i   , )1()0( 22   , 

)1()0( 22   , 0)(

1

0

2  dxx . 

3. )(),(),(),(),,( 2 TxxTx DLtxfDCtxftxf  and 

)0(0),(,),1(),0(),,1(),0(
1

0

Tttxftftftftf xx   . 

4. 0)(],,0[)( 3  thTCth )0( Tt  , )0()( 00 hx  ,

)0()( 01 hx  ,   )0(02 hx  . 
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Theorem. Let conditions 1-4 be fulfilled. Then for small 

values of T the problem (1)-(5) has a unique classic solution. 
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In this paper, due to the [1], we proved the existence and 

uniqueness of the  solution of the inverse boundary value problem 

for the pseudo hyperbolic equation of fourth order with  integral 

condition.  

Consider for the equation  

),(),()().()( txftxutbtxutauuu
txxxxttxxtt

  (1) 

in the domain 
T

D = }0,10:),{( Ttxtx  an inverse 

boundary problem with the initial conditions 

)10()()0,(),()0,(  xxxuxxu
t

  (2) 

the boundary conditions 

0)1,1(,0)1,0(

0),1(,0),0(





xxxxx

x

uu

tutu
 )0( Tt  (3) 

and with the additional conditions 

)0(),(),0(
1

Ttthtu   (4) 
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   
1

0

2
)0(),(),( Ttthdxtxu

             

 (5) 

where 0,0    are the given numbers, ),( txf , )(x , 

)(x , )(
1

th , )(
2

th  are the given functions, and ),( txu , )(ta , 

)(tb  are the required functions. The condition (5) is a non-local 

integral condition of first kind, i.e. the one not involving values of 

unknown functions at the domain‘s boundary points. 

Definition. The classic solution of problem (1) – (5)  is the 

pair )(),(),,( tbtatxu of the functions ),( txu , )(ta  and )(tb  with 

the following properties:  

1) the function ),( txu  is continuous in 
T

D  together with all 

its derivatives contained in equation (1);  

2) the functions )(ta  and )(tb  are continuous on  T,0 ; 

3) all the conditions of  (1) – (5) are satisfied in the ordinary 

sense.  

 First, the given problem is reduced to an equivalent 

problem in a certain sense. Then, using the Fourier method the 

equivalent problem is reduced to solving the system of integral 

equations. The existence and uniqueness of a solution to the 

system of integral equation is proved by the contraction mapping 

principle. This solution is also the unique solution to the 

equivalent problem. Finally, by equivalence, the theorem of 

existence and uniqueness of a classical solution to the given 

problem is proved. 
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    The first order strict and non-strict hyperbolic systems on the 

half-axis in the case of equal number of incident and scattered 

waves are considered. The uniqueness in the inverse scattering 

problem (the problem of finding the potential with respect to 

scattering operator) is studied by utilizing it to Gelfand–Levitan–

Marchenko type linear integral equations. The principal difficulty 

is to determine the sufficient quantity of scattering problems (on 

the semi-axis for the same hyperbolic system) ensuring the 

uniqueness of the inverse scattering problem, [1, 2]. 
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ON BASICITY OF THE SYSTEM OF EXPONENTS IN 

GRAND-LEBESGUE SPACES  
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Let );() pL ,  p1 , be a grand-Lebesgue 

space. For );()  pLf  and 0   we assume   










];[\,0

];[),(
)(






Rx

xxf
xfT . 

We denote  by );(
~ ) pG  a linear manifold of function 

);()  pLf  satisfying the condition  0
)


p
ffT , 

0 . Let );() pG  be a closure  );(
~ ) pG in 

);() pL . Let  1:  zCz  be a unit disk, and 

 1:  zCz  be a unit circumference. Denote the grand-

Hardy space 


)pH , 1p , of analytic functions f  in   

satisfying the condition 




 )
10

sup
) pr

r
H

ff
p

, 

where )()( it

r reftf  . Let the function )(zf  be analytic 

outside unit disk   and have finite order at infinitely remote 

point, i.e. let )(zf  have a Laurent expansion of the form 
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k
m

k

k zazf 


)( , z , in a neighborhood of the infinitely 

remote point. f belongs to the class 


)pm H , 1p , if 









)0

1
pH

z
f , 1p , where 

k

k

k zazf 





1

0 )( .   

It is clear that every function 
 )pHf , 1p , has non-

tangential boundary values )( itef 
 almost everywhere on   as 

1r . Denote by 
)pL  the subspace of )pL  generated by the 

restrictions of the functions from 


)pH .  The operator 

)

): p

p LHJ 



  , defined by the formula )()(  

  ffJ , 

  , performs isomorphism of the spaces 
)pL  and 



)pH . Let 

))) ppp LGG   . Obviously, 
)pG  is a subspace of the space 

)pL . Now let 
)p

m L  be a subspace of )pL , generated by the 

restrictions of the functions from 


)pm H . Denote 

))) p

m

pp

m LGG   .  

The following theorem is true. 

Theorem. A system of exponents  
Zneint

 (  Nne 

 int
)  

forms a basis for the space );() 

pG , ( );()

1 

pG ), 

 p1 . 
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Let );() pL ,  p1 , be a grand-Lebesgue space. 

For 0 , consider the shift operator   










];[\,0

];[),(
)(






Rx

xxf
xfT , );()  pLf . 

Denote by );() pG   a closure  in );() pL  of  the linear 

manifold of functions );()  pLf  satisfying the condition  

0
)


p
ffT , 0 . 

Let  1:  zCz  be a unit disk, and 

 1:  zCz  be a unit circumference. Denote by 


)pH , 
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1p ,  the grand-Hardy space  of analytic functions f  in   

satisfying the condition 




 )
10

sup
) pr

r
H

ff
p

, 

where )()( it
r reftf  . Every function 

 )pHf , 1p , has 

non-tangential boundary values )( itef 
 almost everywhere on   

as 1r . 

Let the function )(zf  be analytic outside unit disk   

and have finite order at infinitely remote point, i.e. let )(zf  have 

a Laurent expansion of the form  
k

m

k

k zazf 


)( , z , in a 

neighborhood of the infinitely remote point. f belongs to the 

class 


)pm H , 1p , if 









)0

1
pH

z
f , 1p , where 

k

k

k zazf 





1

0 )( .  

Denote by 
)pL  the subspace of )pL  generated by the 

restrictions of the functions from 


)pH . The 

operator 
)

): p
p LHJ 


  , defined by the formula 

)()(  
  ffJ ,   , performs isomorphism of the spaces 

)pL  and 


)pH . Let 
))) ppp LGG   and )( )1

)
p

p GJGH 



  . Now 

let 
)p

m L  be a subspace of )pL , generated by the restrictions of the 

functions from 


)pm H . Denote 
))) p

m
pp

m LGG   and 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

276 
 

)( )1
)

p
mpm GJGH 




  , where the isomorphism 
)

): p
mpm LHJ 


   

is defined by the formula )()(  
  ffJ ,   . 

Consider the following nonhomogeneous Riemann 

problem in the classes 
  )) pmp GHGH :  

)()()()(  fFGF  
,   ,                                         (1)      

where )(G  and )(f  are the given functions on the unit 

circumference  . By the solution of this problem we mean any 

pair of functions )(zF 
 and )(zF 

 belonging to the classes 


)pGH

and 


)pm GH , respectively, whose boundary values )(F  on unit 

circumference   satisfy (1) almost everywhere. 

The following theorem is true. 

Theorem. Let the following conditions hold:  

1) )() pGf  , )()(1  
 LG , )(arg)( iteGt   is 

piecewise Holder on ];[  , )(t )(0 t )(1 t , where )(0 t  

is a continuous part of )(t , )(1 t  is a jump function of )(t  at 

discontinuity points   rsss ......21
, i.e. 0)(1 

, 




kstk

kht
:

1 )( , ];( t , where )0()0(  kkk ssh  , 

rk ,1 . 

2 ) the relations 
p

h

p

k 1

2

1
1 


, rk ,0 , are satisfied 

for the sequence  r

kh
0 , )()(0  h . 

Then the following assertions concerning the solvability 

of the problem (1) in the classes 
  )) pmp GHGH , 1p , are true: 
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) for 1m , the problem (1) has a general solution of 

the form 

)()()()( 1 zFzPzzF k  
,                                              

where )(z  is a canonical solution of corresponding 

homogenous problem, )(zPk
 is a polynomial of degree mk   (

0)(1  zP ), and )(1 zF  is a function defined by the formula                                        

 








 





d

z

f

i

z
zF

1

1

)]()[(

2

)(
)( , z ,                         

) for 1m , the problem (1) is solvable if and only if the 

function )(f , 1p , satisfies the orthogonality condition  











 

0
)(

)(
dte

e

ef ikt

it

it

, 1,1  mk .                                   

and the problem (1) has a unique solution )()( 1 zFzF  . 
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Let X  and Z  be Banach spaces with the norms 
X



and 
Z
 , respectively. *X will be the space conjugate to X , and 

the value of the functional ** Xx   at Xx  will be denoted by 

),( *xx . By ),( ZXL  we denote the Banach space of linear 

bounded operators ZXT : .  

 The concept below is a generalization of a continuous 

frame in a Banach space.  

 Definition. Let   be some set. The mapping 

),(: XZLF   is called a Xc
~

-frame in Z  with respect to 

 if XzF
~

)(  , Zz  and 0,  BA  such that  

ZXZ
zBzFzA  ~)( , Zz . (1)                                                                

The constants A  and B  are called the lower and upper bounds 

of Xc
~

-frame, respectively. In case where the right-hand side 

inequality in (1) is true, ),(: XZLF   is said to be Xc
~

-

Besselian in Z  with respect to   with the bound B .  
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The theorem below presents a criterion for Xc
~

-

frameness of a mapping.  

 Theorem 1. Letthe mapping ),(: XZLF   be such 

that XzF
~

)(  , Zz . Then F  is a Xc
~

-frame in Z  only 

when there exists a bounded operator **~
: ZXT   defined by 

the formula  

)~,)(()~,( ** xzFxTz  , ** ~~ Xx  , Zz ,               

and *Im ZT  . 

 The theorem below concerns the stability of Xc
~

-frames 

in Banach spaces. 

Theorem 2. Let ),(: XZLF   be a Xc
~

-frame in 

Z  with the bounds A and B . Assume that the mapping 

),(: XZLG   is such that XzG
~

)(  , there exist the 

numbers 0,,   such that the following conditions hold: 

 1) 1,max 








 



A

; 

2) 
ZXXX

zzGzFzGzF   ~~~ )()()()( . 

Then G  is a Xc
~

-frame in Z  with the bounds 








1

)1(A

and 








1

)1(B
. 
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 The classical Morrey spaces were introduced by Morrey 

[1] to study the local behavior of solutions to second-order elliptic 

partial differential equations. Moreover, various Morrey spaces 

are defined in the process of study. Guliyev, Mizuhara and Nakai 

[2, 3, 4] introduced generalized Morrey spaces  n
p RM , . 

Komori and Shirai [5] defined weighted Morrey spaces  kpL ,

. Guliyev [6] gave a concept of the generalized weighted Morrey 

spaces   ,,
n

p RM  which could be viewed as extension of both 

 n
p RM , and  kpL , . In [6], the boundedness of the classical 

operators and their commutators in spaces   ,,
n

p RM was also 

studied. 

 We study the boundedness of the fractional maximal 

operators M  on generalized weighted Morrey spaces  ,pM
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. We find the sufficient conditions on the pair  21,  with 

 n
qp RA ,  which ensures the boundedness of the operators 

M  from one generalized weighted Morrey space  1,pM  to 

another   2,qM  for  qp1  and from the space 

 1,1M  to the weak space  2,1WM for  q1 . In all 

cases the conditions for the boundedness of the operator   is 

given in terms of supremal type inequalities on  21, and  , 

which do not assume any assumption on monotonicity of 

   rxrx ,,, 21   in r . 

 

References 
 

1. C.B. Morrey, On the solutions of quasi-linear elliptic partial 

differential equations, Trans. Amer. Math. Soc. 43 (1938), 126-

166. 

2. V.S. Guliyev, Integral operators on function spaces on the 

homogeneous groups and on domains in G, Doctor's degree 

dissertation, Moscow, Mat. Inst. Steklov, 1994, 1-329. (Russian) 

3. T. Mizuhara, Boundedness of some classical operators on 

generalized Morrey spaces, Harmonic Analysis (S. Igari, Editor), 

ICM 90 Satellite Proceedings, Springer - Verlag, Tokyo (1991), 

183-189. 

4. E. Nakai, Hardy-Littlewood maximal operator, singular 

integral operators and Riesz potentials on generalized Morrey 

spaces, Math. Nachr. 166 (1994), 95-103. 

5. Y. Komori and S. Shirai, Weighted Morrey spaces and a 

singular integral operator, Math. Nachr. 282 (2) (2009), 219-231. 

6. V.S. Guliyev, Generalized weighted Morrey spaces and higher 

order commutators of sublinear operators, Eurasian Math. J. 3 (3) 

(2012), 33-61. 

 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

282 
 

UNILATERAL GLOBAL BIFURCATION FROM 

INFINITY IN NONLINEAR STURM-LIOUVILLE 

PROBLEMS WITH A SPECTRAL PARAMETER  

IN THE BOUNDARY CONDITION 
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 We consider the nonlinear Sturm-Liouville problem  

),,0( ),,,,()(=)(   xyyxFyxrqyyp (1) 

,0)0()0()0()(
001

 ypdybyU (2) 

0,=)()()()0()(),(
11112

 ypdcybayU  (3) 

where R is an eigenvalue parameter, ],,0[)( 1 Cxp 

],,0[)( Cxq  ],,0[)( Cxr  ,0)(),( xrxp ],,0[ x
100

,, adb

11
,cb and 

1
d  are real constants such that ,0||||

00
 db

.0
1111
 cbda  The nonlinear term has the form 

,gfF   where functions  3]1,0[, RCgf   and satisfy the 

following conditions:there exists 0M  and sufficiently large 

0
0
  such that 

,],0[),,,(,
),,,( 3RsuxM

u

suxf
 


;||||

0
 su  

for any bounded interval  R  

|)||(|),,,( suosuxg  as ,||||  su  

uniformly for ]1,0[x and  .  

 Let }0)(:{],0[
1

1  yUyCE  be a Banach space 

with the norm |,)(|max||||,||||||||||||
],0[

1
xyyyyy

x 

  and let  

S  be the subset of E given by   

,0|)(||)(|:{  xyxyEyS ]}.,0[ x  

For each Sy  we define ),( y  to be the continuous function on 

],0[   satisfying the conditions ,)()()(),(cot xyxyxpxy   
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)0,(cot y .
00

db  

 Subsets ,
,



k
S ,k ,R of S  with fixed oscillation count 

we define as follows: ,)(),(:{
,



 kySyS
k

  

0)( xy for small }0x  [1]. Let 
   ,, kk

SS  and   ,, kk
SS

.
,



k
S Moreover, we define the sets 

kk
SS ,  and 

k
S  as follows:

,
,

R
kk

SS


 


 
R

kk
SS



 


,
and .

,
R

kk
SS







 These sets are 

disjoint and open in .E  

 Theorem.Let ,],,[
00

 krMrMI
kkk

 where  

k
 is a k -th eigenvalue of the linear problem (1)-(3) with 0g  

and }.],0[),({min
0

 xxrr  Then for each k  there exit 

connected components 

k
C  and 

k
C  of the set of solutions of 

problem  (1)-(3) that contain }{
k

I  and  for which at least 

one of the following holds: (i) ,

k
C },,{   meets  }{

m
I  

through  

m
SR  for some ;),(),(  mk  (ii)  ,

k
C },,{ 

meets the set :)0,({  }R for some ;R  (iii) the natural 

projection ),( 

kR
CP },,{   of 

k
C  onto }0{R  is unbounded. 
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ON A QUADRATIC FORM AGREED WITH THE NORM  

IN ONE ALGEBRAIC EXTENSION 
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 Last several years they were arosed new methods of 

investigation in the theories of Diophantine Approximations and 

Diophantine Equations using computational calcula-tions. In 1981 

(see [1]) one had introduced a new algorithm by using of which in 
n

R  (n is a natural) could defined so called a reduced basis, if was 

given some other. This basis have some importante properties. 

The authors applied their method to the question on factorization 

of polynimials. Later this algorithm used for the complete 

solution of Diophantine equations using computational 

calculations. This algorithm used also in disproving the Mertens 

conjec-ture (see [2]).  

 The situation of algebraic extensions differs from the case 

of linear spaces. Despite that the algebraic extension has finite 

dimensional structure here the scalar product couldn‘t exist. In 

this article we introduce a quadratic form in the algebraic 

extension  )2(3Q  agreed with the norms of the elements of 

natural bases. Using associated bilinear form we define a scalar 

product.  

Take the minimal polynomial for the number 3 2  and 

consider the companion matrix to this polynomial:  

 

 

ilgar_j@rambler.ru%20


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

285 

 



















010

001

200

A
. 

Since the polynomial is irreducible then )()2(3 AQQ  . Everi 

element 3

2

3

10 42 ccc   has a norm 

)det()( 2

210 AcAcEcN  . 

The quadratic form defined by this method has the matrix  



















16184

842

421

A
 

in the natural basis. 
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ON FRAMES THAT ARE ITERATES OF A 

MULTIPLICATION OPERATOR 
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 Investigation of frame properties for families of elements 

obtained by iterates of operators in one of the central problems in 

dynamical sampling. 

 Note that investigation of basicity properties 

(completeness, Schauder basicity, frameness, etc. ) of iterates of 

operators is problematic  even  in  the  case  of  well  known 
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"standard"  operators. It has  recently  been  shown  that  the  

iterates   
0n

n fT
 
of  the  multiplication  operator 

 )()()( tfttfT     cannot be a frame in ),(2 baL  for any 

measurable function )(t  and square summable function )(tf . 

This fact shows in particular that a systems of the form  0)( n
n t  

cannot be a frame in ),(2 baL  for any measurable function )(t . 

The classical exponential system shows that the situation changes 

drastically when one considers systems of the form   n
n t)(  

instead of  0)( n
n t . This note is dedicated to the 

characterization of all frames of the form   n
n t)( . It is shown 

in this note that this problem can be reduced to the following one: 

 Problem.  Find (or describe a class of) all real-valued 

functions )(t  for which  n
tine )(  is a frame in ),(2 baL .  

 In this note we give a partial answer to this problem. 

 Lemma 1. If  
Nnnx


 is a frame, then it is bounded. 

  

Lemma 2. Let )(t  be a measurable function on ),( ba . 

Then   0)( n
n t  is ),(2 baL - bounded sequence if and only if 

1)(  t  a.e. on ),( ba . 

 Lemma 3. Let    2,0, qp . Then the classical 

exponential system  inte   is a 1-tight frame in ),(2 qpL  space. 

 Theorem 1.  Let )(t  be a measurable function on 

),( ba . If  n
n t)(  is a frame in ),(2 baL , then 1)( t  a.e. in 
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),( ba , i.e. the function )(t  is an exponential function of the 

form )()( tiet    , where )(t  is real-valued function.  

 Theorem 2.  Let a function )(x  defined on  ba,  be an 

invertible function, inverse    baqp ,,:   of which satisfies 

the following conditions:  

1)  )(t  is absolutely continuous, strictly increasing function on 

 qp, ; 

2)  ap )(  and bq )( ; 

3) there are constants 0, BA  such that BtA  )(  for all 

 qpt , ; 

4)    .2,0, qp  

 Then the system  n
tine )(  is a frame in ),(2 baL . 
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State transfer in a number of the known quantum systems is very 

important from their further successful application in solution of 

the advanced quantum information problems. Today, there are 

number of spin chain models with nearest-neighbour interaction 

and certain external magnetic field, where, qubit transfer can be 

achieved perfectly for case, when,  is an arbitrary [1,2]. 

However, we start from the point that what kind of spin chains of 

arbitrary  qubits with nearest-neighbour interaction and zero 

magnetic field one can construct, where, qubit transfer of high 

fidelity can be achieved [3,4]. Our aim is to construct spin chain, 

which has analytical solutions 

Hamiltonian of spin chain of  electrons coupled via the 

nearest-neighbour interaction is the following: 

. 

Here,  is a parameter that exhibits nearest-neighbour interaction 

between two neighbor k and k+1 electrons. 

 

Through assumption that the ‗state sender‘ and the ‗state receiver‘ 

are located at sites  and  of the spin chain under consideration, 

the transition amplitude of an excitation from site  to site  of the 

spin chain can be computed by the following time-dependent 

correlation function: 

, 
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where, in case of the using pair of recurrence relations for Racah 

polynomials,  being matrix elements of the unitary matrix , 

are expressed via these polynomials and  are eigenvalues of the 

single photon modes defined from the following Schrödinger 

equation: 

, . 

In our case, exact expression of the eigenvalues  is the 

following: 

, 

, 

,  . 

Assuming that transition from one end of the chain ( ) to 

the final end of the chain ( ), we can obtain 

more simplified explicit expression of the time-dependent 

correlation function, which becomes more simpler in case of the 

time to be equal to the : 

, . 

One can easily check that expression of the correlation function, 

obtained in this work, never becomes equal to 1. Therefore, in 

case of the selection of nearest-neighbour coupling parameters , 

corresponding to pair of the recurrence relations for the Racah 

polynomials, one can assess only the case of the qubit transfer 

with the high fidelity. This allows observing the law of the  

breakdown of the perfect qubit transfer under the certain 

complication of the nearest-neighbour interaction parameter. 
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In this abstract we study the approximation problems in the 

Besov )(,  GBS l
p  spaces with dominant mixed derivatives. 

Definition.Denote by )(,  GBS l
p  the space of locally summable 

functions f on G  having the generalized derivatives 

fD
el

with the finite norm 
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where nRG  ,  p1 , 1 , ),...,,( 21 nllll  , 

  ,0jl  ),,...,2,1( nej n   and let 

),,...,,( 21
e
n

eee llll  j
e
j ll   ,neej  0e

jl )\( eej n and 

      nn ttt  ,...,11 ,   0jj t ,  0jt  is continuously 

differentiable functions;   0lim
0




jj
t

t ,   


jjj
t

Ptlim ;   

         








 njtxyyGxIGxG jjjjtt ,...,2,1,
2

1
:  

. 

The following theorem is proved. 

Theorem. Let  p1  and ).(,  GBSf l
p  Then there 

exist the functions )(xhh ss   (s=1, 2,…) infinitely differentiable 

finite in 
nR  such that 

.0lim
)(,


  GBSs

s
l
p

hf  

ON A BOUNDARY VALUE PROBLEM FOR THE 

EQUATION OF A  

VIBRATING ROD WITH SPECTRAL PARAMETER 

CONTAINED LINEARLY 

 IN THE BOUNDARY CONDITIONS  

N.B. KERIMOV
a)

, Z.S. ALIYEV
b) c) 

a)
 Khazar University, Baku AZ1096, Azerbaijan  

b)
 Baku State University, Baku AZ1148, Azerbaijan 

c)
 IMM NAS Azerbaijan, Baku AZ1141, Azerbaijan  

email: nazimkerimov@yahoo.com; z_aliyev@mail.ru 

 We consider the following eigenvalue problem 

,10),())()(()()4(  xxyxyxqxy               (1) 
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,0(0))0(  yy
                                      

(2) 

(1),)((1)
11

ybay  
                               

(3) 

(1),)((1)
22

ybaTy  
                              

(4) 

where C  is a spectral parameter, )(xq  is positive and 

absolutely continuous function on ],1,0[ ,2,1,, iba
ii

 are real 

constants such that 0
i

a  and ,0
i

b .2,1i   

 Problem (1)-(4) is associated with a specific problem of  

mechanics, namely, this problem arises when variables are 

separated in the boundary value problem describing bending 

vibrations of a homogeneous rod, in cross-sections of which the 

longitudinal force acts, the left end is fixed rigidly, the right end 

is fixed elastically and on this end the inertial mass is 

concentrated (see [1, p. 152-154]).  

 We introduce the boundary condition 

 0,=sin(1)cos(1)  Tyy 
                    

(5) 

where .],2[     

 Alongside  with the spectral problem (1)-(4) we consider 

the spectral problem (1)-(3), (5).   Problem (1)-(3), (5)  in a more 

general form was studied  in [2], where, in particular, it is proved  

 

that (see proof of [2, Theorem 2.2]) there exists an infinitely 

increasing sequence 

1
)}({

kk
  of real and simple eigenvalues of 

this problem such that 0)( 
k

 for .2k  

 Let ,)),0(),0((
1




kD
kkk

 where .
0

  

 Theorem 1. One of the following statements is true:      

(i) all eigenvalues of problem (1)-(4) are real; in this case, 
1

D  

contains  either two simple eigenvalues or one double eigenvalue, 

and ,...,3,2, kD
k

 contains one simple eigenvalue; (ii) all 

eigenvalues of problem (1)-(4) are real; in this case, 
1

D  contains 
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no eigenvalues, and there exists a positive integer 2
0
m  such 

that 
0m

D contains either three simple eigenvalues, or one double 

eigenvalue and one simple eigenvalue, or one triple eigenvalue, 

and, ,...,3,2, kD
k

,
0

mk   contains one simple eigenvalue; 

(iii) problem (1)-(4) has one pair of nonreal complex conjugate 

eigenvalues; in this case, 
1

D  contains no eigenvalues, and  ,
k

D  

,2k ,...,3  contains one simple eigenvalue.   
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ON ONE  PROBLEM OF  MULTICRITERIA  

OPTIMIZATION BASED ON A STOCHASTIC NETWORK 

MODEL 
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In the present paper, we consider the task of developing a 

criterion for the optimality of plans based on a stochastic network, 

taking into account  the duration, cost and probability of  the 

occurrence of work. An analysis of a large number of projects 

shows that the complex of interrelated work has to be presented  
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in the form of a stochastic network model "AND / OR".  In this 

model, vertices are jobs, arcs are  logical connectives  between  

jobs. Vertices are divided  into  disjunctive, conjunctive  and  

unary [1].  Works  are characterized  by normative estimates of 

the duration, cost and probability  [2].  If  the original network is 

based on the ―work-communication‖ principle, then it is  

advisable  to convert  it  into   ―event-work" type model.  In  the 

resulting model, each  arc   will correspond  to some  work, 

where     is the number of  the  beginning,    is the number of  

the  end  of  the  arc [3].  Alternative solutions (plans) are ―AND‖ 

subnet  with ―event-work‖ network. These are random events that 

are described by sets of corresponding  

arcs: , . 

 Each  of    is associated  with  some  set  of  

works: ,  .  The sets   are prototypes of   ,  and 

do not reflect the sequence of  performance  of  works, which are 

described by the  sets   .   However, this pair of  sets  fully  

discloses  all  possible solutions. 

The set of all such  alternative plans  is  denoted  by  

. The parameters   are 

respectively  the probability  expressed  as a percentage, the 

duration  and  cost of  the  plan    [4]. 

  Classic problems  of  finding of  the optimal plan: 

1) by  criterion  :    i
i

i GPGP max
0
  ; 2) by  criterion  : 

   i
i

i GTGT min
0
 ;  3)  by  criterion  : 

   i
i

i GSGS min
0
  .  
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We  introduce  a generalized  criterion  for  identifying  

the  ―best‖  solution: 

       )()()(min iii
i

GPGSGT                                       (1)       

  To construct recursive formulas, we introduce the 

parameter    , which includes all the arcs for the plan, optimal  

by criterion (1)  with  the initial  vertex , and  the final  vertex  .    

Thus,   provides the  structure of  the  desired  optimal  plan.   

   Below, we present an algorithm  for  finding  the 

―optimal solution‖ by criterion (1), which  is implemented  

starting  from  the  terminal  vertex  to    minorant  of  the  "event-

work"  type  network.   In these formulas,  are  

discrete  functions  of  i.    

    1)  The following  formulas  apply  to the terminal 

vertex " " : 

kQ , 

  1kP  

  0kT  

  0kS                                                                                                     

2)   If a vertex with number  , which has child vertices   

, …,  is  disjunctive, then: 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

296 

 

  )(),()(),()(),(min jjjjjj
j

iPiipiTiitiSiis

)(),()(),()(),( 000000 iPiipiTiitiSiis   

 iP  

 iT   

 iS )(),( 00 iSiis   

iQ   0
),( 0 iQii  

3) If the vertex    is not disjunctive, i.e. with   it is 

unary, , when  it is conjunctive, then 

iQ  
m

j

i

m

j

j j
Qii

11

),(
  

  ,    iP 
j

jiP )( ,    

 iS 
 iQji

jis
),(

),( , 

where   =   is the prototype of    and analogue 

of the set . 
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 Introduction Determination of bottom hole pressure and 

field of reservoir pressure distribution by wellhead conditions in 

gas wells with abnormally high reservoir pressure is of practical 

and scientific importance. A strict solution to this problem is to 

account for the interaction of the reservoir-well system. In this 

case, it is necessary to consider a system of equations describing 

the joint flow of gas in the reservoir and the wellbore [1-2]. 

 In this work, an integral model of unsteady filtration and 

gas flow in a pipe is constructed taking into account the 

deformability of the reservoir and the resulting differential 

equations are solved. 

The differential equation of the piezoconductivity of a plane-

radial gas flow has the form [3-5]. 
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where                               
0
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m

PPk
P k


 

. 

The boundary and initial conditions will be as follows: 

22
k

Rr
PP

k


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  ,                                    (2) 

)(22 tPP c
rr

c
c




 ,                            (3) 


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









k

at
k

R

r

kh

PQ
PrP ln)0,(

1

022



    .                  (4) 

The deformation of the reservoir depends on the gas pressure. As 

the pressure changes, the permeability of the formation also 

changes. In the first approximation, we take a linear change in the 

permeability of the reservoir depending on pressure [6-7]. 

)()(
0

01
1 k

k

PP
PP

P 






 .                           (5) 

Next, consider the movement of gas in the pipe. The equation of 

gas motion in a pipe has the form (Fig. 1) [8]. 
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(Fig. 1) 
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 The boundary and initial conditions will be as follows: 
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                            lx
E

gx
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2
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2
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  The given class is considered  in practice when studying 

dynamics in atmosphere of axially-symmetric rotation bodies 

deformable in the motion process. For solving the problem it is 

necessary to derive  the equation of motion of the bar in inertial 

system of coordinates and also the equation of its elastic 

vibrations. 

In the paper the initial-boundary value problem for of a variable 

section elastic bar  was formulated and solved on the basis  of 

vector mechanics  of deformable systems . By deriving equations, 

a  number of assumptions were made: 

-the bar  body deforms as in  elastic inhomogeneous bar, and 

when calculating  its flexural deformations  we procced from the 

corresponding material resistance  equations ; 

-the bar‘s particles lying at the initial moment in its any cross-

section, in the process  of motion of  the bar do not change their 

mutual arrangement. In conformity to the bar, this assumption 
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coincides  with the  ―flat sections hypothesis‖   oftenly used in the 

course of resistance of materials. This assertion also excludes 

possibility of taking into account real deformations of structural 

elements fastened to the bearing body , and deformation of 

fastening nodes.  

-the bar possesses sufficient  margin of safety 

-torsional and longitudinal vibrations of the body are not taken  

account (therefore, in the text under elastic vibrations we 

understand lateral vibrations of the bar);  

-we ignore  influence  of shear deformations and inertia of 

rotational displacements of cross-sections since their influence 

becomes perceptible only  for bars  with lateral  sizes 

commeasurable with their length; 

- when calculating vibrations damping we proced from the 

hypothesis of  ― viscous‖  friction. 

For obtaining the equations of motion, we consider  the results of 

imposition of the following motions: translational motion with a 

pole, rotational with respect to a pole elastic vibrations with 

respect  to non-deformed state.  

Differential equations describing the motion of the bar in a 

vertical plane are obtained based on the theorems of mechanics on 

the amount of motion and momentum of the amount of motion 

and also  Hamilton-Ostrogradsky variational  principle. Initial 

conditions are determined for the  formulated equations of 

motion. 

For calculating the bar motion parameters  as an absolute 

body, the solution of the system of first order differential 

equations is sought . For obtaining the numerical method , the 

fourth order Runge-  Kutta method is offered.  
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1. Statement of the problem.The following problem for a 

differential equation of hyperbolic type is studied in this 

paper: find continuous in a closed domain 

 TtlxD  0,0  a function ),( txuu  , that 

satisfies the equation  

,0,0,),(),(
),(),(

2

2

2

2

2

Ttlxtxftxbu
x

txu
a

t

txu










(1) 

boundary conditions 

),(),()(

),(),(),0(
),(),0(

2

0

13210

tdxtxuxc

ttlutu
x

tlu

x

tu

l



















Tt 0 (2)  

and initial conditions   

lxx
t

xu
xxu 




 0),(

)0,(
,)()0,(

21
 .  (3)  

Here )(),(),(),(),(),,(
2121

xxttxctxf   are the 

known continuous functions of their arguments, 


3210

,,,,, ba  given real numbers. Note that the second 
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condition in (2) is a nonlocal condition that presents a 

certain difficulty in solving this problem. 

It is assumed that problem (1) - (3) has a unique 

solution that has the derivatives are needed during 

presentation. 

2.Reducing  the solution of the problem (1) - (3) to the 

solution of the problem with local boundary conditions. 

Let‘s consider the second boundary condition in (2) 

and differentiate it twice by  t  : 

).(
),(

)(
22

2

0

tdx
t

txu
xc

l

 



  

If we replace the expression 
2

2 ),(

t

txu




under the 

integral sign by the right-hand side of equation (1) and apply 

the formula of integration by parts to the integral  

dx
x

txu
xc

l

2

2

0

),(
)(




 , then at 21)( cxcxc  or 

kxckxcxc sincos)( 21   , or ,)( 21

kxkx ececxc  where 

21,cc arbitrary constants, we obtain a boundary condition 

of the form 

 ),(),(),0(
),(),0(

23210
ttlutu

x

tlu

x

tu
 










 
(4)

 
where 3210 ,,,   real numbers, )(2 t  known 

continuous function. 

From the first boundary condition in (2) and condition (4), 

eliminating at first  ,
),(

x

tlu





 
then  ,

),0(

x

tu




it is  easy to 

obtain boundary conditions of the form   
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








 .0 Tt     (5) 

 Thus, finding a solution of the  problem (1) - (3) 

reduced to finding a solution of the problem (1), (5), (3). 

 

3. The difference problem.On the grid 
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defined in domain ,D the problem (1), (5), (3)  is matched 

the following difference problem: 
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 real parameter.  Note that in these equalities we use the 

notation adopted in [1]. 

The difference problem (6) - (8) approximates 

problem (1), (5), (3) with accuracy ),( 22 hO if equation 

(1) is satisfied both at the boundaries 0x  and lx   of the 

region and the solution ),( txuu   is a sufficiently smooth 

function in the considering region .D  

The constructed difference problem (6) - (8) is reduced to 

the canonical form

 
10

2 )(,)0(),(0 gygytAyyRyB
tt

t

 
         

(9) 

and the stability of this difference problem is investigated. 

Sufficient conditions for stability the difference problem (9) 

are obtained. 
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In many aspects of the spectral theory an important role is 

played by so-called transformation operators (see [1] and the 
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references therein). These operators arose from the general ideas 

of the theory of generalized shift operators created by Delsarte 

[2]. 

Let E  is the space of complex-valued functions 

   xxf 0, , which are continuous and with a continuous  

second derivative and satisfying the conditions  

        
 

       


xfxfxfCxf
x ,0

2 sup,,0 .     

The topology on E  is defined via the uniform convergence of the 

functions and their first and second derivatives in each 

interval   0,,   .  

We consider two operators  
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dx
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where 0 , c  is complex number and  complex-valued 

function  xq  satisfy the conditions 
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The present work is devoted to the question of the 

existence of a transformation operator for a pair of operators A  

and B  with a boundary condition at infinity. A similar problem 

for  the case 1,1  c
 
and 2,1  c  was studied in the 

works    1412  . Let          

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Theorem.  If potential  xq  satisfies condition (1), then 

the transformation operator X  for a pair of operators A  and B  

can be realized in the form 

       dttftxKxfxXf
x




 , . 

It’s  kernel  txK ,  is continuous function and satisfy the 

following conditions:  
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This paper explores the problem of mathematical 

modeling of the dynamics of the wave movements of various 

heterogeneous natural stratified mediums.  

In a narrow channel  txhy ,0   the flow of a viscous 

incompressible fluid. Layer stratified fluid of variable depth 

 txh ,  consists of fluid density 1 , viscosity 1 , depth  txh ,1  \ 

 

 

and fluid density 2 ( 21   ), viscosity  2 , depth 

     txhtxhtxh ,,, 21  . 

Free surface and interface fluid in equilibrium in a gravity 

field is flat, i.e. 

 

     101 0, hxh  ,             0201021 0,0, hhhxhxh 
       

         The boundary conditions of the problem are  

                                 0,0,1 txu ,   0,0,1 txv  
(2) 

  The coincidence of the velocity of the surface and the particles 

of the liquid and pressures in  txhy ,1 ,    txhtxhy ,, 21 
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the lack of friction on the free surface of the channel and the 

coincidence of the pressure of liquid and gas where 

   txhtxhy ,, 21   

 

 
0

,, 212 




y

thhxu
,    021 ,, pthhxp   

 

(4) 

                                  In contrast to the single-layer flow, in the case of a  

                             two-layer flow, we obtain a fourth-order dispersion  

                             equation that has solutions: 
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Master's program «Professionally-oriented teaching of 

mathematics» [1] has implemented in Saratov National Research 

State University since 2016. In connection with the approval of 

the new Federal State Educational Standard (FSES) for Higher 

Education in the direction of training 44.04.01 Pedagogical 

Education [2], it seems relevant to review existing educational 

programs for the training of mathematics teachers for a 

professional school. It‘s necessary bring this program into line 

with the approved FSES [2] and the Professional Standard (PS) 

«Teacher of vocational training, vocational education and 

continuing education» [3]. The report will present a theoretical 

justification, practical development and analysis of the results of 

testing the specified master's program. The program is aimed to 

preparing a graduate who is able to successfully work in the field 

of professional oriented mathematical education, on the basis 

competencies from the FSES [2] and labor functions 3.1, 3.4 and 

3.8 from the PS [3]. The program is focused on the pedagogical, 

design, and research types of professional activity from the FSES  
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[2], which correlate with next labor activities of the functions in 

PS [3]. The pedagogical type of tasks corresponds to the 

functions: 3.1.1, 3.1.2, 3.8.1, 3.8 .2, 3.4.1, 3.4.2; the design type 

of tasks corresponds to the labor actions of functions 3.1.3, 3.8.3; 

the research type of tasks corresponds to the labor actions of 

functions 3.1, 3.4, 3.8. Master's program establishes next 

professional competencies (PC). PC-1. He/she able to carry out 

teaching courses, disciplines (modules) in mathematics according 

to vocational training programs (VTP), secondary vocational 

education (SVE), higher education (undergraduate level) (HE), 

and additional pre-vocational educational programs (APEP) into 

account the principle of professional orientation. He/she able use 

modern educational technologies corresponding to the personality 

and age characteristics of students, including students with 

specific education needs. PC-2. He/she able to organize research, 

design, educational, professional and other activities of students 

studying courses, disciplines (modules) in mathematics in the 

programs VTP, SVE, HE, APEP. PC-3. He/she able to develop 

educational and methodological support for the implementation of 

training courses, disciplines (modules) in mathematics according 

to the programs VTP, SVE, HE, APEP. PK-4. He/she possesses 

the skills of independent research in the field of mathematical 

education. 

The preparation of future mathematics teachers for professional 

activities in the considered labor functions is structurally 

represented by three interconnected modules. The first  

(theoretical) training module consists of educational disciplines 

aimed to mastering the skills of designing and implementing 

professional oriented mathematical education in a specially 

organized educational and laboratory environment. The 

preparation of a mathematics teacher for professional activities of 

labor functions 3.1.1, 3.1.2, 3.4 and 3.8.1 from PS [3]. Such 

preparation ensures the formation of PC-1 and is described in 
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article [4]. The subject base of the module is constituted by the 

disciplines: «Selected chapters of higher mathematics», etc. In the 

methodical section of this module are being studied «Theory and 

Methods of Teaching Mathematics in the Professional Education 

System» and others. The section of the theoretical module is 

devoted to design that corresponds to labor functions 3.1.3 and 

3.8. 4, forms PC-3. This section is described in the paper [5] and 

is presented by the discipline «Pedagogical design in the field of 

professional activity» and others. The study of the theoretical 

module is supported by textbooks [6; 7 and others.]. The training 

of a mathematics teacher for professional activities in the labor 

function 3.8.2  ensure the formation of PC-2. This training is 

carried out by study of the discipline «Theory and Methods of 

Teaching Mathematics in the System of Professional Education» 

and is supplemented by practice. The labor function 3.4 is formed 

by study of the discipline «Educational activities of the teacher». 

Training and practices make up the second (practical) training 

module and form the practical readiness of the undergraduate to 

perform the duties of a mathematics teacher in a real educational 

organization [8]. The third module (research work) involves 

independent pedagogical research made by undergraduate which 

correspond to the formed functions [9]. Verification of the 

required competencies from FSES [2] and labor functions from 

PS [3] for students is carried out through an intermediate and final 

state certification [10]. It also takes into account the feedback of 

employers, expert assessments of the results of research work of 

students and self-esteem of graduates of the program. 

The presented program is unique, interdisciplinary and 

competitive. At the same time, certain risks are possible during its 

implementation, both on the part of the university and on the part 

of the individual. To achieve reduction of those risks is possible 

only after the exact determination of the degree of outgoing 

threats. As the results of the experiment showed, such an 
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organization of training of future mathematics teachers effectively 

contributes to the formation of their required competencies and 

labor functions. The level of residual knowledge of students is at 

least 80%. The average level of satisfaction with the quality of 

education in the master's program is 84,2%. We associate further 

prospects for the implementation of the program with a more 

intensive use of software educational resources as a means of 

supporting self-education of students. 
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The history of mathematics in Russia in the first half of 

the XIX century, was marked by major achievements that had a 

great influence on world science. One of the important 

prerequisites for the beginning of a new rise in mathematics were 

changes in the education system, which occurred at the beginning 

of the XIX century. Particular importance was the organization of 

new universities and the creation of physics and mathematics 

faculties [3]. Universities were opened in six cities: Moscow 

(since 1755 there was already a Moscow University); Tartu 

(1802); Vilnius (1803); Kharkiv (1805); Kazan (1805); St. 

Petersburg (1819). In 1832.the University in Vilnius was closed, 

and in 1834 the University in Kiev was established instead. In the 

XVIII century, a few specialists-mathematicians in Russia were 

trained at the Academy of Sciences. By the end of the XVIII 

century, Academic institutions had almost ceased operation, and 

in the beginning of XIX century was closed in connection with 

the overall reform of the public education system. At Moscow 

University, the first half-century of its existence, teaching 

mathematics did not go beyond elementary courses. In the 

military and naval schools taught the calculation of infinitely 

small and higher geometry, but the specialists of mathematics 

came out of such schools rarely. An important feature of the new 

system of educational institutions was its continuity: from the 

district school it was possible to go to the gymnasium, and 

gymnasium training was sufficient to start University classes. The 

other side of the reform was the new division of universities and 

the expansion of their programs. 
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The development of industry, economy, agriculture and other 

spheres of human activity has always needed the practical 

implementation of innovative applied research. The most 

important condition for the implementation of such projects is the 

availability of University training of highly professional, initiative 

specialists, including in the field of applied mathematics, who are 

able to independently develop and competently implement 

science-intensive, environmental technologies in practice. This 

circumstance largely explains the creation in the independent 

states (CIS) in the late 1960s — early 1970s. areas of training in 

applied mathematics. In the drafting of the first curriculum of the 

Department of applied mathematics and mechanics active 

involvement of academicians M. A. Lavrentyev, G. I. Marchuk, 

L. V. Ovsyannikov, N. N. , Yanenko, A. P. Ershov, V. N. The 

monks and they developed a position on the faculty of applied 

mathematics further has played a major role in the formation and 

development of many faculties and departments of applied 

mathematics in higher educational institutions of the CIS. 

At present, the great role of applied mathematics in the 

development of world science and in the system of human 

knowledge is well known. The fundamental basis of applied 

mathematics was laid in the researches of H. Huygens, I. Newton, 

D. Bernoulli, L. Euler, A. C. Clairaut, J. L. D'alembert, J. B. J. 

Fourier, S. D. Poisson, M. V. Ostrogradsky, D. G. Stokes, O. 

Reynolds, N. E. Zhukovsky, A. N. Krylova, V. A. Steklov, S. A. 

Chaplygin and other scientists. Fundamental studies A. S. 

Alekseev, A. A. Andronov, A. A. Babaev, S. N. Bernstein, 

O. M. Belotserkovskii, E. P. Velikhov, V. Falkovich, A. I. 

Huseynov, N. M. Gunther, I. I .Ibragimov, M. V. Keldysh, A. N. 

Kolmogorov, S. P. Korolev, N. E. Cochin, N. N. Krasowski, M. 

A. Lavrent'ev, A. M. Lyapunov, O. E. H. Love, G. I. Marchuk, 

Yu. N. Pavlovsky, L. Prandtl, M. L. Rasulov, A. A. Samarskii, L. 
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I. Sedov, S. L. Sobolev, A. N. Tikhonova, Z. I. Khalilov, V. N. 

Chelomei, E. Schrödinger and other scientists led to the formation  

 

of modern applied mathematics (see, for example, [1-3]), which 

includes a range of issues related to the use of mathematical 

methods and computer tools in the study of various physical 

processes and phenomena and their use in human practice. 

Over the years of functioning of the areas of training in applied 

mathematics, formed the leading scientific schools in the CIS in 

various fundamental areas of applied mathematics, such as 

mathematical physics and spectral theory of differential 

equations, inverse and ill-posed problems, computational methods 

and mathematical modeling, nonlinear dynamic systems and 

control processes, synergetics, game theory and operations 

research, optimal control and system analysis, mathematical 

cybernetics and mathematical logic, probability theory and 

mathematical statistics, theoretical and applied programming and 

other areas of applied mathematics. 
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 In the paper we consider a Dirac type operator (a more 

general operator than the Dirac operator),   establish estimations 

between  
2
L  norms of two  neighboring root vectors and between  

2
L  and  pLp 1,2

  norms  of one and the same root vector  

of the given operator.  

Let    1,2 pGLp  be a space of two –component vector-

functions with the norm 

    
p

G

p

p
dxxfxff
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22
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12,
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

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

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 In the case  xfvraifp
Gx


 sup,

2,
. For 

       GLxgGLxf qp
22 ,  , where   p

qp
1,1

11
,  

the scalar product      



G

j
j

j dxxgxfgf .,
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 Let us consider the Dirac type one-dimensional operator  

         ,,, 21

T
xyxyxyyxP

dx

dy
BDy   
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where 

      xpxpdiagxPbb
b

b
B 2121

2

1
,,0,0,

0

0









 ,  

moreover  xp1  and  xp2
 are complex-valued functions 

determined on an arbitrary finite interval  baG ,  of the real 

axis. 

 Following [1], under the eigen vector-function of the 

operator D , responding to the complex eigen value   , we will   

understand any identically non-zero complex-valued vector-

function  xu
0

, absolutely continuous on any  closed subinterval 

G  and almost everywhere in  G  satisfies  
00

uuD  . 

 Similarly, under the associated vector-function of order 

1, ll , responding to the same   and eigen  vector funtion  

 xu
0

, we will understand any complex-valued vector-function    

 xu
l

, absolutely  continuous on any  closed subinterval of the 

interval G and almost  everywhere in G  satisfies the equation 
1


lll

uuuD  . 

 Theorem . Let  the functions   xp1 ,  xp2  belong to the 

class   GLloc
1 . Then  for any compact   GK   there exist the 

constants    2,1,,,, 21 ibblKC i
, ,...,2,1,0l  independent on 

 , such that the following estimations are valid; 
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 

  
 
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

pubblKCu
KL

l

p

KL

l

p

1,Im1,,,
22

1

21
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(2) 

Remark . If  G  is a finite interval,  xp1  and  xp2  belong to 

the class   GL1 , then estimations   (1) and (2)  are valid in the 

case  GK   as well. 
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Key factors that influence mathematics education: 

achievements of mathematical and pedagogical science, 

informatization, digitalization and globalization. Among the 

achievements of pedagogical science that influenced the modern 

methodical system of teaching mathematics in school are the 

humanistic educational paradigm, the theory of developmental 

education and the concepts of creativity and talent. It was these 

developments that became the theoretical basis for the 
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introduction of profile training, differentiation and 

individualization of training, provision of conditions for training 

and development of gifted children [1]. 

In this regard, of interest is the experience of working to 

support gifted schoolchildren in the Stavropol Territory. In the 

city of Stavropol, many sections and schools have been organized 

aimed at developing the intellectual abilities and skills of 

researchworks of schoolchildren. The Department of Applied 

Mathematics and Informatics of the Institute of Information 

Technologies and Telecommunications (IITT NCFU) takes an 

active part in the development of young talents. Teachers of the 

department are involved in the work of the school for gifted 

children "Poisk", the Small Academy of Sciences (IAS) at the 

Stavropol Palace of Children's Creativity (SDDT) and the Physics 

and Mathematics School based on IITT NCFU [2]. 

In 1991, the center ―Search‖ was created, one of the best and most 

effective institutions in the system of additional education with 

gifted children. There is a full-time and part-time tuition. The 

center offers both group and individual lessons. In group classes, 

students study an in-depth program in mathematics and computer 

science. These classes help to learn new, different from school, 

mathematical methods and techniques, to see mathematical 

science in a form close to the university, as well as to learn the 

basics of programming and modern information technologies. 

The center "Search" also organized private lessons with 

experienced teachers. The Center conducts the Summer 

Mathematical School (LMS) and the Summer Computer School 

for high school students who graduated from grade 9 and grade 

10. 

 The goal of the LMS program is to create conditions for 

high school students in the Stavropol Territory who expressed a 

desire to expand and deepen their knowledge of mathematics. The 

educational program of the Summer Mathematical School 
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includes two workshops on solving problems of increased 

complexity: 1) a workshop on solving geometric problems 

(―Planimetry‖ for future tenth-graders, ―Stereometry‖ for future 

eleventh-graders); 2) solving problems with parameters. 

 High qualification of teachers, advanced educational 

technologies, the level of the tasks under consideration allow 

pupils of summer schools to win at the All-Russian Olympiads of 

the first level. 

The Small Academy of Sciences of the Stavropol Palace of 

Children's Art this year will celebrate its thirtieth anniversary. 

October 13, 1989 is the birthday of MAN SDDT. The Small 

Academy of Sciences was established on the basis of a new 

Palace of Pioneers and Schoolchildren in Stavropol. The building 

of the Palace was received as a gift from MS. Gorbachev (General 

Secretary of the Central Committee of the CPSU, then the 

President of the USSR). One of the initiators of the creation of the 

IAS is Candidate of Physical and Mathematical Sciences, 

Associate Professor of the Pedagogical Institute V.S. Igropulo, 

who for all the years of the existence of the Small Academy of 

Sciences is its supervisor. The purpose of the creation of MAN 

was the involvement of high school students in scientific and 

practical activities. The first scientific circles for students were 

created from 1987 - 1989. on the basis of the departments of 

theoretical physics, biology and mathematics of SSU; at the 

Department of Pharmacology, SSMA; at the Department of 

Industrial Electronics, SevKavGTU.At the first city scientific-

practical conference of schoolchildren, held on April 12, 1989, 

there were three sections, fifteen reports were prepared. Until 

2019, annually, in April, regional scientific-practical conferences 

of schoolchildren were held. Since the day of the first conference, 

the number of sections and presentations has increased 

significantly. 
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In 1991, the State Committee on Education was entrusted with the 

Minor Academy of Sciences to hold the All-Union Conference on 

Physics, Mathematics, Geography and Astronomy. After only two 

years of existence, the IAS held such a large-scale conference 

where representatives of each region of the USSR arrived.Since 

2007, on the basis of the IAS SDDT, an annual competition of 

young researchers ―Step into the Future‖ is held, in which 

representatives from all regions of the North Caucasus Federal 

District participate. In the Small Academy of Sciences, 2 math-

cycle programs have been introduced, namely: ―Mathematics for 

high school students‖, ―Mathematics with an application 

package‖. Pupils receive new knowledge and are engaged in 

research of scientific problems. The results of the research 

students present at the annual conference of the IAS. The 

laureates of the Stavropol Conference represent their region at 

Russian and international scientific events of schoolchildren in 

Moscow, St. Petersburg, Obninsk, Korolev, Perm, Omsk, 

Nalchik, Dolgoprudny. Pupils of the IAS participated in 

conferences of the European Union (Portugal, 1998) and the 

London Youth Scientific Forum (1998), were candidates for 

international exhibitions held in the United States, England. 

In 2012, IITT SKFU was created on the basis of the Faculty of 

Information Technologies and Telecommunications of SKFU and 

the departments of computer security, organization and 

technology of information protection, applied mathematics and 

computer science and applied computer science in SSU 

economics. The Physics and Mathematics School at IITT NCFU 

provides students of grades 9-11 with deep and solid knowledge, 

sufficient to enter a university. At the end of the school certificate 

is issued. Olympiads are organized every year for students of the 

physical and mathematical school. Diligent schooling helps to 

successfully pass a unified state exam and quickly adapt to 

university studies. 
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In many areas of the region there are branches of the Small 

Academy of Sciences and the Center "Search", which are taught 

by highly qualified teachers.Due to the high professionalism of 

teachers working with gifted children, the taste of initial victories  

and small accomplishments gives schoolchildren the ―wings of 

luck‖ helping them to ―fly up‖. 
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The mathematical model of unsteady blood flow in the 

stenosis artery subjected to imposed nanoparticles and magnetic 

field was derived and solved analytically. The effects of the  
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nanoparticles and magnetic field on the blood flow were 

simulated analyzed using Mathcad package. The result showed 

that the nanoparticles and magnetic field affected the flow field  

significantly which can be beneficial for some biomedical 

problems. 

 

THE THEORY OF DUALITY TO PROBLEMS WITH 
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This paper on the whole concerns with the duality of 

Mayer problem for   -th order  differential inclusions (DFIs): 

              infimum  ( 1)( (1), (1), . . ., (1)),x x x    

(PH)       ( ) ( 1)( ) ( ( ), ( ), . . . , ( ), ), a.e. 0,1 ,x t F x t x t x t t t    

   0(0)x Q 1(0)x Q  ,
( 1)

2 1(0) , . . . , (0)x Q x Q






   . 

Here ( , ) : ( )nF t   


n  is convex set-valued mapping,   is 

proper convex function  and ,n

jQ  0,..., 1j   are convex 

subsets,   is an arbitrary fixed natural number. Thus, this work 

for constructing the dual problems to differential inclusions of 

any order can make a great contribution to the modern 

development of optimal control theory. To this end in the form of 

Euler-Lagrange type inclusions [2,3,5] and transversality 

conditions the sufficient optimality conditions are derived. The 

principal idea of obtaining optimal conditions is locally adjoint 

mappings [1,4,5]. It appears that the Euler-Lagrange type 

inclusions for both primary and dual problems are ―duality 

relations‖. To demonstrate this approach, some semilinear 
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problems with  -th order differential inclusions  are considered. 

Also, the optimality conditions and the duality theorem in 

problems with second order polyhedral differential inclusions are 

proved. These problems show that maximization in the dual 

problems are realized over the set of solutions of the Euler-

Lagrange type differential inclusions/equations. First, we note 

that the dual problem is always concave even if the primal is not 

convex.  Second, the number of variables in the dual problem is 

equal to the number of constraints in the primal which is often 

less than the number of variables in the primal problem. Third, 

the maximum value achieved by the dual problem is often equal 

to the minimum of the primal. Here we treat dual results 

according to the dual operations of addition and infimal 

convolution of convex functions [2,6,7]. But the construction of 

the duality problem would lead us too far astray from the main 

themes of this paper and is therefore omitted. And in this sense 

the obtained results here are only the visible part of the 

―icebergs‖.  
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Let   be an open proper subset of the Euclidean space  

Denote by  the family of continuously differentiable 

functions with compact supports lying in .  

In this study we consider inequalities of Hardy type with weight 

functions depending on the distance function to the boundary of 

the domain , i.e. 

 
In [1],  Avkhadiev F.G. and Wirths K.-J. obtained Hardy type 

inequalities with an additional nonnegative-term for compactly 

supported smooth functions on open convex domains with finite 

inner radius  

. 
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 More precisely, Avkhadiev F.G. and Wirths K.-J. obtained the 

following inequality 

      (1) 

 

 

for any function  where  and 

 is the constant satisfying the equation  

        (2) 

for  the Bessel function .  

We obtain  and  analogues of (1). We prove one dimensional 

Hardy type inequalities with additional nonnegative terms and by 

one dimensional inequalities we establish inequalities in convex 

domains with finite inner radius, see, for example, [1], [2].  

For instance, if  and  is the constant 

satisfying (2), then the following inequality  

 

is valid for all absolutely continuously function  such that  

. 
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In this abstract, we state a uniqueness assertion on the 

Dirichlet problem in the unbounded cone condition domains for 

the elliptic equations  

, 1 1

( ) ( ) 0
n n

ij i

i j ii j j

u u
a x b x

x x x 

   
      

  ,                (1) 

in the domain D , 2n n   satisfying the cone condition at 

infinity:  

               

0

2

0

2

m

m

Q D

Q



  ,       0 0 0, 1, 2,...m m m m         (2)                    

with 0m  to be sufficiently large integer,   small positive number, 

and .  denotes the lebesgue measure of the corresponding set. 

Here the leading coefficients ( )ija x  are satisfy the uniform 
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ellipticity condition: there exist positive constants 
1 2,C C  such 

that for any ,n x D    it holds 

2 2

1 2

, 1

( )
n

ij i j

i j

C a x C   


  .               (3) 

Moreover, the small coefficients satisfy the  

1

1

3

2 2

( ) 2
m m

p

p
m

x

b x dx C
 

 
  
 
 

 ,                 (4) 

by some p n   and  3C  to be independent on  ,m  where 

1 2

2

1

( ) ( )
n

i

i

b x b x


 
  
 
 . Then the following assertion condition: 

for all  0 0 0, 1, 2,...m m m m      it hold                 takes place. 

   Theorem. Let 
nD  be an unbounded domain satisfying (2). 

Let ( )u x  be a solution of equation (1) in D  receiving non-

positive values on boundary D  of domain D  and whose 

coefficients satisfy (3), (4).  

   Then either ( ) 0u x   in D , or there is a constant 4 0C   

depending on 1 2 3 4, , , , ,C C C C n    such that it holds  

liminf
r

  
4

( )
0

C

M r

r
  

     This subject was studied by E.M.Landis [1] and A.A. 

Novruzov [2]  and  A. Aliyev[3] under the conditions for all 

x D : 

div B 0   and  0B x   
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We consider the following problem   

0)()(
2

1






 ufuuDuDDu ti

p

i

n

i

itt  , ],0[),( Txtx  ,(1)      

)()0,( 0 xuxu  , )()0,( 1 xuxut  x ,         (2)                   

)(),cos()(
1

2
ug

n

u
xuDuD t

n

i

ii

p

i 








 , ],0[),( Txtx  ,(3)   

where 
nR , 2n   is a boundary domain with smooth boundary 

 , )()( 1

20 Wxu , )()( 21 Lxu are given functions, )(uf  and 
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)(g u are some nonlinear functions,  is positive number, ,2p  

i

i
x

D



 , ni ,...,2,1 , 

n


- the external normal in  .  

    A lot of works (for example, see [1]- [5]) were devoted to the 

problems of solutions behavior for particular cases of question of 

type  (1) with different conditions. In general, these works deal 

with nonlinearity presenting in the equation. 

In this work, we study a blow up of solution for a problem 

(1)-(3), when boundary function has some smoothing properties. 

Тheorem.  Let‘s  for any 
1Ru  and for some  0  satisfies 

following  conditions 

,0)()()12(2  uufuF 
u

dssfuF
0

)()( , 

,0)()12(2)(  uGuug 

,0
1

)()(
1

00   
  

dxuD
p

dsuGdxuF
n

i

p

oi  

0),( 10 uu . 

Тhen, if the problem  (1)-(3)  has a solution  

))(;,0())(;,0(),( 2

2

2

2

2

1

2  LTWWTWtxu ,then exists 

ot  such that,  









 

t

tt
dxutxu

0

22
),(),(lim

0

   

holds.  

References   

1.Lions J. L. Some methods of solutions of nonlinear boundary   

    problems, М, ―Мir‖ , (1972), 588 pgs.                                         

2.Кalantarov V.К., Ladijenskaya O.A. The occurrence of collapse  

    for quasi-linear equations of parabolic and hyperbolic type,  



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

333 

 

    Zap.Nauchn.Sem.Leningrad Otd.Mat.Inst.Steklov, (1977),v.69,                  

    pp.77-102.                                                                                                     

3.Webb G. F. Existence and asymptotic behavior for a strongly  

    damped nonlinear wave equation, Canad. J. Math, 32 (1980),            

    pp. 631-643.  

4.Vragov V.Н. Nonclassical problems for equations of  

    mathematical physics (collection of scientific works) Scientific  

    Academy of USSR, Siberian Depatment of Math. Institute,  

    (1985), 211 pgs.  

5. Mamedov E. M. On behavior of solution to fourth order  

     nonlinear pseudohyperbolic equation with nonlinear boundary  

     conditions, An international Workshop dedicated to the 80
th
  

     anniversary of an academician Mirabbas Geogja oglu  

     Gasymov Spectral theory and its application, B, (2019),  

     pp.103-104.  

 

FUNDAMENTAL SOLUTION OF GEOMETRIC MIDDLE 
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 In recent years, interest in three-dimensional local and 

non-local boundary value problems for the Bianchi equations [1-

7] has increased significantly. This is due to their appearance in 

various tasks of an applied nature. Three dimensional Bianchi 

equation is used in models of vibration processes, and also has an 

important significance in the theory of approximation. 
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Consider the integro-differential equation 3D (three dimensional)  

Bianchi: 
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with geometric middle boundary conditions in the non-classical 

form  
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           Here ),,( zyxuu   is the desired function defined on 

),,(; ,,,, zyxAAG kjikji   the given measurable functions on 

321 GGGG  , ),(),,;,,(,, GGLzyxK kji    where 
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),,( 101 xxG  ,),( 102 yyG  ),,();,( ,,103 zyxzzG kji  the 

given measurable function on G . In addition, it is assumed that 

,00 x ,00 y .00 z  

 In this work the fundamental solution of geometric middle  

boundary problem(1)-(2) for integro-differential equation of 3D 

Bianchi (1) with nonsmooth coefficients is constructed. 
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 In this  work substantiated  for a generalized Aller 

equation with non-smooth coefficients in the arithmeticаl 

middleboundary  problem with non-classical boundary conditions 

is considered, which requires no matching conditions. 

Equivalence of these conditions boundary condition is 

substantiated classical, in the case if the solution of the problem 

in the anisotropic   S. L. Sobolev's space is found. 

 

Problem Statement. Consider generalized Aller equation 

 

  GxxxGLxxuxaxuDxa
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Here )(xu  is a desired function determined on 

;G ),(
2121 ,, xaa iiii  )1)((,1,02,0 1,221  xaii  are the given 

measurable functions on ,21 GGG   where 
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0
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0
22 hxG  )(1,2 x  is a given measurable function  
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on G ; The generalized Aller equation in various points of view 

was studied in the papers [1-9] and etc. 

In the present work generalized Aller equation (1) is considered 

in the general case when the coefficients )(
21 , xa ii  are non-smooth 

functions satisfying only the following conditions: 
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 Under these conditions, we'll look for the solution 

)(xu of  generalized Allerequation (1) in S.L. Sobolev 

anisotropic space 
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- is a generalized differentiation 

operator  in S.L. Sobolev sense, 
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ABOUT THE INFLUENCE OF QUANTIFIER IN THE 

MODAL PROPOSITIONS 
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In Tusi‘s treatise ―Tajrid al-mantik‖, depending on the 

relationship between the subject and the predicate three types of 

modality are defined:  necessaries, possibilities, impossibilities.  

In addition, in the modalities, depending on how continues verdict 

- permanently or no permanently, also conditions on the subject 

the propositions may has difference qualities. Typically, the 

modalities of the propositions are fixed after verdict: ―A is B -

absolutely‖, ―A is B -necessarily‖, ―A is B – permanently 

(always)‖, ―A is B – no permanently‖ so on.  Also, existence or 

generality quantifiers may take part in such propositions. In this 

case, it is important to understand how and on which one the 

quantifier influences? For example, the proposition ―some A-s is 

B - permanently‖ can be interpreted in different ways: 

-  some invariant and unchanged A-s are B always; 

- always there is any A (may be different A‘s for different times) 

which is B. 

Studing of contradiction of modal propositions and results of 

logical figures show that quantifiers influence on the unchanging 

or invariant elements of subject only.  
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Therefore,  

- the proposition ―some A-s is B - permanently‖ must be 

understand in following way: there are some concretely and 

unchanged elements of A, which are B every times. Contradiction 

of this proposition consist of two propositions – ―every A is B - 

permanently‖ or ―every A is not B - permanently‖;  

- the proposition ―arbitrary A is B - permanently‖ means that, 

each element of A is B, all times; 

- the proposition ―some A is B – non-permanently‖ means that  

there are some unchanging elements of A, which are B only 

sometimes;   

- the proposition ―every A is B – non-permanent‖ means that 

every A is B, but only sometimes, non all times. And this 

proposal consists of two propositions – ―some A is not B – every 

time‖ or ―some A is B – every time‖  

ON THE EXPANSION FORMULA FOR A SINGULAR 

STURM-LIOUVILLE EQUATION WITH THE 

EIGENVALUE APPEARING NON-LINEARLY IN THE 

BOUNDARY CONDITION 

Kh.R. MAMEDOV
a)

 
 

a)
 Mersin University, Science and Letters Faculty, Department of 

Mathematics, Mersin,33343,Turkey 

email:hanlar@mersin.edu.tr 

       In this study it is considered on the semi-axis  0,  the 

boundary value problem generated by the Sturm-Liouville 

equation with the eigenvalue appearing non-linearly in the 

boundary condition. The scattering problem on the half line  0,  

is investigated. The scattering data is defined and some of their 
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properties are examined, the operator-theoretic formulation is 

given. It is proved that the boundary value problem has only a 

finite number of simple negative eigenvalues. The resolvent 

operator is constructed and the spectral expansion formula is 

obtained by using Titchmarsh's method [1]. This type of boundary 

problem arises from a varied assortment of physical problems and 

other applied problems such as the study of heat conduction in [2] 

and wave equation [3]. Spectral analysis of the problem on the 

half line is studied in [4]. 
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In cylindrical domains   TQ
T

,0 , 0T  following 

equation 
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considered. In parabolic boundary TQ giving the Dirichlet 

condition. The domain   can be non-smooth or unbounded with 

non-compact boundary. 

We get a priori estimates that analogies of Saint-Venant‘s 

principle. On basis this estimates behavior of solution to study. 

Also the finding uniqueness classes of solutions. 

 

THE SOLUTION OF PROBLEM OF DETERMINATION 

OF STRESS-STRAIN STATE OF A CIRCULAR 

VISCOELASTIC BEAM WITH SEMI-CIRCULAR 

LONGITUDINAL NECK AT TORSION 

M.A. MAMEDOVA 
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It is known that a circular shaft with a longitudinal semi-

circular neck is an element of many constructions. The solution of 

the problem of torsion of such a shaft in the case of elastic 

material was first given by Hans H. [1]. The expressions for stress 

tensor components obtained when solving corresponding elastic 

problem, contain a material constant, shear modulus. This 

circumstance requires a special choice of a method for solving a 

problem of determination of stress-strain state of the considered 

shaft in the case when mechanical properties of its material are 

described by the relations of theory of viscoelasticity, second 

order Volterra integral equations 

    ,/,2

0

0 kdstseG ij

t

ijij     
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where 0G  is instant shear modulus, K  is a volume deformation 

modulus,  3  is relative change of volume,   is mean 

deformation,   is mean stress, ijijije    is deviator of 

deformations, ij , ij  are Kronecker‘s symbols, ijijijs    is 

deviator of stresses ij . 

We give the statement of a problem of determination of stress and 

strain components that arise in a circular viscoelastic beam with a 

semi-circular neck at torsion. The problem is solved by A.A. 

Ilyushin‘s [2] approximation method using the solution of the 

corresponding problem of ideal elasticity. To this end we 

introduce a new parameter KG 3/2 , where G  is a shear 

modulus, K  is a volume deformation modulus. In this connection 

the solution of ideal elasticity problem is written in the form 

allowing direct substitution of corresponding variables by 

Laplace-Carson transform. Passing in transforms from relations to 

preimages, by the approximation method we find the desired 

solution of the viscoelastic problem of the shaft under 

consideration. 
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  When  operating offhose oil-gas fields, ceratin minimal 

number of platformas are built on the sea and the sed and in each 

platform a limited number of wells are drilled. This  time is 

should be taken into account that each well  should be drilled only 

from one platform. In this  problem it is required to drill a well 

only from  one platform with minimum expenses for drilling  the 

sea weills and bulding platforms on the sea.  

It should be noted that  in these references, the data of the 

considered problems, i.e. drilling expenses in each  platform and 

the expenses for placing the platforms are given as constants. It is 

clear that  when constructing a mathematical model  of such a 

problem,  by placing these expenses writhin  ceratin intervals we 

get a more real wal  mathematical model. We acept the following 

denotation:  

n  is the  number of wells in the field, m  is the maximim number 

of platforms to be built , jic , is the drilling expense of the j -

th  nj ,1 well to be drilled from the i -th  mi ,1   platform. 

In this paper we sccept 

that    ijijijijijij aaaccc ,,,  ,  iii PPP ,  njmi ,1,,1 

. iP - ),1( mi   is the maximum, number of wells to be drilled 

from the i -th platform. 
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For constructing a mathematical model of the problem under 

consideratian we accept the  unknowns as follows ijx  and 

iy  ,,1 mi  nj ,1  


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Writhin these denotation, the total expense for drilling  the  wells 

from the platform is  
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ijijij xcc

1 1

, .  Total expence  for 
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iii yaa
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, . On the other hand,  from 

each  i -th  mi ,1 platform at most entire number well on the 

interval   ii PP , ),1( mi  must be drilled. For that the condition 

  i

n

j
iiij yPPx
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
1

, mi ,1 must be satisfied.  

So, the mathematical model of  the considered problem will be as 

follows:  
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,01ijx ,01iy ,,1 mi  nj ,1                (4) 

 

 

Here condition  (2) shows that each well should be drilled only 

from one plarform.  Condition  (3)  is the number interval of wells 

to be drilled  from each platform. We have worked out this 

approximate method for solving problem (1)-(4) . This  method is 

based on optimistic and pessimatic startegies, and dixotomy 

(bisectiion)  method was used. 

 

 

ON APPROXIMATION THEOREM IN WEIGHTED 

LEBESGUE SPACES 
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In this abstract we reduce a weighted Lebesgue modulus 

of continuity in weighted Lebesgue space and Popoviciu type 

theorem is studied.Let   ,0x   and let   .1 2xx 
 
The 

weighted Lebesgue space  ,0,pL  is the collection of all 

Lebesgue measurable functions, such that  
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We consider a new weighted modulus of continuity in 

Lebesgue spaces 

 
   
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CORROSIVE FAILURE OF THICK-WALLED PIPE 
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Corrosive-mechanical failure is one of the dangerous 

constructions. As is known such failure of metals and metal goods 

takes place under joint action of load and aggressive medium. 

Corrosive failure depends on many factors including mechanical 

stress, potential, temperature, time, etc. Determination of time to 

corrosion failure is one of the basic problems in studies of 
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corrosion of metals. In the given paper [1] the case when in the 

corrosion process only stress undergoes a change in time is  

 

considered. Considering corrosion as a process of accumulated 

damages of certain type, and also on the basis of analysis of 

experimental curves of corrosive strength, in [2], a theoretical 

formula that determines time to corrosion failure of metals under 

nonstationary change of stress in the corrosion process, is derived.  




















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
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











2

321*
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AAAtt








            (1) 

 Here 
*

t  is time to corrosive failure of metals under 

nontationary change of stress, )(t  , where t  is time; 

)(o
o

  ; 
b

  is a stress under which detachment of pure metal 

happens; 
o

  is some standard stress; 
321

,, AAA  are experimentally 

definable constants; )(
oo

tt   is a universal function of the system 

―metal-corrosive medium‖, time to corrosive failure of 

experimental sample under different constants of stress  .  

 Using formula (1) time to corrosive failure at torsion of 

thick-walled pipe situated in corrosive medium, is determined. 

The torsion problem is considered in physically linear, 

geometrically nonlinear statement whose solution is given in [3]. 

Time to corrosive failure of metallic thick-walled pipe at torsion 

under the action of torque acting on its ends and situated in 

corrosive medium, is determined. 

The numerical calculations show that the corrosive 

process begins on the pipe surface. 
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 In this paper, we consider the vector problem of calculus 

of variations  

       
 

,min,,
1

0


  x

t

t

dttxtxtLxJ                 (1) 

    1100 , xtxxtx  ,                             (2) 

where RttRxx n  1010 ,,, aregiven points.  

For a given function     RRRttxxtL nn 10,:,,  , called an 

integrand, we assume that, it is a twice continuously differentiable 

function with respect to a set of variables. 

Functions     ,,, 10

1 nRttKCx   satisfying boundary 

conditions (2), are called admissible, where   nRttKC ,, 10

1
 

denotes the space of piecewise smooth functions. 
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It is known [1] that, if the integrand  xxtL ,,  is continuous in 

nRQ , and the function  x attains a strong minimum in 

problem (1), (2), then inequality  

      

          
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
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

     (3) 

holds, where Q  is an open set, containing the 

graph      10 ,:, ttttxt   of the functions  x ,  10 , ttI   is 

the set of points of continuity of the functions  x , and 

).,0( R  

Introducing a new variation of theWeierstrass type in the paper, 

we study the case where condition (3) at the point 

   0\ˆ,ˆ,ˆ,ˆ nRRRIqpt    is equal to zero, i.e., condition 

(3) along with the Euler extremal  x  degenerates at 

point  ̂,ˆ,ˆ,ˆ qpt . As a result, we obtain the second-order 

necessary conditions of the inequality type and for It intˆ  of the 

equality type for strong and weak extrema. 
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THE PROBLEM OF OPTIMAL STABILIZATION OF THE 

HEAT DISTRIBUTION PROCESS IN RARE MEDIA 
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Heat transfer in rare media during high-intensity non-

stationary processes is described by the generalized Fourier law 

[1].Then, in the absence of internal sources, the relaxation model 

of the process is described by the equation: 

),0()1,0(),(,
2

2
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
 ,               (1) 

with initial conditions 
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),()0,( 10 t
t
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xxu  




 ,                     (2) 

and boundary conditions 
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
tutp

x

tu
,                            (3) 

where )1,0()( 2
20 Wx  , )1,0()( 1

21 Wx   are given functions,  

and ),0()( 2 TLtp   is the control function. 

It is required to find a feedback control so as to minimize the 

functional 

 

















0

1

0

222 )()),(),((][ dttpdxtxutxupJ x ,             (4) 

under the conditions (1)-(3). 

 Applying eigenfunction expansions of the problem 

0)0(,0)0(,0)()( 2  XXxXxX  ,          (5)                               

we obtain an infinite system of ordinary differential equations for 
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the Fourier coefficients: 

 

 )0(, uBpuA
dt

ud
,                        (6) 

and functional (4) takes the form 

dttpuDupJ 

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0

2 ))((][ ,                          (7)                                                      

where A , B , D , u  and   are matrices of infinite dimension of 

the form 
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Here nnn tutu 021 ),(),(  and n1 are Fourier coefficients of the 

functions ),( txu , ),( txux , )(0 x and )(1 x , respectively. 

 For problem (6)-(7), the optimal synthesis can be sought 

in the following form (see [2]) 

,)()( tuKBtp                          (8) 

where the matrix K is a solution of a Riccati-type matrix algebraic 

equation        

0 DKBKBKAKA                 (9) 

and has a block structure 
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To find an approximate positive definite solution of equation (9), 

each matrix )2,1,( jiKij  is sought in the form of a regular  

 

series in powers of a small parameter (see [3]) 








0

)(

n

n
ij

n
ij KK  .                            (10) 

Substituting this expansion into equation (9) and equating the 

coefficients for the same powers of the parameter  , we construct 

an iterative process of finding the members of the series (10). In 

particular, it is easy to obtain the first two terms of expansion (10) 

in an analytical form. 

 It is established that for the asymptotic stability of a 

closed system 

 )0(),()( utuKBA
dt

ud
                    (11) 

it suffices to restrict ourselves to two terms of the series, i.e. 
)1()0(

ijijij KKK  , 

and there is an estimate 

cJJ  , 

where J is the approximate value of functional (7) on an 

suboptimal control. 
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In this paper, we consider  Phragmen-Lindelöf type result 

for the solutions of the Dirichlet problem in the unbounded 

domain for elliptic equation  

, 1 1

( ) ( ) 0
n n

ij i

i j ii j j

u u
a x b x

x x x 

   
      

  .               (1) 

The domain D , 2n n   satisfies the condition at infinity: 

0 0

2 2m mQ D Q    for 0 0 0, 1, 2,...m m m m   .  The leading 

coefficients ( )ija x  satisfy the uniform ellipticity condition: 

2 2

1 2( )C A x C     and the small coefficients are such 

that : for all  0 0 0, 1, 2,...m m m m      it hold                  
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by some 
2

n
p    and  

3 4,C C  to be independent on  m . Then the 

following assertion takes place. 

   Theorem. Let 
nD  be an unbounded domain satisfying 

cone condition. Let ( )u x  be a solution of equation (1) in D  

receiving non-positive values on boundary D  of domain D . 

The leading coefficients of (1) satisfy uniform ellipticity, the small 

term coefficients to the conditions (3), (4). Then either ( ) 0u x   

in D , or there is a constant 4 0C   depending on 

1 2 3 4, , , , ,C C C C n    such that it holds  

liminf
r

  
4

( )
0

C

M r

r
  

      This subject was studied by E.M.Landis [1] and A.A. 

Novruzov [2]  and  A. Aliyev [3] under the conditions for all 

x D : 

 div B 0   and  0B x   
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CHARACTERIZATION OF FRACTIONAL MAXIMAL 

COMMUTATORS ON ORLICZ SPACES IN THE DUNKL 

SETTING 
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Harmonic analysis associated to the Dunkl transform and 

the Dunkl differential-difference operator gives rise to 

convolutions with a relevant generalized translation. On the 

dR the Dunkl operators  d
jjkD

1, 
 are the differential-difference 

operators associated with the reflection group dZ 2 on 
dR .  

Let    ryxRyrxB d  ::,  denote the ball in 
dR  that 

centered in 
dRx  and having radius 0r . Then having 

   
 


rB

kk
dxxhrB

,0

2,0 . 
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The fractional maximal operator kbM ,, , kd  20   

associated with the Dunkl operator on 
dR  is given by  

            
 
  




rxB

kd
k

r
kb dyyhyfybxbrxBxfM k

,

2
2

1

0
,, ,sup 





, 
dRx . 

It is well known that fractional maximal operators play an 

important role in harmonic analysis. In this work, in the 

framework of the Dunkl analysis in the setting 
dR , we study the 

boundedness of the maximal commutator kbM ,,  and the 

commutator of the maximal operator,  kMb ,,  , on Orlicz spaces 

  dxxhRL k
d 2, , when b  belongs to the space 

  dxxhRBMO k
d 2, , by which some new characterizations of the 

space   dxxhRBMO k
d 2,  are given.  

Theorem 1. Let  be a Young function with 2 . Then the 

condition   dxxhRBMOb k
d 2,  is necessary and sufficient for 

the boundedness of kbM ,, on  dmRL , .  

Let   0 xb , if   0xb  and    xbxb 
, if   0xb , 

     xbxbxb  : . From Theorem 1 we deduce the following 

conclusion.  
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Corollary 1 Let   be a Young function with 2 . Then the 

conditions   dxxhRBMOb k
d 2,  and  dmRLb ,

   are 

sufficient for the boundedness of  Mb, on   dxxhRL k
d 2, .  

 

ON THE SPECTRAL PROPERTIES OF THE STURM - 

LIOUVILLE OPERATOR WITH A BOUNDARY 

CONDITION QUADRATICALLY DEPENDENT ON THE 

SPECTRAL PARAMETER 
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We consider the boundary value problem generated on 

the interval ],0[   by the Sturm-Liouville equation 

  yyxqy 2                                      (1) 

and the  boundary conditions of the form                             

  ,0)()()0(

,0)()0(

2 







yymy

yy
        (2) 

where )(xq  is a real function belonging to the space ],0[2 L ,   

is a spectral parameter, and  ,,, m  are real numbers with 

0m . Let the following condition be satisfied: for all 
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functions      xyWxy ,,02
2   0, 0 satisfying the boundary 

conditions (2), the inequality 

            01

0

2222















 



 dxxyxqxyyym  

(thisinequality is necessarily satisfied if   0,0,0  xqm ). 

It is proved that under this condition the eigenvalues of the 

boundary value problem (1) - (2) are real and nonzero. This task 

does not have associated  functions to its eigenfunctions. In 

addition, a criterion for the multiplicity of the eigenvalue was 

found and an asymptotic formula for the eigenvalues was derived. 

Note that boundary value problems for ordinary differential 

equations with a parameter in the boundary conditions in various 

statements were studied in many articles (see [1–7] and the 

literature therein). 

 

References  

 

1. Shkalikov, A.A.: Boundary value problems for ordinary 

differential equations with a parameter in the boundary 

conditions, Trudy Sem. Petrovsk. 9 (1983), 190–229. 

2. Kerimov, N. B., Mamedov, Kh. R.: On one boundary value 

problem with a spectral parameter in the boundary conditions,Sib. 

Math.J.  40(2)(1999), 281-290. 

3. Moller, M., Pivovarchik, V.: Spectral Theory of Operator 

Pencils, Hermite-Biehler Functions, and  their  

Applications,Birkhauser:  2015.  

4. Freiling, G., Yurko, V.: Recovering nonselfadjoint differential 

pencils with  non-separated  boundary conditions, Applicable  

Anal.  94(8)(2015), 1649–1661. 

5. Ibadzadeh, Ch.G.,Nabiev, I.M.:An inverse problem for Sturm-

Liouville       operators  with non-separated boundary conditions 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

360 

 

containing the spectral     parameter,J. of Inverse and Ill-posed 

Problems 24(4)(2016),407–411. 

6. Sadovnichii, V.A., Sultanaev, Ya.T.,  Akhtyamov, A.M.: 

Uniqueness of reconstruction of the Sturm-Liouville problem 

with spectral polynomials in nonseparated boundary conditions, 

Dokl. Math. 94(1) (2016), 461-463. 

7. Guliyev, N.J.: Schrödinger operators with distributional 

potentials and boundary conditions dependent on the eigenvalue 

parameter, J. Math. Phys., 60(6) (2019), 063501, 23 p. 

 

A FRACTIONAL ORDER WEIGHTED SOBOLEV 

INEQUALITIES IN THE DOMAIN 

N.M. MAMMADZADE
 

Oil and Gas Scientific Research Project Institute of SOCAR 

Company. H.Zardabi str., 88A, AZ 1012, Baku, Azerbaijan,  

ANAS Institute of Mathematics and Mechanics, B.Vahabzade 9, 

Baku, AZ1141, Azerbaijan 

email: nazire.m@mail.ru 

 

In this report, we study a sufficiency conditions for the 

fractional order weighted Sobolev‘s inequality 
1 1

( ) ( ) ( ) ( ) ( , )

q q
q p

D D D

f x v x dx C f x f y x y dxdy
   

    
   
    

on domain 
nD and a function 0( )f C D . In particularly, 

the following assertion is proved.  

        Theorem. Let   be a positive measurable function in D  

such that  
1

A


 -the Muckenhoupt‘s class.  Then the condition  
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2

1 1
sup ( )

( )x Q
Q Q

x y dy dy C
yQ




  
    

   
   

   

for any cube ( , )Q Q x r  with center in x D   edge  0 t   

diam D  is sufficient for the inequality  
2 2

( ) ( ) ( )

( ) ( )
n

D D D

f x f x f y
dx C dxdy

x x y x y 




 
    

 

to hold for any continues function f  in D  vanishing on its 

boundary D . 

      For this subject we cite [1,2]. 
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Let  ),,( PF  some probability space   and on it a non-

decreasing flow  algebra  ],[],[),(, 1010 xxttDxtFtx  .  

kamilbmansimov@gmail.com
mailto:mastaliyevrashad@gmail.com


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

362 

 

)(DR  space measurable in ),,( xt and txF  agreed 

processes nRDz :   such that .),(
2

 dxdtxtzE
D

 

E  sign of expectation. 

Let us consider the controlled stochastic differential 

equation of Darboux [1]:                      

 ),,,,,( uzzzxtfz xttx ,/),(),,( 2 xtxtWzxtg      (1) 

with boundary conditions type Goursat 

                    
 

  ).()(,,),(),(

,,),(),(

00100

100

tbxattttbxtz

xxxxaxtz




            (2) 

Here ),,,,,( uzzzxtf xt
 given n  dimensional vector 

function, continuous along set of variables together with 

partial derivatives with respect to ;,, xt zzz ),,( zxtg   given 

n  dimensional vector function, continuous along set of 

variables together with partial derivatives with respect to z ;  

 

boundary n dimensional function vector )(),( tbxa  are 

given on ],[ 10 xx , ],[ 10 tt respectively, satisfy the Lipschitz 

condition;  xtW /2
n  dimensional two-parameter 

independent   ―white noise‖ on the plane. 

Valid control class U  is the class all measurable and 

bounded functions  xtu ,  with values in space ,rR i.e. 

( )).,(),( UDLxtu    

 The goal of the optimal control problem is to minimize 

functional 

 ,)),(()( 11 xtzEuS                                    (3) 
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defined on the solutions of problem (1) - (2) with admissible 

controls. 

 Here )(z   given, continuously differentiable scalar 

function. 

Our goal is, based on the method proposed in [2, 3], to 

derive the necessary first-order optimality conditions such 

as the Pontryagin maximum principle in the problem (1) - 

(3) under consideration. 
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In this paper, we consider the following vector problem 

of variational calculus  
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  
 

,min))(),(,(
1

0

 


t

t
x

txtxtLxJ 

                         

(1) 

,,,)(,)( 101100

nRxxxtxxtx 
                         

(2) 

where nR  is n -dimensional Euclidean space and ,0x ,1x 0t , 1t are 

the given points. The given function 

      ,:,: 10 RRRttL nn ,  

called an integrant, is assumed to be continuous in each variable. 

The sought function     nRIttx  :,: 10  is a piecewise- 

 

smooth vector-function. We denote the set of such functions by 

 nRIKC ,1 . The functions    nRIKCx ,1  satisfying boundary 

conditions (2) are said to be admissible.  

Let us remind (see for instance [1, p. 107]) some notion 

of classic variational calculus. The admissible function  x  is 

called a strong (weak) local minimum of problem (1), (2) if there 

exists a number )0ˆ(0    such that the in equality 

      xJxJ  holds for all admissible functions  x  which 

satisfies 

            .ˆ}),(max{
),(),(),(

 


nnn
RILRICRIC

xxxxxx   

In this case, we say that the admissible function  x  is a 

strong (weak) local minimum of problem (1), (2) in   ˆ -

neighborhood. 

To obtain necessary conditions of classic variational 

calculus, as a rule, at least it is assumed that the integrant )(L  is 

continuously-differentiable in some domain U  of 
12 nR . We call 

the variational problem non-smooth if the integrand of this 

problem is non-differentiable even if with respect to one of its 

arguments. Obtaining such results is important for problem (1), 
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(2) since they do not follow as corollaries from general theory of 

optimal control as it was done for example in [2, p. 33] and in the 

present paper.  

In this paper we offer a new method that allows us to 

study strong and weak extrema in problem (1), (2). 

The following theorem is proved as the basic result. 

Let  x  be some admissible function in problem (1), (2) 

and IT 1  be the set of continuity points of the function )(x . 

We define the following function associated with to the integrant 

),,(

xxtL  and the function )(x : 

  

,)1,0[),,(,)]()
1

)(),(,()[1(

)]())(),(,([;,,

1

nRTttLtxtxtL

tLtxtxtLxtQ




















      

 

where )).(),(,(:)( txtxtLtL   

Theorem. Let the integrand RRRIxxtL nn :),,(   be 

continuous in each variable. Then: 

a) if the function )(x  is a strong local minimum of problem (1), 

(2), then the following inequality is satisfied: 

  ;)1,0[),,(,0)(;,, 1

nRTtxtQ    

b) if )(x  is a weak local minimum of  problem (1), (2), then there 

exists a number 0  such that the following inequality is 

satisfied: 

  ),0(]2,0[),,(,0)(;,, 1

1  BTtxtQ  
 

where the set )0(B  is a closed sphere of radius   centered at the 

point nR0 . 
Under the smoothness condition of the integrand )(L , we 

obtain different, more constructive corollaries including the 

Weierstrass conditions, from this theorem. 
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This thesis deals with the existence and uniqueness of the 

system of nonlinear impulsive differential equations of the type 

))(,()( txtftx 
 
for ],,0[,,...,2,1, Ttpitt

i


           
(1)                                 

subject to impulsive conditions 

)),(()()(
iiii
txItxtx  ],,0[,,...,2,1 Ttpi             

(2) 

,......0
110 111

Ttttttt
pppp




  

and three-point and integral boundary conditions 
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  ,)()()()0(
0

ddttxtnTCxBxAx

T

 

                

(3)

                                                        

 

where CBA ,, are constant square matrices of order n such that 

  nn
T

RRTfdttnCBANN   ],0[:);(,0det
0

 

  nnRTn ,0:  
and nn

i
RRI : are given functions; 

),()()(  
iii
txtxtx where

 ),(lim)(
0

htxtx
i

h
i




 )()(lim)(
0

ii
h

i
txhtxtx 





 

Are the right- and left-hand limits of )(tx  
at point 

i
tt  , 

respectively.

 
The aim of the thesis is to investigation a solution of 

system of the nonlinear impulsive differential equations with 

three-point and integral boundary conditions (1)-(3) . The Green 

function is constructed and we considered the original problem is 

reduced to the equivalent integral equations. Sufficient conditions 

are found for the existence and uniqueness of solutions to the 

boundary value problems for the first order non-linear system of 

the impulsive ordinary differential equations with three-point and 

integral boundary conditions. The Banach theorem about the 

fixed point is used to prove the uniqueness of a solution of the 

problem and Schafer‘s theorem about the fixed point is used to 

prove the existence of a solution of the problem considered [1]. 
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ON THE EXISTENCE OF THE SOLUTION OF A MIXED 

PROBLEM FOR A CLASS OF EQUATIONS WITH 

TYPICAL DEGENERATION 

V.Yu. MASTALIYEV  

Azerbaijan State Pedagogical University, Baku,  Azerbaijan 

In the papers [4], [5] it was shown that mixed problems 

both for I.G. Petrovsky well-posed equations can be ill-posed and 

for ill-posed equations they can be well-posed. 

In this paper we study the existence and uniqueness of the 

solution of a mixed problem for a class of equations with 

complex-valued coefficients, behaving as parabolic one in spite of 

the fact that in the course of ―time‖ they can pass from parabolic 

type to Schrodinger one or even into antiparabolic type. We study 

solvability of the mixed problem  

U
x

xLU
t

tM 
























,, , 10,0  xTt     (1) 

)(),0( xxU                                    (2)               

0)1,()0,(  tUtU                              (3) 

where    ,,
01

tP
t

tP
t

tM 
















  ,,

2

2

x
xa

x
xL


















    ,
111

 tptP  tip
12

  are complex-valued 
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functions,   0xa ,

        0,1,0]1,0[],1,0[
1

 tPjCtPCxa
j  . 

The following conditions are supposed to be fulfilled:  

.10

 
 

Ttd
P

d
t

 0,0Re
0 1





; 

.20

  0xa , 10  x  

.30

]1,0[)( 2Cx  ,  0)1()0(  . 

Note that condition 1º allows to go beyond I.G. 

Petrovskyparabolicity  (even well-posedness) of equation (1). 

Obviously, subject to condition 2º ,equation (1) is I.G. Petrovsky 

parabolic if 

  ,0Re
1

tP Tt 0  ,                           (4) 

provided condition 1ºP1 (t)can be zero or negative in some part 

of(0, T] . 
The following theorem is valid. 

Theorem:Let conditions 1º, 2º, 3º be fulfilled. Then problem (1)-

(3) has a unique classic solution 

   ]1,0[],0[]1,0[],0(),( 2,1  TCTCxtU and it is represented 

by the formula (for 0t ) 

 
 
      









1

1

0

,,, 0 1

2
0

k

d
P

P

dxGeresxtU

t

k









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 In some instances, the equation of propagation of longitudinal 

waves can arise in the theory of long waves, plasma physics, 

problems of hydrodynamics and so on [1-3]. 

 We investigate an inverse problem of finding the functions 

)(
~

),( )2,2(

TDCtxu   and ],,0[)(),( TCtbta   connected in the 

rectangular domain }0,10:),{(: TtxtxDT   for the 

equation [1-3] 

 ),(),(),( txutxutxu xxttxxtt   

,),(),(),()(),()( TDtxtxftxgtbtxuta   

with the conditions 
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,0,2,1),(),(,0),1(),0(

,10),(),(),()0,(

),(),(),()0,(

0

2

0

1

Ttithtxututu

xxdxtxutxPxu

xdxtxutxPxu

iix

T

t

T















 

where ,0,   )1,0(ix  );2,1(
21
xxi   are fixed numbers,  

)2,1()(),(),(),,(),,(),,(),,(
21

ithxxtxPtxPtxgtxf i  are 

given functions, and 

:)(
~ )2,2(

TDC  

)}.(),(),,(),,(,)(),(:),({: 2

TttxxtxxttxT DCtxutxutxuDCtxutxu   

In the present paper, a nonlinear inverse boundary-value 

problem for the equation of longitudinal wave propagation is 

considered. First, the original problem is reduced to an equivalent 

problem. Further, the existence and uniqueness of the solution of 

the equivalent problem are proved using a contraction mappings 

principle. Finally, using the equivalency, the existence and 

uniqueness of a solution of the considered problem are obtained. 
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We consider the following eigenvalue problem 

  ,10),()()(()()4(  xxyxyxqxy             (1) 

,0)1()1()1()1()0()0(
21

 yaTyyayyy      (2) 

 

where C is a spectral parameter, ,yqyTy   )(xq  is 

positive absolutely continuous function on ],1,0[  
22

, aa  are 

constants such that .0
21
aa  

 The spectral properties of problem (1)-(2) in the case 

0,0
21
 aa was studied in the paper [1]. In this note we 

investigated the oscillatory properties of this problem and their 

derivatives in the case .0,0
21
 aa  

  Theorem. Let .0,0
21
 aa  Then the eigenvalues of 

problem (1)-(2) are real, simple and form an infinitely increasing 

sequence ...,,...,,
21 k

 such that 0
1
  and 0

k
 for 

.2k  Moreover, the corresponding eigenfunctions and their 

derivatives have the following oscillation properties: 

 (i) the eigenfunction ),(xy
k

 corresponding to the 

eigenvalue ,
k

 for 2k  has no zeros, for 3k  has either 3k  

or 2k  simple zeros in the interval ;)1,0(          

 (ii) the function )(xy
k
  for 2k  has exactly 2k simple 

zeros in ;)1,0(   
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 (iii) the number of zeros of functions )(
1

xy  and  )(
1

xy  

contained in )1,0( are 
 )0,( 1

)(



m

m
i ,  where )(i  is the oscillation 

index of the eigenvalue   of problem      

,10),()()(()()4(  xxyxyxqxy   

.0)1()1()0()0()0(
2

 yaTyyyy   
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A VARIATIONAL APPROACH TO SOLVING THE 

PROBLEM OF THE STABILITY OF A GENTLE ARCH 
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 In the work, a variational principle of a mixed type is 

developed for determining the stress-strain state of bodies 

composed of a finite number of elements. The effectiveness of the 

proposed method is illustrated by the example of solving the 

problem of snapping a linearly elastic piecewise-uneven in 

thickness gently sloping arch, articulated at its ends, which is 

subject to a uniformly distributed vertical load. 

Consider a gently sloping arch, articulated at two ends, whose 

axis is formed by an arc of a sinusoid 











l

z
c


 sin0 ,                         (1) 
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where 0c  is the arrow to raise the arch, l  is the span of the arch, 

  is the determining parameter, and z  is the longitudinal 

coordinate. The cross section of the arch is assumed to be 

rectangular with height - h2  and width -b . 

 The arch carries a uniformly distributed vertical intensity 

load - q . Due to the law of flat sections, we write: 

zzzzz yu ,,,,    .   (2) 

 To find the stationary values of the functional [1], we use 

the Rayleigh – Ritz method. We write the approximating 

functions as follows [2]: 



















h

y
E v 2

101    , 0u ,           (3) 

here )/sin(11 lzv   .   

  

 Given the formulas (1) - (3) in the expression of the 

functional, after some mathematical transformations, the 

functional will take the form: 

.
2

2

23

2

02
2
1

2
12

0
2
0

2
110

22

10
2
0

2

1
















c
l

E
h

bl

E
bl

c
l

h
bEhc

l
bEJ





 

 Varying J  with respect to 10 ,,    and integrating the 

obtained formula under initial conditions, we arrive at a system of 

equations. Combining these equations, we get one expression for 

determining the stress-strain state of the arch.   
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FUNCTIONS IN ALGEBRA 
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Let,  ,*,,,; 
ii kk PP  - be the Post algebra  

sonthe set  1,...,1,0  ik kE
i

    ( 
ikE2 , where

ikE -is 

the power of the set
ikE );  






1n

n

kk ii
PP -is the set all 

multiplace functions on ),...,2,1( miE
ik  ;  n

ki
P are all n -place 

functions acting on the set 
ikE . *,,,,  are algebraic  

operations equivalent to the superposition  ( kPf  ). 

Web will assume that all 
ikE  are different and do not 

intersect. Under the direct product of the Post algebra we 

will understand their product as graded algebra:  

    





1

,*,,,;......
11

n

n

k

n

kkk mm
PPPP   

 It is known that if f  is a not identical unary 
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operation for which ff 2 or k
q idf   - is an idential 

operation ( q is a prime number), then  f  is a minimal 

subalgebra in  kP . 

 Lemma 1.Let the number of minimal subalgebras in 

algebras kP and mP generated by unary-functions f for which 

ff 2 equal k
~

and m~ respectively, and the number of 

minimal subalgebras generated by the unary 

functions  ji ff
~

for which 

m

p

jk
q

i

m
p

k
q

idfidf

idfidf

ji 



~
,

~
, 11

11

  

be equal iq~ and jp~ , respectively where iq and jp  are prime 

numbers. Тhen in algebra mk PP  the number of minimal 

subalgebras generated by unary 2-functions f for which 

ff 2 equals 

   11~1
~

 mk  

The number of minimal subalgebras generated by unary 2-

functions for which  

mk
q

idf t
  

equals    11~1~  st pq , where st pqjsit  ,1;1 . 

 If for  it ...,,11   there does not exist  js ...,,11  , such 

that 
11 st pq  and vice –versa forthere does not 

exits  js ...,,12   it ...,,12  , such that,  mk PP  , the numbers 

of minimal subalgebras of algebra generated by unary2-
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functions for which mk

q
idf t

1 and mk

p
idf s

2 , respectively, 

equal
1t

q and
2sp . 

 The proof of the lemma is not difficult  if we take 

into account that unary 2-

functions     211 , xxfXf  and        21211 ,,
~

xxXxfxXf  a

re non –trivial functions, if  11 xf  in kP and  22 xf  is non-

trivial in mP . 

Theorem 1. Inalgebra 22 PP  thereexist11minimal 

subalgebras generated by unary  2-functions. 

 Theorem2.Inalgebra 32 PP  thereexist37 minimal 

subalgebras generated by unary  2-functions. 

 Theorem3.Inalgebra 33 PP  thereexist117minimal 

subalgebras generated by unary  2-functions. 

 
OSCILLATIONS OF ANISOTROPIC RECTANGULAR 

PLATE LYING ON NON-HOMOGENEUS VISCOUS 

ELASTIC BASE 
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National Academy of Sciences of Azerbaijan, Institute of 

Mathematics and Mechanics,  
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9, B. Vahabzade Street, AZ1141 

gulnar.mirzayeva@gmail.com 

This paper explores the problem of free oscillation of a 

continuously non-homogenous anisotropic plate lying on a non- 

homogenous viscous elastic base. The reaction of the base with 

the deflection is bound as follows [3, 4]: 
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),,(),(),(
2

2

21 yxw
t

yxkyxkR 











           (1) 

There w -deflection, t -time, ),(1 yxk and ),(2 yxk  continuous 

functions that characterize the base property. 

 The coordinate system is selected as follows axis X  and 

Y is in the median plane Z - perpendicular to it. Material 

characteristics and density are functions of three spatial 

coordinates. 

)(),();(),( 21021

0 zyxzfyxfaa ijij          (2) 

There
0

ija and 0 -correspond to homogeneous anisotropic material, 

),(1 yxf with its derivatives to the second 

order )(),,(),( 212 zyxzf  themselves are continuous 

functions. 

In the case when the material characteristics and density are 

continuous functions of the constructed coordinates of the 

equation of motion, it is written as follows: 

0),(),(),(),()(
2

2

12

2

21


















 yxW

t
yx

x
yxKWyxKWL   (3) 

The solution (3) will be sought in the following form: 
tieyxVtyxW ),(),,(                               (4) 

There, ),( yxV - the boundary conditions must be satisfied,  -

frequency. 
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When applied to the input of initial symptoms, medical 

diagnosis or from parameters, output parameters describe the 

diagnosis is made. Dependence on the input parameters and 

output parameters are used for the one, two or multi neural 

network. The most important first step is to remove the issue of 

what neural network input and output parameter. It is unthinkable 

that such a question is, at first glance, but the neural networks 

―from scratch‖ began in the dozens of mathematically feasible to 

set up or can be solved using neural networks architecture. In the 
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second stage, the neural network should be taught, its weight 

must be chosen in such a way that the network to work properly.  

 

Although the function of complex neural network study process 

depends on a lot of these procedures. Many learning algorithms 

have been developed specifically for architectures, allows you to 

assign a particular weight to the neural network. The 

experimental study is done based on the nature of the subject 

area. Clinical signs of experimental data are considered in the 

process of medical diagnosis. Majority of clinical symptoms is 

determined by the input parameters. The neural network training 

process is interactive as the input parameters are determined by 

the correlation between the final diagnosis. The optimal 

combination of weights connecting the neurons found in adjacent 

layers at the same time. 

Expert evaluation of the neural network approach is particularly 

effective, because the function of the computer to process and 

both the number and the recognition function is used to generalize 

the brain. Neural network processing a large amount of factors 

wagon ―good doctor‖ in any field, as it can make a diagnosis. 

Diagnosis of poisoning by carbon monoxide and other toxic 

substances in the specificity of their input and output parameters, 

the dependence of the peer assessment provides a basis for the 

establishment of the neural network. For doing that, we need to 

define input and output parameters. Firstly determine the structure 

of the neural network (fig.1): 
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Fig. 1. A general 

description of the neural network with 15 hypothesis and 38 two 

layered symptoms. 

The neural network creates as following: 

   (1) 

Where, xi
+
 - shows the mandatory presence of the parameter xi  in 

the corresponding hypothesis; 

xi
- 
- shows not the mandatory presence of the parameter xi  in the 

corresponding hypothesis; 

xi
yes/no 

- shows the detection of insignificant parameter xi  in the 

corresponding hypothesis. 

For that reason the evaluation will be: 

 

α – release of representatives that don‘t included to sum up.  

yj – hypotheses, (j = 1,2,…,15); 
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xi – parameters (i = 1,2,…,). 

 

(1) In terms of the sum of the first and second hypothesis, we 

accept as a fact the existence of a zero, then  

 

confirming the hypothesis that the expression of all the possible 

variations should be considered as a cluster. This cluster will be 

moved to two functions: 

 All the α ≠ 0 incidence confirms the hypothesis; 

 Training neural networks for the recognition of 

the majority of the α hypothesis set, the 

maximum value of the number of (2n-1), the 

hypothesis, which is included in the “yes/no” 

equal to the number of n. 
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The eigenvalues and eigenfunctions of certain operators 

generated by symmetric differential expressions with constant 

coefficients and self-adjoint boundary conditions in the space of 

Lebesgue squareintegrable functions on an interval are explicitly 

calculated, while the resolvents of these operators are integral 

operators with kernels for which the theorem on an eigenfunction 

expansion holds. In addition, each of these kernels is the Green‘s 

function of a self-adjoint boundary value problem, and the 

procedure for its construction is well known. Thus, the Green‘s 

functions of these problems can be expanded in series in terms of 

eigenfunctions. In this study, identities obtained by this method 

are used to calculate the sums of convergent number series and to 

represent the sums of certain power series in an intergral form. 

In particular, the following is true. Let ( )nP x  be a 

polynomial of degree 2n   with real coefficients. Consider a 

self-adjoint boundary value problem 

( ) ( )(0) (2 ) 0, 0,..., 1.

n

j j

d
P i y f

dx

y y j n

  
 

 


   

           (1) 

Теорема. Let a polynomial with real coefficients ( )mp x  

( 1m  ) be such that
2( ) 0mp k   for 0,1,..k  and let 
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2( ) ( )n mP x p x in problem (1). Then the Green’s 

function ( , )G x t  of this problem can be represented in the form 

 
2

1

1 1 cos ( )
( , ) .

2 (0) ( )km m

k x t
G x t

p p k 






                 (2) 

From equality (2), in turn, it follows that 

02
1

1 1
(0,0)

2 (0) ( )km m

G
p p k






   and 
02

1

1 ( 1)
(0, ).

2 (0) ( )

k

km m

G
p p k

 





 

(3) 

Let (0,1)a  and 
2 2

2( )P x x a   in problem (1), then 

equalities (3) coincide with Euler‘s formulas fordecomposition of 

the functions ( )ctg a   and / sin( )a   into simple 

fractions. Thus, formulas (6) are, in a sense, generalizations of 

these decompositions (see more details [1]). 

If we use the Green functions of other self-adjoint 

boundary value problems and Fourier series expansion of some 

elementary functions, then, in particular, we can obtain classical 

Euler formulas for the values of the Riemann  -function and the 

Dirichlet  -function at natural points and their generalization to 

an arbitrary admissible polynomial ( )mp x  (see [ 2]). 

This study was supported by the Russian Science 

Foundation (project no. 17-11-01215) 
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     Quantum mechanics gradually arose from theories to explain 

observations which could not be reconciled with classical physics, 

such as Max Planck's solution in 1900 to the black-body radiation 

problem, and from the correspondence between energy and 

frequency in Albert Einstein's 1905 paper which explained the 

photoelectric effect. The modern theory is formulated in various 

specially developed mathematical formalisms. In one of them, a 

mathematical function, the wave function, provides information 

about the probability amplitude of position, momentum, and other 

physical properties of a particle. Important applications of 

quantum theory  include quantum computing. 

     A quantum computer (QC) can operate in parallel on all its 

possible inputs at once, but the amount of information that can be 

extracted from the result is limited by the phenomenon of wave 

function collapse.  

     Researchers today are divided concerning whether or not it 

will ever be possible to build a QC of any significant size.  

    This paper  describes a macroscopic analogue of a QC that can 

be implemented today, using commercially available NMR 

spectrometers and ordinary liquid samples. Such an NMR 

computer differs from a QC in that it uses the parallelism inherent 

in macroscopic ensembles to estimate expectation values, instead 
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of the filtering and amplification concomitant upon wave function 

collapse. This enables it to efficiently solve a wider variety of 

problems, including NP-complete problems, although it may need 

an exponentially increasing sample size to do so. 

     The experimental issues involved in NMR computing, and in 

particular general methods for the preparation of pseudo-pure 

states, are being investigated. Despite its acknowledged 

limitations, it is possible that an NMR computer (or possibly 

some other type of EQC) will someday be built that can (with 

suitable algorithms) solve problems beyond the reach of 

conventional computers. Besides NP-complete problems, an 

NMR computer should be able to factorize integers by either a 

direct search procedure, or possibly by procedures based on 

Miller‘s approach which scale better. Another likely application 

would be to simulate the statistical behavior of open quantum 

systems, as originally proposed for closed quantum systems using 

QCs by R. P. Feynman. 
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Abstract 

 The main goal of this study is to investigate some spectral 

properties of a new type boundary value problems, the main 

feature of which is the nature of the equation and boundary 

conditions imposed. We established some important spectral 

properties of the eigenvalues and corresponding eigenfunctions. 

Particularly we proved that the spectrum of the considered 

problem is discrete and derived some asymptotic formulas for the 

eigenvalues. 
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1. Statement of the problem 

 

The classical boundary value problems (BVP's) arise as a 

mathematical modeling of many processes in various fields of 

natural science. But investigation of some processes in chemistry, 

aerodynamics, fluid mechanics, diffusion and etc. lead to various 

type nonclassical forms of BVP's (see, for example, [1,2,3,4]). In 

the present work we shall examine a new type of non-classical 

boundary value problems, consisting of a two-order differential 

equation 

1 2( ) ( ) ( ) ( ) ( ( )) ( ) (1)y x q x y x q x y s x y x     

on 1 1 2 2[ , ) ( , ) ( , ]x a c c c c b   , with boundary conditions at 

the end points x a  and ,x b  given by 

( ) ( ) 0 (2)y a y b   

and four transmission conditions at two interior points of 

interactions 
1x c  and 2 ,x c  given by 

1 1 1 2 2 2

' '

1 1 1 2 2 2

y(c -0) = y(c 0) , y(c -0) = y(c 0) (3)

y (c -0) = y (c 0) , y (c -0) = y (c 0) (4)

 

 

 

    
 

where the functions ( )iq x are continuous in the 

intervals 1 1 2( , ) , ( , )a c c c and 2( , )c b  with the  finite limits 

1 2( 0), ( 0), ( 0), ( 0), 1,2,i i i iq a q c q c q b i      is a complex 

spectral parameter, 
',i i  are real numbers with 

'. 1, 1,2, ( )i i i s x    is twice continuously differentiable 

function from [a,b] to [a,b]. 
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3. Statement of the problem 

 

For operator treatment of the considered problem let us 

define the linear operator 
2 2L :  L   L    with the domain 

of definition 
2

2 i i i

'

i i

y:y W , y(a)= y(b)=0, y(c -0)= y(c 0),
D(L)=

y (c -0)= y (c 0), i=1,2i





   
 
    

 

and action low  

1 2: ( ) ( ) ( ) ( ) ( ( ))Ly y x q x y x q x y s x    

 where 
3

2 1 2 1L : L ( , ),i i ic c    
2 3 2

2 1 2 1W : W ( , ),i i ic c   0 ,c a 3c b . 

0Let L y  :=  Ly - y(s(x)) . 

Let us formulate the main results of this study. 

Theorem 2.1. The linear differential operator 0L is 

densely defined and symmetric in the Hilbert space 2L .  

Corollary 2.2. The eigenvalues of 0L  are real and the 

eigenfunctions corresponding to different eigenvalues are 

orthogonal. 

Theorem 2.3. The linear differential operator 0L  has a 

precisely denumerable many eigenvalues 
2

n , 1,2,...ns n    for 

which the asymptotic formula 
n

1n
s O

b a n

  
   

  
 holds. 

Theorem 2.4. There are K > 0 , C > 0  and    > 0  

such that the estimate  
1 1I -L | |C 
   holds for all   with 

 < arg  <  2  -   , | |  >  K.      

Theorem 2.5. The spectrum of L  is discrete. 
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Remark 2.6. The eigenvalues of L  are not real in 

general. 

Theorem 2.7. The spectrum of L  consist of denumerable 

many eigenvalues ,n = 1,2,...n n ni     for which the 

asymptotic formulas 
2 2

2

n 2
lim 0

( )
n

n
n

b a




  


and 
2

nlim 0n nn  

     

is valid. 

Keywords : Boundary-value problems, discreteness, 

transmission conditions. 
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An exponential system with piecewise linear phase 

depending on some parameters is considered in this work. Basis 

properties of this system (such as completeness, minimality and 

basicity) are studied in a subspace of Morrey space where 

continuous functions are dense. A sufficient condition for the 

completeness (minimality or basicity) of this system in the 

mentioned subspace is found. 
 First we define the Morrey space on the unit circle  

 1:  zCz  on the complex plane С . Next,  int   

 

will denote the unit ball in С . By   ,0 L  we denote the 

linear space of all (Lebesgue-) measurable functions on   , . 

  10,1,,   pLp
, will denote the normed space of 

all measurable functions  f  on   with the finite norm  

 
  














 





p

B

p

B
L

dfBf p

/1

1
sup,






 , 

( 


B is the linear measure of intersection B ), where 

sup  is taken over all balls centered at   with an arbitrary positive 
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radius.  ,pL is a Banach space with respect to this norm. We 

also define the space   ,, pL , 10,1  p , 

which consists of measurable functions  f  on   ,  with 

the finite norm  

 
  













 






p

I

p

I
L

dttfIf p

/1

1

],[
,

sup,




 , 

wheresup  is taken over all intervals   ,I .  

Consider the subspace 
,pM  of functions  f  the shifts of 

which are continuous in 
,pL , i.e.  

    .0,0
,

 
p

ff  

To determine the basicity of the exponential system  
   ,Zn

nsigntnti
eE 






  

inMorrey spaces 
,pM , we used  the method of boundary value 

problems. 

The following main theorem is  proved. 

Theorem. The system E  forms a basis for the space 

,1,,  pM p 
for C . 

Attention should be paid to the fact that the corresponding result 

in case of the system 
   ,Zn

tnsignniee 

 
 is quite different. 

Namely, the basicity of e  requires inequality type restriction on 

.  
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INVESTIGATION OF ANISOTROPIC FRACTIONAL 

MAXIMAL OPERATOR IN ANISOTROPIC MORREY-

TYPE SPACES 
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Let  nloc RLf 1 .  The anisotropic maximal operator 

dM
 is defined by 

      
 

dyyfrxBxM

rxB

n

t

d








,

1

0

,sup



, 

where n0 ,  rxB ,  is the Lebesgue measure of the 

anisotropic ball  rxB , .  

Definition. Let  ,0 p  and let w  be a non-negative 

measurable function on  ,0 . We denote by 
dwpLM ,,

 the 

local Morrey-type space, the space of all functions  nloc
p RLf   

with finite quasi-norms  

      
 


,0

,0,,


 L
rBLRLM p

n
dwp

frwf . 

Theorem. Let d
p

d


1

,  211 pp ,  21,0  , 

11  Cw , 
22 w . If 

11 p  and 22 p  and  

mailto:mshams01@yahoo.com
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 
 

1

1112,

1

1

1

,2,2

1

1

sup

















pdwp

n
L

p

p

BL

p

p

rxB
d

RB

WWM 
 

where for all nRx   

  xL
wW

 ,011
1

 ,   
  

,22
2

xL
wW



, 

then dM  is bounded from dwp
CLM ,, 111

 to dwpLM ,, 222
.  
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 It is well known that the differential equations with 

parameters play important role in modeling of physical processes 

[1-3]. Convolution-differential operator equations (CDOEs) with 

small parameters have also significant applications to the 

developed theory to problems in mathematical physics. Note that, 

CDOEs have been investigated, e.g., in [4]. 
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 The main aim of this paper is to show the uniform 

separability properties of boundary value problems (BVPs) for 

the following CDOE 

with parameters 

              ,0,' 01
2/1 ttftuAtuaAtuAtuLu  

,(1) 
        0

2/12/)1(
1 00 fuuuL ppp     

where    tutu ,  is a solution of (1), 

   tAAtAAA 0011 ,,   are linear operators in a Banach 

space E ,  taaIAA  ,  is a scalar valued function on 

 ,0 ,    pp EAEEf ,0 ,  , here    pEAE ,,   denotes the 

real interpolation space between  AE  and E ,   ,1p , 

     ,,2/1 pp  are complex numbers,   is a small 

positive, and   is a complex parameters, i.e.  1,0 . 

 Firstly consider the nonhomogeneous problem 

     









.01 fuL

tftuAtu 
 

Theorem. Assume the following conditions are satisfied, 

1) E  is a Banach space satisfying the uniformly multiplier 

condition for   ,1p ; 

2) A  is a R  positive operator in E  for  0 . 

3)           EBRLAtARLta ;, 12/1
11 


 


, 

   21
0


AtA  
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  EBRL ;  for 
2

1
0 1   , 10 2   , and 

1

1
 S 

,   10 . Then for all   ERLf p ;  

and sufficiently large 00    there exists a unique solution 

  EAERWu p ,;2
  of the problem (1) and the following 

coercive uniform estimate holds 

 

     ERLERLERL

ii

i

i

ppp

fcAuu
;;;

21
2

0

2








  . 

Let L  and 0L  are operators in  ERLp ;  generated by (1) and 

(2) for 

0 , respectively i.e., uLuLuL  10  , where 

uAuaAuL i  01
2

1 
,  uAuuL   0 , 

    1
2

0 ,,; LEAERWLD p 
. 

 It is easy to see that 

  1
1

01 


 LL .                      (3) 

In a similar way we obtain 

       11
01

1
0

1 
   LLILL .        (4) 

 Due to perturbation theory of linear operators and the 

estimate (3) we obtain that the differential operator  L  has a 

bounded inverse from  ERLp ;  into   EAERWp ,;2
 . 

 Hence the estimate (3), (4) and the above relations implies 

the 

assertion. 
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ASYMPTOTIC VALUE OF APPROXIMATION OF 

GENERALIZED DIFFERENTIABLE FUNCTIONS BY  M-

SINGULAR INTEGRALS 
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In the paper we study asymptotic equalities on 

approximation of generalized differential functions  by means of  

m singular integrals and the obtained results are applied to Valle –

Pussen, Poisson m –singular integrals. 

Let pL 2  be a space of 2  periodic functions )(rf  

summable on ],[   in p-th power with the norm  

.|)(|sup)(

)1()(|)(

||

1

2

2

rfessrf

pdrrfrf

rL

p

L
p
































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For approximation of functions pLrf 2)(   we consider the m-

singular integral  

 
 

























 ,)()()1(),(
1

1][ dttKktrf
k

m
rfA

m

k

km  

where 2 -periodic function )(tK  depends on the parameter   

and satisfies the conditions: 

1
0
. )(tK  is an even function on ],[   

2
0
. 







 .1)( dttK  

Theorem. Let pLrf 2)(   , the non-negative function )(tK  

satisfy conditions  1
0
,2

0
 and  

.0,)]([0)( )(
0,,   



 anyforasdttK
g

s  

Then if there exists a function )(),(

2

rfd sm

L
p


 such that  

0)(),,(
1

lim

2
2

),(

0


 p
p

L

sm

Lmst
rfdtrf

t




 , 

then the following equality holds  
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  0)()(),(
)(

)1(
lim

2

2

),(][

)(
0,

1


 


p

p

L

sm

L

m

s
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CHARACTERIZATION OF FRACTIONAL MAXIMAL 

OPERATOR ON ORLICZ SPACES IN THE DUNKL 

SETTING  

F.A. MUSLIMOVA 
Department of Informatics, Nakhchivan State University, 

Azerbaijan  

 

Harmonic analysis associated to the Dunkl transform and 

the Dunkl differential-difference operator gives rise to 

convolutions with a relevant generalized translation. On the 

dR the Dunkl operators  d
jjkD

1, 
 are the differential-difference 

operators associated with the reflection group dZ 2 on 
dR .  
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Let    ryxRyrxB d  ::,  denote the ball in dR  that 

centered in dRx  and having radius 0r . Then having 

   
 


rB

kk
dxxhrB

,0

2,0 . 

The fractional maximal operator kM , , kd  20   

associated with the Dunkl operator on 
dR  is given by  

        
 








rxB

kd
k

r
k dyyhyfrxBxfM k

,

2
2

1

0
, ,sup 



 , 
dRx . 

It is well known that fractional maximal operators play an 

important role in harmonic analysis. In this work, in the 

framework of the Dunkl analysis in the setting 
dR , we shall give 

a necessary and sufficient condition for the boundedness of 

fractional maximal operator kM ,  on Orlicz spaces 

  dxxhRL k
d 2,  and weak Orlicz spaces   dxxhRWL k

d 2, . 

  This contribution is based on recent joint work with Y.Y. 

Mammadov. 

 

QUANTITATIVE GENERALIZATION OF THE 

HARTMAN-SARASON THEOREM 

H.  MUSTAFAYEV 
Van Yuzuncu Yil University (Turkey) 

email: hsmustafayev@yahoo.com 

Let T  be a contraction on a Hilbert space H  and assume 

that  

lim n

nT x = lim n 0nT x   for all x H.  

In addition if dim     1I TT H I T T H ,      then by the 

Model Theorem of Nagy-Foiaş [1, Ch.6], T  is unitary equivalent 
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to its model operator 2H
S P S


   acting on the model space 

2 2 2H H H   ,  where 
2H  is the Hardy space, S  is the 

unilateral shift operator on 
2H ,   is an inner function, and P  is 

the orthogonal projection from 
2H  onto 

2H
.  The Beurling-

Helson theorem [2, Lecture I]  says that the spaces 
2H  are 

generic invariant subspaces for the backward shift operator S .  

Let   be an inner function and let S  be the model operator on 

the model space 
2H . For an arbitrary f H ,  we can define the 

operator     2H
f S P f S


   which is unitary equivalent to 

 f T . The map  f f S  is linear, multiplicative, and by 

the Nehari formula,  f S dist  f ,H   [2, Lecture VIII].  

Let us mention that the classical theorem of Hartman and Sarason 

[2, Lecture VIII]  classifies compactness of the operator  f S : 

The operator  f S  is compact if and only if  f H C    . 

We have the following quantitative generalization of the 

Hartman-Sarason theorem. 

Theorem. Let   be an inner function and let S  be the 

model operator on the model space 
2H . Then, for an arbitrary 

f H ,  we have  
ess

f S  dist   f ,H C   . 

The author was supported by the TUBITAK 1001 project 

MFAG No: 118F410. 
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BOUNDEDNESS OF WEIGHTED ITERATED HARDY-

TYPE OPERATORS INVOLVING SUPREMA FROM 

WEIGHTED LEBESGUE SPACES INTO WEIGHTED 

CESARO FUNCTION SPACES 
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In this work the boundedness of the weighted iterated 

Hardy-type operator involving suprema from weighted Lebesgue 

spaces into weighted Cesaro function spaces is characterized. As 

an application of obtained results, the norm of the fractional 

maximal operator between the weighted Lorentz spaces is 

calculated.  
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ON EMBEDDING THEOREMS IN SMALL SMALL 

SOBOLEV-MORREY SPACES 

A.M. NAJAFOV
a,b) 

a)
Institute of Mathematics and Mechanics, National 

Academy of Sciences of Azerbaijan, Az-1141, Baku, 

Azerbaijan 
b)

Azerbaijan University of Architecture and Construction 

email: aliknajafov@gmail.com 

 

In the abstract small small Sobolev-Morrey spaces were 

constructed. Differential and differential-difference properties of  

 

functions from the constructed space were studied the integral 

representations method. More precisely,here by method integral 

representations we prove an Sobolev-type inequality in these 

spaces, and also prove that for  GWf l
ap  ,,(,( , the generalized 

derivatives of fD  satisfy the Holder condition. 

VISUALIZATION OF CONTROL OF ISOBUTENE 

DEHYDROGENATION PROCESS BASED ON PHASE 

TRAJECTORIES METHOD 

H.A. NAGIEV 

 The Institute of Mathematics and Mechanics of ANAS 

9 F.Agayev str., 370141, Baku, Azerbaijan 

email: hasannagiev@gmail.com  

The paper proposes a set of differential equations relating 

to dynamics of thermal states of reaction-regeneration systems 

with fine-dispersed catalysts. Particular emphasis is placed on the 

existence of positive feedbacks between thermal and chemical 

processes through two interrelated channels – by temperature and 

degree of residual carburization of a catalyst after regeneration. It 

aliknajafov@gmail.com
mailto:hasannagiev@gmail.com
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is demonstrated that the said set of model equations of the 

reaction-regeneration system, thermo-dynamics processes a 

plurality of stationary states in the space of the named variables.  

Unlike the overwhelming majority of cracking processes, 

those of hydrocarbon dehydrogenation are conducted in a catalyst 

pseudo-fluidized bed, which makes it necessary to coke into 

account the third phase coordinate of a reactor-regenerator 

dynamic system [1]. This coordinate is coke content on a spent 

catalyst.  

Our mathematical model takes into account the rate of 

coke formation in the fluidized bed of the catalyst. In this regard, 

the model is transformed into a system of three differential 

equations [2]. The study of such a model in a three-dimensional 

state space requires the development of special algorithms for  

 

 

screen display of phase paths. The need for this development 

comes from the requirement of visualization for management. 

In addition, the study required the solution of a number of 

problems in the field of constructing algorithms for controlling 

the state of the system. 

Analysis of three-dimensional phase portraits of the 

system has been made, parameters have been studied. A subject 

of operating control based on visualization algorithms of state 

space structure has been considered. 
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ON LATERAL VIBRATIONS OF EXPONENTIALLY 

INHOMOGENEOUS ANISOTROPIC RECTANGULAR 

PLATE LYING ON VISCOELASTIC FOUNDATION 

N.M. NAGIYEVA 

 ANAS Institute of Mathematics and Mechanics, Baku, Azerbaijan 

e-mail:  

 At present when constructing large engineering 

complexes and in many other fields of engineering the structural 

elements made of natural and  artificial materials are widely used. 

  Rectangular plates are the most common ones among 

them. 

In this paper we suppose that elastic characteristics and density 

depend on two coordinates  ),( zx .  

The coordinate system is chosen in the  following way: 

the axes  X andY  are in the middle  surface. The axis Z  is 

perpendicular to them 

  )()(;1)( 210
0 xzezfaa x
ijij                   (1) 

 Here 
0
ija and 0 correspond to the homogeneous case 

1 xax  . 

 It is supposed that the plate lies on a visco-elastic 

foundation whose reaction R is connected with  deffection by the 

following relation  

2

2

21
t

w
kwkR




 ,                                (2) 

where 1k and 2k are the characteristics of the foundation, t is time. 
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  Relation between the stress and strain tensor components 

are written in the form [12] 

   xezfaaa   1)(12
0
1322

0
1211

0
1111  

   xezfaaa   1)(12
0
2322

0
1211

0
2122              (3)                                         

   xezfaaa   1)(12
0
3322

0
3211

0
3112  

 Itisacceptedthatforcontinuouslyinhomogeneousansitropic

platetheKirchoff-Liav hypothesis is valid and we have 

111111  ze   

222222  ze                                     (4) 

121212  ze   

 Here 122211 ,, eee are small deformations and curvature of 

the  central surface.  

Aftersimplifications: 







2/

2/

11 ;0
h

h

dz 





2/

2/

22 ;0
h

h

dz 





2/

2/

12 0
h

h

dz .            (5)                                      

Substituting the value 122211 ,,  in (7)  we get 

 

 12
0
2322

0
2211

0
21

1
1212

0
1322

0
1211

0
11 eaeaeaAAeaeaea    

 12
0
2322

0
2211

0
21

1
1212

0
2322

0
2211

0
21 eaeaeaAAeaeaea  

   (6)                               

 12
0
3322

0
3211

0
31

1
1212

0
3322

0
3211

0
31 eaeaeaAAeaeaea    

 Here 





2/

2/

1 ;)(
h

h

dzzfA 





2/

2/

2 .)(
h

h

dzzzA  

 Using  (6)  for 0 we can determine the expression for 

the moments through W and substituting in   the motin of 

equation and introducing the denotation, we get: 

  0)()()()(
2

2

21321 





t

w
kxwkwLwLwL         (7)                               
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When solving  (7) we will  apply the combined method. In the 

first step we use the method of separation of variables, in the 

second step 

theBunov –Galerkin method, and we choose deflection in the 

form: 
iwteyxVtyxW ),(),,(                                  (8) 

here ),( yxV satisfies homogeneous boundary conditions w is 

frequency t is time. 

Hence for calculations 2 we get the following formula 

 

  dxdyxxxk

dxdykLLL

a b

a b

)()()(

),(),(),(

2
1

2
1

0 0

2

11

0 0

111321
2







 

 





   (9)                            

 

UNIFORM CONVERGENCE OF FOURIER SERIES 

EXPANSIONS IN THE SYSTEM OF ROOT FUNCTIONS 

OF A SPECTRAL PROBLEM CORRESPONDING TO 

BENDING VIBRATIONS OF A HOMOGENEOUS ROD   

F.M. NAMAZOV
 

Baku State University, Z. Khalilov str.23, Baku AZ1148, 

Azerbaijan 

  email: faig-namazov@mail.ru  

 

 We consider the following spectral problem 

  ,10),()()(()()4(  xxyxyxqxy   (1) 

,0)1()1()0()0()1()0(  ycTyyaTyyy  (2) 

where C is a spectral parameter, ,yqyTy   )(xq  is 

positive absolutely continuous function on ],1,0[  ca,  are real 

constants such that 0a and .0c  
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  Problem (1), (2) describes the bending vibrations of a 

homogeneous rod, in the cross sections of which a longitudinal 

force acts, the left end of which is rigidly fixed, and an elastically 

fixed load is concentrated on the right end. 

From the results of  [2, 3] it follows that the eigenvalues of 

problem (1), (2) are real, simple, with the exception of at least 

one, and form an infinitely increasing sequence 

1
}{

kk
 such that 

....,5,4,0  k
k

   Moreover, if r and l ( r ,l 4, lr ) are 

arbitrary fixed natural numbers that have different parities, then 

the system of root functions 

 lrkkk
xy

,,1
)}({ of this problem forms 

a basis in the space  pL
p

1),1,0(  (even a Riesz basis 

for 2p ).  

 Let ]1,0[)( Cxf   and  

,
)()(

)0()0(
0

,,
xyxy

yy

lr

lr

lrf
 .

)1()1(

)()(
1

,,

lr

lr

lrf
yy

xyxy
  

 The following theorem holds. 

 Theorem.  Let r and l ( r ,l 4, lr ) are arbitrary fixed 

positive integers that have different parity and the Fourier series 

expansion of  function ]1,0[)( Cxf   in the system 

1
}sin2{

k
xk  

uniformly converges on the interval .]1,0[  Then the Fourier 

series expansion of function )(xf  in the system 

 lrkkk
xy

,,1
)}({  

uniformly converges on each interval ],[ db  ,)10(  db  if 

,01

,,

0

,,


lrflrf  uniformly converges on each interval ],,0[ d  if 

,0,0 1

,,

0

,,


lrflrf and uniformly converges on each interval 

],1,[b  if .0,0 1

,,

0

,,


lrflrf  Moreover, the Fourier series 

expansion of )(xf   uniformly converges on the interval ]1,0[ if 

and only if .01

,,

0

,,


lrflrf
 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

409 

 

References 

1.Bolotin, B.B.: Vibrations in technique: Handbook in 6 volumes, 

The vibrations of linear systems, I, Engineering Industry, 

Moscow, 1978 [in Russian]. 

2. Aliyev, Z.S., Namazov, F.M. : Spectral properties of a fourth-

order eigenvalue problem with spectral parameter in the boundary 

conditions, Electron. J.  Differ.  Equ. (2017), No. 307, 1--11. 

3. Aliyev, Z.S., Namazov, F.M. : On the spectral problem arising 

in the mathematical model of bending vibrations of a 

homogeneous rod, Comp. Anal. Oper. Theory,  (2019), 19 p., 

doi.org/10.1007/s11785-019-00924-z.  
 

GLOBAL BIFURCATION OF SOLUTIONS OF 

NONLINEAR  STURM-LIOUVILLE PROBLEMS WITH 

INDEFINITE WEIGHT 

L.V. NASIROVA 

Sumgait State University, Sumgait, AZ5008, Azerbaijan 
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 We consider the nonlinear Sturm-Liouville problem  

),1,0( ),,,,()(=)(  xyyxhyxrqyyp 
      (1)                      

 

,0)0()0()(
001

 yyyU                         
(2)  

where R  is a spectral 

parameter, ],1,0[)( 1Cxp  ],1,0[)( Cxq   
],1,0[)( Cxr  ],1,0[,0)(,0)(  xxqxp )(:]1,0[{ xrxmeas 

0}0  for each },,{  ,,,
100


1

  are real constants 

such that ,0|||| 
ii

  and .1,0,0
1

 i
ii

  The nonlinear 

term has a representation ,gfh   where  3]1,0[, RCgf   

and satisfy the following conditions:  

;]1,0[),,,(,),,,(,0),,,( 3Rsuxsuxgusuxfu    

there exists 0M  such that 
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;]1,0[),,,(,
),,,( 3RsuxM

u

suxf
 


 

for any bounded interval  R  

|)||(|),,,( suosuxg  as ,0||||  su  

uniformly for ]1,0[x and  .  

  Global bifurcation of  problem (1)-(3) for 0f  was 

investigated in [1]. 

  Let }0)()(:{],0[
21

1  uUuUuCE   be a Banach 

space with the usual norm. For each ,k  each },{  and 

each },{  let 
 ,

k
S  be the set of Eu  which have exactly  

1k simple zeros in ),1,0(  
1

0

2 0)()( dxxuxr  and )(xu  is 

positive for small .0x  These set are open subsets of E  and 

:{, EuS
k

 
either u  must have a double zero in ]1,0[  or 

 
1

0

2 .0)()( dxxuxr  

 It follows from [2] that the eigenvalues of problem (1)-(3) 

with 0h are all real, simple and form a two sequences 

0...
12
  

k  and ...0
21
   . 

k
   

Moreover, for each k and each },{   the eigen-

function ),(xy
k


corresponding to the eigenvalue ,

k
 has exactly  

1k simple zeros in )1,0(  and  
1

0

2 0))(()( dxxuxr
k

  (more 

precisely, 
 ,

kk
Sy  ). 

 Theorem 1. For each ,k  each },{  and each 

},{  there exists a connected component 
 ,

k
D  of the set of 

solutions of problem (1)-(3) that contains },0{

k
I  lies in 
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})0{()( ,  

kk
ISR   and is unbounded in ,ER  where 

],,[   dI
kkk

 ],,[  
kkk

dI   and 

.))(())()((
1

0

2
1

0

2

 dxxudxxuxrd
kk

   
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STABILITY FOR AN KLEIN-GORDON EQUATION TYPE 

WITH A BOUNDARY DISSIPATION OF FRACTIONAL 

DERIVATIVE  TYPE 
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This paper deals with the stability for an Klein-Gordon 

equation with a boundary dissipation of fractional derivative type. 

We have proved well posedness and polynomial stability using 

the semigroup theory and a sharp result provided by Borichev and 

Tomilov. 
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We show continuity in generalized parabolic Orlicz-

Morrey spaces ,M  of sublinear integral operators generated by 

parabolic Calderon-Zygmund operator and their commutators 

with BMO functions. As a consequence, we obtain a global 

,M -regularity result for the Cauchy-Dirichlet problem for 

linear uniformly parabolic equations with vanishing mean 

oscillation (VMO) coefficients (see [1]). 
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This contribution is based on recent joint work with V.S. Guliyev, 

A. Ahmadli, L. Softova. 
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In this paper we use the method of integral representations to 

prove inequalities of Poincare type for functions f  from the 

spaces type Sobolev Morrey with dominant mixed derivatives. A 

space of the form  GWS l
p  ,,  is defined as  
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The following theorem is proved. 

Theorem. Let 
nRG   satisfy the condition of flexible  -horn , 
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 C  is constant independent of f . 
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In this talk, we introduce and solve the following 

additive-additive (s,t)-functional inequality 

 

 

 

, 

where s and t are fixed nonzero complex numbers with |s| <1 and  

|t| <1. 

Furthermore, we investigate C*-ternary derivations and C*-

ternary homomorphisms in C*-ternary algebras, associated to the 

above additive-additive (s,t)-functional inequality and the 

following functional inequality 

 
. 
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EVALUATION OF THE RESERVOIR TECHNOLOGICAL 

PARAMETERS OF IN-SITU GENERATED CO2 GAS-

LIQUID SLUG 
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The main technological advantage of this method of bed 

stimulation is the ability to control the volumetric and pressure 

characteristics of the generated gas-liquid slug while minimizing 

capital and operating costs for planning and implementing field 

operations. The gas-liquid in-situ generated CO2 slug is a 

displacing agent in the process of bed impact by a complex 

multicomponent system. The process of gas-liquid slug 

generation is resulted by the three phases - water, oil and gas, 

consisting of k components. Assuming that the first component is 

carbon dioxide CO2, assume that (k - 3) are hydrocarbon 

components, (k - 1) are an aqueous component, and k is an 

additional chemical agent to regulate foaming process. From the 

condition of thermodynamic equilibrium, we assume that carbon 

dioxide can be in all three phases, hydrocarbon components – in 

oil and gas, and the aqueous component and chemical agent – 

only in the aqueous phase. We assume that the adsorption process 

of the chemical agent is equilibrium. Then the conservation 

equation for hydrocarbon components and carbon dioxide, water 

and chemical agent is written as follows: 
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m – porosity;  and , respectively, saturation, density, 

velocity filtering and the intensity of the source phase ; and 

, respectively, the diffusion coefficient and the mass 

concentration of the i-th component in the phase ;  - Delta 

function Dirac; - coordinates of the source;  – number 

chemical foaming agent; and t is time. Indexes  = 1 – aqueous 

phase, 2 – oil 3 – gas phase.The motion of each phase are subject 

of the generalized Darcy's law  

where K and K respectively the absolute and relative 

permeability,  - viscosity, p - pressure, g is the modulus of the 

gravitational acceleration, z is the vertical coordinate. The 

pressures in the phases are related by known relations 

, where pk is the capillary pressure. 

Equilibrium conditions of components in phases: 

 and the obvious 

equality  where – 

the distribution coefficient of carbon dioxide between the oil and 

aqueous phases; is the distribution coefficient of the i-th 

component between the gas and oil phases. The system of 
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equations describing particular cases of mixing displacement of 

oil formed in the reservoir rims of the gas-liquid system are the 

equations of two-phase three-component filtration. The following 

finite difference operators and notation are used here 

 
 

 
where

 
By performing linearization using Newtonian iterations by the 

method of nonlinear expressions on the (n+1) layer in difference 

equations, the resulting system of linear algebraic equations can 

be written in vector form.At relatively weak dependence of 

viscosity and density of phases on pressure and concentration of 

CO2 an efficient algorithm with separate determination of 

pressure, saturation and concentrations of chemical agents at each 

time step is chosen. 

 

CLAY SWELLING CHARACTERISTICS IN 
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The efficiency of oil fields exploitation is largely 

determined by the properties of productive formations, and last 
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but not least, by the presence of clay minerals in their 

composition. The latter, as a consequence, characterize the 

reservoir with the ability to swell, permeability, plasticity in the 

wet state, etc. and affect the flow of saturating fluids [1]. The 

fluids flow in a clay-containing porous medium is a flow through 

the pores and capillaries, which is accompanied by certain 

transformations of clay minerals and leads to a decrease in the 

reservoirs permeability associated with the clay swelling and a 

decrease in the rate of oil recovery [2, 3]. In minerals with a fixed 

crystal structure, chemical adsorption of metal cations from the 

injected water to the surface of the mineral occurs with the 

substitution of potential-determining cations. Clay minerals can 

be considered as solid solutions (ionites) capable of replacing 

cations in the lattice sites with electrolyte cations. In the present 

work some effects observed at clays swelling in electrolytes of 

various concentration are considered. Aqueous solutions and 

alkalis of Na2CO3 and NaCl salts were used as electrolytes 

prepared both in fresh and distilled water. The change in the 

volume of test samples as a result of contact with aqueous 

solutions was studied on bentonite clay samples using a linear 

swelling meter LSM-2100 (Fann manufacturer).  

Studies were conducted with electrolyte solutions on unsaturated 

samples of bentonite clay and clay samples pre-saturated with 

water (swollen clay). 

It was found that with increasing electrolyte concentration, the 

swelling rate of unsaturated clay samples is nonlinear (Fig. 1). 

The rate of swelling of pre-swollen clay as a result of contact with 

1% NaCl solution is lower compared to the rate of swelling in 

fresh water (Fig. 2). 

The results obtained can serve as a basis for the development of 

methods for control of aqueous solutions flow in clay-bearing 

sandstone under oil field flooding process. Pre-saturation of the 
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porous medium with electrolyte solutions will significantly 

reduce the clay swelling of the productive layers and thereby 

increase oil recovery. 
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Fig. 1. Change in the swelling rate 
of electrolyte solutions NaCl and 
Na2CO3 in fresh water over time 

at different concentrations 

Fig. 2. Kinetics of clay swelling 
in fresh water and clay pre-
swollen in NaCl solutions 
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ON THE ELECTROSTATIC FIELD IN EXPANSION 

DYNAMICS OF GAS BUBBLES 
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Dynamics of the gas bubbles formation in liquids and 

viscoelastic materials has been studied for quite a long time [1]. 

Bubbling and its expansion dynamics is a major component of a 

wide range of chemical, environmental processes and fluid, 

especially, oil mechanic, bubbles generally have broad size 

distributions and complex property variations over time too 

[2,3,4].Bubbling has been the theme of numerous studies [5,6,7]. 

Taking into account the studies of the gas bubbles 

dynamics through various physical parameters, regulation of 

process of bubble formation through the potential difference 

parameter was considered in present work. 

The work is devoted to the study of the dynamics of the 

formation of bubbles in a gas-liquid system taking into account 

the potential difference. The electrical conductivity of the fluid is 

determined depending on the concentration of the electrolyte and, 

accordingly, the electrostatic field resulting from the flow of the 

fluid. The effect of the electrostatic field on the bubble formation 

dynamics has shown that the radius of the gas bubbles and the 

dynamics of its expansion, formed by the pressure difference, can 

be regulated by the potential difference parameter. 

Depending on the electrolytic concentration, the electric 

conductivity of the liquid and, accordingly, the electrostatic field 

arising from friction in fluid is determined. The effect of the 

electrostatic field on the dynamics of the bubble formation 

showed that the radius of gas bubbles and its expansion dynamics 
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formed by the pressure drop can be regulated by the potential 

difference parameter. It is shown that one of the main factors 

affecting the flow of two-phase fluids is the nature of the liquid 

phase and the concentration of electrolyte added. The results of 

regulation of the bubble formation dynamics in the gas-liquid 

system via the electrostatic field and a number of physical 

parameters can be applied in the oil and gas industry, chemical 

processes, biomechanics. 
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CENTRAL LIMIT THEOREM FOR A FAMILY OF THE 
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Let 1; nn  be a sequence of independent identically 

distributed real random variables, determined on some probability 

space  P,,F . 

As is known ([4,5]) the sequence of real random variables 

0, nX
n

 determined on  P,,F  is called autoregression 

process of order one   1AR  if the following recurrent relation is 

fulfilled 

,
10 nnn

XX  


                              (1) 

for some fixed 
0

  and the initial value of the process 
0

X  is 

independent of innovation .
n

  

At present paper we prove the central limit theorem for a 

family ofstopping times 0, a
a

  of the following form: 

 ,:1inf an
na
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(2) 

where .,
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T
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Here for the correct definition of the variable 
a

  we assume 

  0inf . 

We can write the family of stop moments (2) in theform: 
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where
y

x
yxg ),(  and 

n

nn

n

S

n

T
g 








, . 

Note that, the families of the stop moments of type 
a



play important role on the theory of Markov renewal and in 

applied fields of random processes and in sequential analysis ([1-

3]). 
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A new notion in frame theory has been introduced 

recently under the name woven ‎frames. ‎‎Woven and ‎weaving 
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frames are powerful tools for pre-processing signals and 

distributed data ‎processing‎.‎The purpose of introducing 

fusion frame or frame of subspace is to first construct local 

components and then build a global frame from these‎. ‎This 

type of frame behaves as a generalization of frames‎. 

‎Motivating by the concepts of fusion and weaving 

frames‎,‎‎‎‎‎we investigate the notion ‎woven-weaving‎ fusion 

frames and present some of their ‎features. 

 

Introduction. Frames are generalizations of 

orthonormal bases in Hilbert spaces‎. ‎A frame‎, ‎as well as an 

orthonormal basis‎, ‎allows each element in Hilbert space to 

be written as an infinite linear combination of the frame 

elements so that unlike the bases conditions‎, ‎the coefficients 

might not be unique‎. A countable ‎family‎ of elements 𝑓𝑖 𝑖∈𝐼 

in H is a frame for H, if there exist constants A, B>0 such 

that 

𝐴 𝑓 2 ≤    𝑓,   𝑓𝑖  
2

𝑖∈𝐼

≤ 𝐵 𝑓 2,     ∀𝑓 ∈ 𝐻. 

The numbers 𝐴 and 𝐵are celled the lower and upper 

frame bounds‎, ‎respectively‎. ‎The frame  𝑓𝑖 𝑖∈𝐼is called tight 

frame‎, ‎if ‎B=Aand is called Parseval frame‎, ‎if‎B=A=1. Also 

the sequence  𝑓𝑖 𝑖∈𝐼 ‎is called Bessel sequence‎, ‎if satisfy only 

the upper ‎inequality. 

In ‎the ‎early ‎2‎1‎‎'‎th ‎century, ‎new ‎type ‎of ‎frames ‎were 

‎presented ‎to ‎the ‎scientific ‎community, ‎with ‎name ‎of‎‎frame ‎of 

‎subspaces, ‎which ‎are ‎now‎‎known ‎as ‎fusion ‎frames.‎A family 

of closed subspaces ‎ 𝑊𝑖 𝑖∈𝐼 of Hilbert space H is called 

fusion frame with respect to weights ‎ 𝑣𝑖 𝑖∈𝐼 , if there exist 

constants C, D>0 such that 

𝐶 𝑓 2 ≤  𝑣𝑖
2 𝑃𝑊𝑖

(𝑓) 
2

𝑖∈𝐼 ≤ 𝐷 𝑓 2,     ∀𝑓 ∈ 𝐻. 
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Fusion frames is a generalization ‎of ‎frames‎ which were 

introduced by Cassaza and Kutyniok in 2003  .‎‎‎‎‎The 

significance of fusion frame is the construction of global 

frames from local frames in Hilbert space‎, ‎so the 

characteristic fusion frame is special suiting for application 

such as distributed sensing‎, ‎parallel processing‎, ‎and packet 

encoding and so on‎. 

In recent years‎, ‎Bemrose ‎et.al.‎ introduced weaving 

frames‎. ‎From the point of view of its introducers‎, ‎w‎eaving 

frames are powerful tools for pre-processing signals and 

distributed data processing‎. 

Improving ‎and ‎extending ‎the ‎notions ‎of ‎fusion ‎and 

‎woven (weaving) ‎frames‎, we investigate the new notion 

under the name woven (weaving) ‎fusion ‎frames. A finite 

family of fusion frames  𝑊𝑖𝑗  𝑖∈𝐼,𝑗 ∈ 𝑚 
with respect to weights 

 𝒗𝒊𝒋 𝒊∈𝑰,𝒋∈ 𝒎 
‎is said woven fusion frames ‎‎‎‎i‎f there are 

universal constantA, B>0such that for every 

partition‎ 𝜎𝑗  𝑗 ∈ 𝑚 
of I, the family  𝑊𝑖𝑗  𝑖∈𝜎𝑗

 for every 𝑗 ∈

 𝑚 is a fusion frame for H with frame bounds A and B. Each 

family  𝑊𝑖𝑗  𝑖∈𝜎𝑗
 for every 𝑗 ∈  𝑚  is called weaving fusion 

frame, 𝑤𝑕𝑒𝑟𝑒 𝑚 ≔ {0,1,2, … , 𝑚}. 

Theorem. ‎Assume that 𝑊𝑖 𝑖∈𝐼 and  𝑉𝑖 𝑖∈𝐼 ‎are‎ fusion 

frames with weights‎ 𝜇𝑖 𝑖∈𝐼 and  𝜗𝑖 𝑖∈𝐼respectively. Also, if 

 𝑊𝑖 𝑖∈𝐼 and  𝑉𝑖 𝑖∈𝐼 are woven fusion frame and E is a self-

adjoint and invertible operator on H, such that 𝐸∗𝐸 𝑊  is 

the subset of every closed subspace W of H. Then for every 

subset 𝜎 of I, the sequence  𝐸𝑊𝑖 𝑖∈𝜎   𝐸𝑉𝑖 𝑖∈𝜎𝑐  is a fusion 

frame with frame operator 𝐸𝑆𝜎𝐸−1 where 𝑆𝜎  is frame 

operator of  𝑊𝑖 𝑖∈𝜎   𝑉𝑖 𝑖∈𝜎𝑐 , i. e.  𝐸𝑊𝑖 𝑖∈𝐼 and  𝐸𝑉𝑖 𝑖∈𝐼 

constitute woven fusion frame. 
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Example: Suppose  𝑒𝑘 𝑘=1
∞  be an orthonormal basis of 

Hand 𝐻 = 𝑙2(𝑁). In this example the indexing set I=N is 

natural numbers set. For 𝑖 ∈ 𝑁, 𝐻𝑖 = 𝑠𝑝𝑎𝑛 𝑒𝑘 𝑘=𝑖
∞  and 

 𝑒𝑖𝑗  𝑗 =1

∞
=  𝑒𝑖+𝑗−1 𝑗 =1

∞
is an orthonormal basis for 𝐻𝑖 .  

1) Let  𝑃𝑖 𝑖=1
∞  and  𝑃𝑖

′  𝑖=1
∞ be the family of orthogonal 

projections 𝑃𝑖 : 𝐻  𝑠𝑝𝑎𝑛        𝑒𝑖  and 

𝑃𝑖
′ : 𝐻  𝑠𝑝𝑎𝑛        𝑒𝑖 , 𝑒𝑖+1  for each 𝑖 ∈ 𝑁. Also let 

𝑓𝑖 ,𝑗 = 𝑃𝑖 𝑒𝑖 ,𝑗  and𝑔𝑖 ,𝑗 = 𝑃𝑖
′(𝑒𝑖 ,𝑗 ). Then  𝑓𝑖 ,𝑗  𝑖 ,𝑗 =1

∞
is a 

tight frame with bound 𝐴 = 𝐵 = 1 and  𝑔𝑖,𝑗  𝑖 ,𝑗=1

∞
 is a 

frame with bounds 𝐴 = 1and 𝐵 = 2, such that these 

frames constitute woven frames. 

2) Now if  𝑃𝑖 𝑖=1
∞  and  𝑃𝑖

′  𝑖=2
∞  are same as above, except 

𝑃𝑖
′ . If we get 𝜎 = 𝑁\ 1 , then  𝑓𝑖 ,𝑗  𝑖 ,𝑗=1

∞
 and 

 𝑔𝑖,𝑗  𝑖 ,𝑗=1

∞
don’t constitute woven frames. 
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CONTINUOUS DEPENDENCE OF THE SOLUTION TO 

THE FIRST GENERALIZED DIRICHLET PROBLEM ON 

THE RIGHT-HAND SIDE OF THE SCHRÖDINGER 

MAGNETIC EQUATION 

Sh.Sh. RAJABOV
 

Institute of Mathematics and Mechanics of Azerbaijan National 

Academy of Sciences, 9, B.Vahabzade str., Baku AZ1141, 

Azerbaijan 

email: shahin.racabov.88@mail.ru 

Let G  be an arbitrary domain in nR . Consider in G

Schrödinger magnetic expression 

   ,
1

2

1

,
xVxa

xi
H

n

k

k

k

Va




















 

where         xaxaxaxa
n

,...,,
21

 isthe real magnetic 

potential,  xV  the real electric potential, 

1 2( , ,..., ) n

nx x x x  , and i  the imaginary unit. 

Considerinthedomain G the first generalized Dirichlet 

problem: 

Let

0
,1

2( ) ( )f x W G , where
0

,1

2 ( )W G  is theadjoint space 

to the first-order Sobolev space  GW
0

1

2 . Itisrequiredtofind such a 

function  xu from the class  GW
0

1

2 that satisfies the equation 
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           
2

1

1n

k

k k

a x u x V x u x u x f x
i x




 
    

 


 

inthe sense of the theory of generalized functions. 

 In the present work, to investigate the existence and 

uniqueness of a solution to the first generalized Dirichlet 

problem, we introduce the first-order magnetic Sobolev space and 

study its topological structure. 

Notethatrecently, the properties of magnetic Sobolev 

spaces of any orderhave been intensively studied (see [1-4]). We 

prove the existence and uniqueness of the solution to the first 

generalized Dirichlet problem in the first-order Sobolev space. 

We establish the continuous dependence of the solution to the 

first generalized Dirichlet problem on the right-hand side of the 

Schrödinger magnetic equation in the space 2 ( )L G . 
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INTUITION AS A MOTIVATOR OF ATHEMATICAL 

CREATIVITY(HISTORICAL AND 

METHODOLOGICAL ANALYSIS). 

M.A. RODIONOV
a)

, 
a)

Penza State University, 40 Krasnaya st., Penza, 440026, 

Russia,  

email:do7tor@mail.ru 

 
One of the most characteristic features of mathematics is its 

"ability" to foresee the most "economical" way of the formation 

of abstract human knowledge and to anticipate its structure to a 

certain extent (1; 2; 3). Such anticipation, as a rule, is realized by 

the advancement of an intuitive guess based mainly in the field of 

the unconscious (4). 

The regulatory role of intuition during the course of 

mathematical activity is expressed in the following inherent 

characteristics (5, 6, 7 etc.): 

1. Intuition as goal setting. 

2. Intuition as meaning formation. 

3. Intuition as an emotionally colored process. 

The history of the development of mathematical science 

shows that the discovery of certain laws can be based on 

intuitions of various kinds (8; 9, etc.). The ―intuition of a 

formula‖ —the prediction of the results of a complex 

transformation — and the ―intuition of a logical nature‖ —the 

―vision‖ of the structure of complex logical constructions — are 

varieties of conceptual intuition. Geometric intuition, which 

allows to represent these objects in a visual-figurative form, refers 

to the so-called eidetic intuition. 

mailto:do7tor@mail.ru
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A special role in anticipating those or other essential 

characteristics of the developed mathematical theory is played by 

a generalization, which is understood here as an extension of the 

scope of a mathematical object (concept, theorem, algorithm, etc.) 

(10;11, etc.). 

Initiation of the choice of the direction of creative scientific 

research can also be carried out by discovering hidden analogies 

(called contact analogies) between patterns that were previously 

considered separately and were considered unrelated, marks "one 

of the most pleasant moments" of mathematical creativity (11, 

p.48).  

The report presents examples of the implementation of the 

described methods. 
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CHARACTERISTICS AND FUNCTIONS OF 

MATHEMATICAL EDUCATION 

I. RUSTAMOV 

Nakhchivan State University 

ibrahimovrustam47@gmail.com 

 

At present, mathematical education is a promising 

field.Thus, mathematics should be taught in the given linear 

structure; kindergarten, elementary school, school, 

university. Structure of mathematical education should be 

appropriate with the modern global mathematical education. 

Because mathematics is a global subject.  

 The mission of the school contains deep study of 

mathematics to format and develop mathematical thinking 

on students, to enrich mathematical outlook and develop 

mathematical creativity. Mathematical education is based on 

the science of mathematics and its features. Its peculiarities 

teach the students stringency, honesty, confidence too. 

Acquaintance of students with mathematics and its 

methods helps them understand nature,technical and 

economical processes,to learn modern military equipment 

and computer technology. It should be remembered that 

harmonic development of students demands not only 

mathematics but also to learn and coordinate other subjects 

with mathematics.  

mailto:ibrahimovrustam47@gmail.com
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To work out syllabus of the course in mathematics is 

of great importance in the implementation of mathematical 

education.  

For example, in the compiling of the syllabus of I-IV 

courses,the following principles should be taken into 

account: 

1. While compiling the content of program,it is important to 

base on the mathematical abilities of students. Primary 

school teachers and relevant professionals should be 

involved in the program analysis. 

2. While compiling the content of the program, 

age,knowledge level,physical,psychological conditions of 

studentshould be considered. 

3. Content of mathematical education of I-IV formsshould 

be coordinated with students’ upbringing. Interdisciplinary 

communication,historicity and other features should be 

considered. 

4. All primary school teachers should attend in the 

experiment of the program. 

 
POINCARE TYPE INEQUALITY IN BESOV-MORREY 

TYPE SPACES WITH DOMINANT MIXED 

DERIVATIVES 

N.R. RUSTAMOVA
a) 

a)
Institute of Mathematics and Mechanics of NASA, Baku, 

Azerbaijan 

email: niluferustamova@gmail.com 

 
In thispaper we use the method of integral representations 

to prove inequalities of Poincare type for functions f from the 

spaces type Besov-Morreytype spaces with dominant mixed 

derivatives with the norm  njjj ejklm  ,0 : 

mailto:niluferustamova@gmail.com
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The following theorem is proved. 

 Theorem. Let nRG  satisfy the condition of flexible 

 -horn,  qp1 ,  
n

 ,...,
1

 , 0
j

 integer nj ,...,2,1  
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fD  in G  and the following inequalities are true  
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C are the constants independent of f . 

ASSESSMENT OF SOIL FERTILITY BASED ON THE 

THEORY OF RELIABILITY 

Y.I. RUSTAMOV
a)

,  Sh.S. ASKEROVA
b) 

a)
Institute of Control systems 

b)
Ganja Agrarian University, doctoral student 

In scientific literature for assessment of the quality, 

productivity, ecological and reclamation state of soils different 

criteria and appropriate methods are used [1,2]. 

 Location of Azerbaijan in dry climate zone, water 

scarcity, unequal distribution of water resources proneness of 

soils to salinization requires to use modern methods for 

assessment their ameliorative and ecological state.  

In connection with transition to market economy, 

reformations in the agrarian field and creation of new forms of 

ownership on the soil, in addition to creation of regulatory legal 

framework the improvement of its scientific support for providing 

new development of agriculture in the country is the main goal.  

Practice shows that the soil is a complicated and complex 

object of production.The goal in this field is not only to cultivate 

the soil, immediate repayment of funds, but at the same time, to 

prevent negative ecological social dangers when interfering with 

the soil.  
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Investigation of complex indicators of irrigated soils used 

in our Republic, shows that in a great majority of  cultivation 

areas secondary salinization and swamp of sown occur.  

Excessive deviation of the quality parameters of the soil 

reduces to decrease or completely lost of their quality and 

productivity. 

To Assess the existing state of  soils, to get information 

about their quality and productivity, the use of the reliability and 

mathematical statistics methods enable to get more efficient 

result. 

In this work by using the methods of reliability theory, 

new results in the assessment of fertilityof soils were obtained. 

 

BIFURCATION OF SOLUTIONS FROM INFINITY OF 

LINEARIZABLE ONE DIMENSIONAL DIRAC 

PROBLEMS 
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We consider the following nonlinear one dimensional 

Dirac problem 
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R  is a spectral parameter, ,)];,0([)(),( RCxrxp    and 

 are real constants such that .,0    The nonlinear term 
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uniformly in ],0[ x  and  for every bounded interval 

R  (here ||  denotes a norm in 2R ).  

Let  twUwUwUwRCE ))(),(()(:{):],0([ 21
2 

})0,0( t
 to be the Banach space with the usual norm |||| w

   
.)(max)(max

,0,0
xxu

xx


 
  Let S  be the subset of E  given by 

 ],0[,0)}(||)(|:   xxxuEwS  

with metric inherited from .E  

For each Suw t  ),(   we define ),( xw  to be 

continuous function on ],0[   satisfying the conditions: 

.)0,(,)()(),(cot   wxxuxw  

We denote by },,{,,   kSk  the set of functions 

Sw which satisfies the following conditions: (i)  ),(cot  w

; k  (ii) if 0k or ,,0  k then for fixed w , as x  

increases from 0 to ,  the function   cannot tend to a multiple of 

2  from above, and as x decreases, the function   cannot tend 

to a multiple of 2  from below; if 0k or ,,0  k  then 

for fixed w , as x  increases from 0 to ,  the function   cannot 

tend to a multiple of 2 from below, and as x decreases, the 

function   cannot tend to a multiple of 2  from above;    (iii) 

the function 0)( xu is positive in a deleted neighborhood of 

0x (see [1]). 

Theorem 1.For each for each k  and each 

},{   there exists a continua 

kC  of solutions of problem 

(1)-(3) that meets ),( k  and has the following properties:         

(i) there exists a neighborhood 
kU of ),( k  in ER such that 
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;)( 
kkk SRCU   (ii) either 


kC  meets ),( k  respect to the 

set 
 
 kSR  for some ),(),(  kk   or 


kC  meets )0,(  for some 

R  or 

kC  has an unbounded projection on ,R where 

k is a k

-th eigenvalue of problem (1)-(3) with .)0,0( tg   
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In an infinite strip we consider the following boundary 

value problem with a small parameter 0  

  ),,( yxfauuu
x





                       (1) 

,0,0
110







 xxx
x

u
uu                       (2) 

,0lim 


u
y

                                  (3) 

where ),(,0,
2

2

2

2

yxfconsta
yx










  is a given smooth 

function. 
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The goal of the paper is to construct complete 

asymptotics of the solution of problem (1)-(3) with respect to a 

small parameter. 

We prove the following theorem. 

Theorem. Let the function ),( yxf  have continuous 

derivatives with respect to the variable x  to the ( )2( n -th order 

inclusively, with respect to the variable y  be infinitely 

differentiable, and for any pair of negative numbers kl,  satisfy the 

inequality of the form 

  ,
),(

1sup
2121







kklkk

k
l

y

c
yx

yxf
y  

where 0
21


kkl

c  are constants, 
21

kkk  , moreover 
21

,2 knk 

is arbitrary. Then for the solution of the problem (1)-(3) we have 

the asymptotic representation of the form 

,
0

1

0

zvwu n

j

n

j

j
n

i
i

i   






 

where the functions 
i

w  are determined in the first iterative 

process as the solution of the following boundary value problems 

,0lim,0);,(
0100000





wwwyxfaww
y

xx

 

 

,,...,2,1

;0lim,0;
1010

ns

wwww
x

aww
s

y
xsxsss










  

j
v are boundary layer type functions near the boundary 1x , 

determined by the second iterative process, zn  is a residual 

term and for z  the estimation  

cz
w




2

)(1
2
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is valid. 

Here 0c  is a constant independent of  .  

 

ASYMPTOTICS OF THE SOLUTION OF A 

BOUNDARY VALUE PROBLEM IN AN INFINITE 

STRIP FOR AN ARBITRARY TYPE SINGULARLY 

PERTURBED QUASILINEAR NON-CLASSIC 

TYPE DIFFERENTIAL EQUATION 
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In an infinite strip    xtxt ,10,  we 

consider the following boundary value problem: 


























 p

p

m

m

mm

x

u

xt

u


12

12

2)1(  

,0),(
2

2















 xtfau

x

u

t

u

x

u


                 
(1) 

 ,,0...
000













x

t

u

t

u
u

tm

m

tt

      
(2)           

 ,,0...
12

2

12

2

11

1























x
t

u

t

u

t

u
tm

m

tm

m

tm

m

(3)              

,0lim 


u
x

                                     (4) 

where 0  is a small parameter kkp ,12   and m  are 

arbitrary natural numbers, 0a  is a constant, ),( xtf  is a given 

function. It is assumed that ),( xtf  has continuous derivatives with 

respect to t  to the )22( m -th order inclusively, with respect to 
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x  is infinitely differentiable and for each t  from ]1,0[  satisfies 

the condition 

  ,
),(

1sup
2121







kklkk

k
l

x

C
xt

xtf
x                   (5) 

where l  is an arbitrary non-negative number, ,
21

kkk 

21
,22 kmk   is any non-negative integer. 

We prove the following theorem. 

Theorem. Let the function ),( xtf  be a given smooth 

function satisfying condition (5). Then for solving the boundary 

value problem (1)-(4) it is valid the asymptotic representation in 

the form 
















1

0

1
1

0

1

0

,
mn

j
j

jm
mn

j
i

j
n

i
i

i zvwu   

where the functions 
i

w  are determined by the first iterative 

process, jj
v ,  are boundary layer type functions near the 

boundaries 0t  and 1t  , that are also determined by the 

corresponding iterative processes, z  is a residual term and the 

following estimation is valid for it 

.)1(2

2

2

1

212

1

2



 









 



















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















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







n

p

p

tm

m

m

cdtdxzc

dtdx
x

z
dtdx

x

z
dx

t

z




 

Here 0,0
21
 cc  are constants independent of  . 

 

 

 

 

 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

442 
 

ON THE SOLVABILITY OF THE 

NONHOMOGENEOUS RIEMANN PROBLEM IN 

THE WEIGHTED SMIRNOV CLASSES 
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Let       ieGG   be complex-valued functions on 

the curve  . We make the following basic assumptions on the 

coefficient  G  of the considered boundary value problem and

:  

(i)      


LG

1
; (ii)     is piecewise continuous on 

Г , and  , 1,k k r Г   are discontinuity points of the 

function   : 

We impose the following condition on the curve Г . 

(iii) Г is either Lyapunov or Radon curve with no cusps. 

Direction along Г  will be considered as positive, i.e. when 

moving along this direction the domain D  stays on the left side. 

Let Гa  be an initial (and also a final) point of the curve Г .  

 Consider the nonhomogeneous Riemann problem 

             SsszgszFszGszF ,0,  
,           (1) 

where  ,pg L    is a given function. By the solution of the 

problem (1) we mean a pair of functions   

    ;F z F z      , ,p m pE D E D 

  , 

whose boundary values F   on  a.e. satisfy (1).  
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Theorem. Let the coefficient    SsszG 0, , of 

nonhomogeneous problem (1) satisfy the conditions (i),(ii), 

 Garg  be a Hölder function on  , and the curve 

  Sz ,0 satisfy the condition (iii). Assume that the weight 

function    defined by         Ssszss p ,0,:   , 

belongs to the Muckenhoupt class    pAp 1, , and the 

condition      


 sdzszpq / holds, i.e.  
1

/ Lpq . 

Then the following assertions are true with regard to the 

solvability of the problem (1) in the classes 

     DEDE pmp  ;; : 

1) for  1m , the problem (1) has a general solution of 

the form 

       zFzPzZzF m 1  , 

where )(Z  is a canonical solution of corresponding 

homogeneous problem, )(zPm  is an arbitrary polynomial of 

degree mk   (for 1m  we assume   0zPm ), and )(1 F is a 

particular solution of nonhomogeneous problem (1) of the form  

 
   

  


 


zZ

dg

i

zZ
zF





 



2
1     (2); 

2) for 1m , the nonhomogeneous problem (1) is solvable 

only  

3) when the right-hand side  g  satisfies the following 

orthogonality conditions 
 
 

1,1,01 



 mkd
Z

g k 






, and 

the unique solution    zFzF 1  is defined by (2).  
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        In this work we study the property of a second order 

subdifferential and obtain second order optimality conditions for 

the minimization problem. 

Subdifferentsial of the second order is studied by different 

authors, but at the present time there is no unequiwcally a capted 

definition of the subdifferential. It is known that determination of 

differential of the second order is the analog of differential of the 

first order. But there are no definitions of such analog second 

order subdifferential in general case. If we consider F. Clarke 

subdifferential, then different analogues of second order 

subdifferential can be obtained.  

Let  X - Banach space and RX:f  .         

        In the works [1] and [2] considered definition of the sub-

differential of arbitrary order. In particular from this it follows, 

that  

))zλzλf(x)xλzλzλf(x-

-)xλzλzλf(x)xλxλ

zλzλf(x(
1

limsup)x,x;(xf

221102222110

11221102211

22110
210λ0,λXz,z

210
{2}

2121











 

at XX)x,x( 21   and 

},X)x,x(at)x,x(b)x,x;x(f:)R;X(Bb{)x(f 2
2121210

}2{2
0}2{ 

 

where the set of all continuous symmetric bilinear functions 

from XX  in  R  is denoted by )R;X(B 2 . 
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       In the work is studied a number of properties of the 

subdifferential  )x(f 0}2{ . 

       In the works [1] and [2] also considered another definition of 

the subdifferential of second order. In work the number of their 

properties is studied. Let's put 

,z))λf(xx)λzλf(x2x)λ2zλf(x(
1

limsupx);(xf 00020λXz
0

{2} 







z))λf(xx)λzλf(x2x)λ2zλf(x(
1

liminfx);(xf 0002
0λXz

0
}2{ 








 

at Xx and 

},Xxat)x;x(f)x(Q)x;x(f:)X(BQ{)x(fD 0
}2{

0
}2{

002  

where )X(B0  the set of all continuous quadratic functionals.   

      In the work is studied a number of properties of the 

subdifferential  )x(fD 02 . 

      In the work the optimality conditions of the second order are 

obtained.  

       In a smooth analysis the distance function  plays an important 

role. The author in works [1] and [2] showed that at the research 

of the subdifferential and condition of the optimality of high order 

also an important role is played the degree of the distance 

function. 

       Note that the article with the proof is available in [3]. 
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Let nR n -dimensional Euclidean space of points 

 nxxx ,...,1  and let  ijaA : be an nn -matrix whose 

entries RRa n
ij : are Lebesgue measurable functions, 

.,...,1, nji  Suppose RRf n : is a Lebesgue measurable 

function. For a fixed kernel function  nloc RL1 the 

multidimensional Hausdorff operator is defined in the 

integral form by 

 
nR

dyyxAfyxHf .)()()( 
 

Let  ijaA : is a non-singular matrix, so it is 

invertible. The corresponding multidimensional adjont 

Hausdorff operator is defined as follows (see [1]) 

 
 

nR

dyyxAfyAyxfH .)()(det)()( 11  

In this abstract the boundedness of adjoint 

multidimensional Hausdorff operator on variable Lebesgue 

spaces is studied. 
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In the case of onedimensional Hausdorff operator we 

sent detail to [2]. 

This is jointly work with Rovshan Bandaliyev. 
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 The authors believe that geometry of holomorphic 

manifolds over commutative algebras is a very fruitful research 

domain and povides many new problems in the study of modern 

differential geometry.  However, in spite of its importance, 

pseudo-Riemannian holomorphic manifolds over commutative 

algebras and related topics are not as yet so well-known. This was 

the motivation for writing the present paper.  

Our goal is to study pseudo-Riemannian holomorphic manifolds 

over commutative algebras by using the Tachibana operator. The 

study of Tachibana operators was started in the early 1960s by 
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Tachibana [4] and Sato [2]. Shirokov [3] and Kruchkovich [1] 

developed the theory of Tachibana operators associated with a 

commutative algebraic structure.The main purpose of this paper is 

to investigate the holomorphic pure pseudo-Riemannian metrics 

with respect to the commutative algebraic structure. We show that 

the manifold admitting these metrics is a Kähler B-manifold. 

Some examples are also included. 
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In this work, one subspace of the grand- Sobolev  space is 

introduced  and basicity of the perturbed system of exponentials 

in this subspace is studied. 
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For  p1 a space measurable on   Rba ,

functions f  such that  

  




























 pb

a

p

p
p

dttf
ab

f

1

10
)

sup , (1) 

is called  baLp ,)   grand-Lebesgue space [1].  

Similarly, the Grand-Sobolev space 

    baLfffbaW pp ,,:, ))   [2]  is introduced with a 

norm  

..
))) ppp LLW

fff 
   

(2) 

It is known that this is not separable Banach space. 

Denote by  baWG p ,
~

)  the set of all functions from  baWp ,) for 

which     0ˆˆ  ff  as 0 , where  

 
   

 








.,,0

,,,ˆ
bat

battf
tf  

It is clear that  baWG p ,
~

) is a manifold in   baWG p ,
~

) . 

Let  baGWp ,) be a closure of  baWG p ,
~

) with respect to the 

norm (2). 

Lemma.Operator    

t

a

duuA , forms an 

isomorphism between spaces  baLp ,) and  baGWp ,1

)  , where 

C is complex plane and 1p  . 
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Theorem. System 
   Zn

tnsignniet 

 
forms a basis in 

  ,) pGW  , if 
qp 2

1

2

1
   . 
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A MIXED PROBLEM FOR A PARTIAL QUASILINEAR 

EQUATION 

S.G. SAMEDOVA  
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e-mail : a.hasanovhr@gmail.com 

 

Let us  consider the problem  

)()()()( ug
t

u
uf

x

u
tB

xt

u
tA

t

u




















2

2

2

3

2

2

  
(1) 

lxxuxuxuxu t  000 10 ),(),(),(),( '

    
(2) 

;,),(),( Tttlutu  000              
(3) 

where )(tA  and )(tB   are continuous functions. 

Equation (1) is reduced to an abstract parabolic  equation [1]. 
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Problems (1)-(3) were  studied by many authors.  We will 

research the finite difference method for solving   this problem. 

In the rectangle ],[],[ lT 00   we construct a uniform grid  

 mjjnxnkkt jknn ,0,,,0,     

with the steps .,
m

l
h

n

T
  

The value of the grid function  y of determined on the  

grid h  at the point ),( jk xt will be denoted by .jky  

To the problem (1)-(3) we associate the difference 

scheme 
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where ).()()( OOO  11 12
 

Theorem. Let the following conditions be fulfilled. 

1) 0000 21  )(,)(],,[)(],,[)( tBatATCtBTCtA  

 

2)  )(),( uguf  are continuously-differentiable on a real axis.  

3) There exist  constants 21,,, ibac iii   such that 

21 cuugcuf  )()(  

 
z

z
bzadsssf
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where ii ba ,  is dependent on .0z  
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Then the scheme (4)-(6) is well –posed and converges,  i.e. it is 

uniquely solvable and we have the estimation  
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where y  and z  are two any solutions of the system (4) 

responding to initial data ),( 10 yy  and ),( 10 zz   such that 
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and the relation 
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THE DIRICHLET PROBLEM  OF SEMILINEAR 
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Let nE -n dimensional Euclidian space of the 

points  nxxxx ,...,, 21 -is a bounded domain in nE  

with the boundary  2С . 

 Consider in  the following  Dirichlet problem                                      

)(),()(
1,

xfuхguxa xxx

n

ji

ij ji




,     х            (1)    

0u .                      (2) 

Assume,  that the coefficients )(xaij  are measurable 

bounded functions satisfying the following conditions: 

21

1,

2
)(  



  ji

n

ji

ij xa ,       (3)                                                                   

 1,0,,  nExx -const, 


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
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
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1
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n
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xxa
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n

i

i

n

ji

x

ij

,        (4) 

Where  1,0  is some number and ),( xuхg is a 

Caratheodory function and in addition to this, satisfying 

and condition: 
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,),( 0

q

xx ubuхg  00 b          (5)
 
 

We denote by  )(
.

2

2 W  the closure of the class of 

functions  0,)()( 


 uCCu   with 

respect to the norm 
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The following theorem is proved. 

Theorem: Let (3)-(5) be fulfilled and  12 nn 

,
2
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n
q    q1

2С .Then there 

exists a sufficiently small positive constant 

  ,,,,, 011 bqnСС     ,,,,, 022 bqnСС 

such  that problem  (1),(2 ) has at least one solution 

from )(
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This work is concerned to some inverse scattering and 

inverse spectral problems for the bi-harmonic operator.  

The operator is perturbed by the first and zero order perturbations, 

which are complex-valued (in general) and singular. We show the 

existence of the scattering solutions in the Sobolev spaces. One of 

the main result is the analogue of Saito's formula (in different 

form compare with known before), which can be used to prove a 

uniqueness theorem for the inverse scattering problem. Another 

main result is the estimates for the kernel of the resolvent of the 

direct operator in the Sobolev spaces that allow to obtain the 

reconstruction of the unknown coefficients for this perturbation. 

Another problem is concerned to the inverse boundary (spectral) 

value problem for this operator. It is proved that the Borg-

Levinson data uniquely determine the unknown singular 

coefficients of the bi-harmonic operator. 

 

CONVERGENCE OF SPECTRAL EXPANSION IN EIGEN-

FUNCTIONS OF OOD ORDER DIFFERENTIAL 

OPERATOR  
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Consider the ood order differential operator 

uxPuxPuLu nn )(...)( 1
)1(

1
)(  

 

on the interval ),1,0(G  where ,...,2,1,12  mmn

),()( 21 GLxP  ),()( 1 GLxPl  .,2 nl   

mailto:rahimshahbazov@bk.ru


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

456 
 

Denote by 
nD  a class of functions  absolutely continuous on  

]1,0[G  together with  their drivatives up to )1( n order. 

By the eigenfunction of the operator L  corresponding to the 

eigenvalue we  understand any indentically nonzero function 

)()( GDxu n satisfying the equation 0 uLu  almost  

everywhere in G (see [1]). 

Assume that the system  
1

)(
kk xu is a complete  system of 

orthonormal eigenfunctions of the  operator L in the space 

),(2 GL  and }{ k is  an appropriate system of eigenvalues, and  

,...2,1,0Re  kk  . Denoting 










,0Im),(

,0Im),(

kk

kk

k
i

i




  

we define patial sum  







 
k

xuffx kk ,0),(),(  

of spectral expansion of function )()( 1
2 GWxf   in the system 

 
1

)(
kk xu , where the Fourier coefficients 

kf  are defined by the 

formula .)()(),( 
G

kkk dxxuxfuff  

Denote ).,()(),( fxxffxR    

Theorem. Let the conditions 

,1,)()0()0()1()1( 1
)2()2( 

 kkk
mm

k ufCufuf 
 

,20 m be satisfied for the function )()( 1
2 GWxf   and he 

system  
1

)(
kk xu  absolutely and  uniformly converges on 

]1,0[G  and the estimate 
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is valid. Here ,
)(2 2 GLl PP  const is independent of ).(xf  
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Let  X  be a compact  Hausdorff topological space and 

S  is a topolical ring. By  SXC ,   we denote the topological 

space  of all continuous S -valued functions defined on X with 

compact-open topology.  In this work we will investigate 

structures of maximal ideals of topological rings   SXC , . 

Further, we will consider the case when  S  is a uniform algebra 

defined on this compact and  we will investigate compactness of 

weighted composition operators on the subspaces ( or 

compactness of weighted endomorphisms on the subalgebras) of 
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 AXC , , where )(XAA   is a uniform algebra defined on the 

compact X .  Another words, we will investigate  the operators of 

the forms ,         AXCfxfuxTf ,,)(       where  

 AXCu , is a fixed  A -valued function and XX :  is a 

self-mapping  of  X ,  which is continuous on the set uX of  

points Xx  such that  xu   is not identically zero function  

(where, the symbol  denote a composition of mappings and  the 

symbol  denote a multiplication operation in algebras).    We 

assume that the topological space X  a completely regular with 

respect to topological  algebras A (in  Tikhonov`s  sense), i.e., 

for any closed subset K  of X and for any point KXx \ there 

exists  S  -valued functions  AXCgf ,,  , such that 

    1,0  xfKf ,  and     0,1  xgKg .  In particular, 

when the topological ring S  is a commutative Banach algeba  

First of at all, we investigate compactness of composition 

operator  T  on the closed subspaces (compactness of weighted 

endomorphisms on the subalgebras) of  AXC ,  .  Therefore, we 

introduce the notions ―a peak set‖, ―a peak point‖ with respect to 

subspaces of    AXC , ,  ―a compactly connected component‖ of  

the set uX ,  etc.,  and by  use these notions we investigate the 

compactness of weighted composition operators on the closed 

subspaces of  AXC ,  

In the first stage we receive next general necessary condition. 

Theorem 1:   Let  S  be a closed subspace of  AXC ,  

and the operator of  weighted composition  

          AXCfxfuxTfAXCAT ,,)(:,:  

   is  a compact operator. Then for any compactly connected 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

459 
 

component   uXY   and for any peak set E  with respect  to

S ,  we have: either    ,EY   or   EY   

Further we give some applications of this general 

necessary condition for many special subalgebras S of   

 AXC ,   and we have differently transparently verifiable  

compactness criterion for weighted endomorphisms  of  

subalgebras of  AXC , , when the subalgebras S have 

differently boundaries (analogous Shilov boundaries). F or 

example, if X  is a connected compact Hausdorff space, then we 

have  next theorem. 

Theorem 2: Endomorphisms on  AXC ,  of the form 

          AXCfxfxTfAXCAXCT ,,):,),(:  

  is compact if, and only if, when  the self- mapping of  X ,

XX :  is a constant.  

 

RESTORATION OF SOURCE FUNCTION IN SYSTEM OF 

PARABOLIC EQUATIONS 

A.SHAFIYEVA 

Institute  of  Mathematics and  Mechanics  of  ANAS, Baku, 

AZ1141, Azerbaijan  

a.shafiyeva1@gmail.com 

 

      This thesis researches the approximate solution of the 

inverse problem of finding the right-hand side of space variation 

in a class of system of parabolic equations.       

    mkxftxu kk ,1,,,  . The following is the inverse problem 

of finding pairs of functions:    

         TlDtxtxgxfuu kkkxxkt ,0,0,;,               (1)                      

     lxxxu kk ,0,0,                                                        (2)                      

mailto:a.shafiyeva1@gmail.com
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           Tttluttlututtu kkkkkk ,0,,,,,,0,,0      (3)                     

      

T

kk TtxHdttxu
0

,0,,                                               (4)                      

Where           mkxHututxtxg kkkkkkk ,1,,,,,,,,   are 

given functions with certain smoothness conditions, 

  .0,,,,,, 111   Tuuuuu mkkk   

     (1) - (4) is a non-correct problem in the Adamar sense. In 

terms of contribution, the correctness in the sense of Tikhonov 

of problems related to (1)-(4) has been analyzed in  1  and other 

cases. 

            If there is a classic solution 

        mklCxfDCtxu kk ,1,,0,, 1,2   of (1)-(4), then it 

can be shown, the problem (1)-(4) is equivalent to (1)-(3) and 

          dttxgxHxTxuxf

T

kkxxkk 
0

,,                (5)                     

        We can write a discrete analogue of (1)-(3), (5) by applying 

a two-step, finite-difference scheme as follows  2 : 

  ji

k

ji

k

ji

k

ji

k

ji

k

ji

k
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k

ji

k

ji

k

ji

k

gf
h

uuu

h

uuuuu

,,

2

,1,,1
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1,11,1,1,1,
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

















          (6) 

niu i

k

i

k ,0,0,                (7)                                                           

      pjujuuju jn

kk

jn

k

j

kk

j

k ,0,,1,,1 ,1,,01,0    (8)                                     
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ji
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The convergence to exact solution of (1)-(4) problem  of (6) - (9) 

weighted scheme of the difference was investigated and the 

acceleration rate was evaluated.  
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ON NEW METHOD TO OBTAIN PROBABILITY 

DENSITY FUNCTION OF SOLUTION OF STOCHASTIC 

DIFFERENTIAL EQUATIONS 

A. SHAMILOV
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In this study, we have developed a new method to obtain 

approximate solution of Fokker-Planck-Kolmogorov (FPK) 

equation by using Generalized Entropy Optimization Methods 

(GEOM).  The probability density function according to random 

variable which is solution of stochastic differential equations 

(SDEs) at a fixed time is the solution of FPK equation at this 
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time. For this reason, the probability density function of 

approximate random variable of solution of SDEs obtained by 

using Euler-Maruyama’s (EM) method or other methods can be 

considered as approximate solution of FPK equation. Mentioned 

approximate solution of FPK equation can be obtained by 

GEOM. We illustrated the use of this new method to describe 

SDE model fitting on given statistical data and corresponding 

approximate solution of FPK equation.  
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INTEGRABLE DISSIPATIVE DYNAMICAL SYSTEMS: 

BACKGROUNDS, METHODS, AND APPLICATIONS 

M.V. SHAMOLIN
a) 
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Lomonosov Moscow State University, Leninskie Gory, 1, 

Moscow 119234, Russian Federation 

email: shamolin@rambler.ru, shamolin@imec.msu.ru 

 
We study nonconservative systems for which the 

usualmethods of the study, e.g., Hamiltonian systems, are 

inapplicable.Thus, for such systems, we must ―directly‖ integrate 

the mainequation of dynamics. We generalize previously known 

cases andobtain new cases of the complete integrability in 

transcendentalfunctions of the equation of dynamics of a rigid 

body of differentdimensions in a nonconservative force field. 

We obtain a series of complete integrable 

nonconservative dynamicalsystems with nontrivial symmetries. 

Moreover, in almost all cases,all first integrals are expressed 

through finite combinations ofelementary functions; these first 

integrals are transcendentalfunctions of their variables. In this 

case, the transcendence isunderstood in the sense of complex 

analysis, when the analyticcontinuation of a function into the 

complex plane has essentiallysingular points. This fact is caused 

by the existence of attractingand repelling limit sets in the system 

(for example, attracting andrepelling focuses). We detect new 

integrable cases of the motion ofa rigid body, including the 

classical problem of the motion of amulti-dimensional spherical 

pendulum in a flowing medium. 

This activity is devoted to general aspects of the 

integrability ofdynamical systems with variable dissipation. First, 

we propose adescriptive characteristic of such systems. The term 

―variabledissipation‖ refers to the possibility of alternation of its 

signrather than to the value of the dissipation coefficient 

(therefore,it is more reasonable to use the term ―sign-alternating‖) 

[1, 2]. 
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We introduce a class of autonomous dynamical systems 

with oneperiodic phase coordinate possessing certain symmetries 

that aretypical for pendulum-type systems. We show that this 

class ofsystems can be naturally embedded in the class of systems 

withvariable dissipation with zero mean, i.e., on the average for 

theperiod with respect to the periodic coordinate, the dissipation 

inthe system is equal to zero, although in various domains of 

thephase space, either energy pumping or dissipation can occur, 

butthey balance to each other in a certain sense. We present 

someexamples of pendulum-type systems on lower-dimension 

manifolds fromdynamics of a rigid body in a nonconservative 

field [2, 3]. 

Then we study certain general conditions of the 

integrability inelementary functions for systems on the two-

dimensional plane andthe tangent bundles of a one-dimensional 

sphere (i.e., thetwo-dimensional cylinder) and a two-dimensional 

sphere (afour-dimensional manifold). Therefore, we propose an 

interestingexample of a three-dimensional phase portrait of a 

pendulum-likesystem which describes the motion of a spherical 

pendulum in aflowing medium (see also [1, 4, 5]). 

The assertions obtained in the work for variable 

dissipation systemare a continuation of the Poincare–Bendixon 

theory for systems onclosed two-dimensional manifolds and the 

topological classificationof such systems. 

The problems considered in the work stimulate the 

development ofqualitative tools of studying, and, therefore, in a 

natural way,there arises a qualitative variable dissipation system 

theory. 
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ON FRAME PROPERTIES OF ITERATES OF A 

MULTIPLICATION OPERATOR 
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 Dynamical sampling that is a relatively new research topic in 

applied harmonic analysis has attracted considerable attention in recent 

years (see, for example, [1] and the bibliography therein). One of the 

central problems in dynamical sampling is investigation of frame 

properties for families of elements obtained by iterates of operators. 

 This note is dedicated to the study of frame properties of iterates 

of a multiplication operator ),()()( tfttfT  ),(2 baLf  .  

The following theorem is obtained in [1]: 

 Theorem 1. Let )(t  be any measurable function and 

)(tf any  square  summable  function on ),( ba . The system 

 
0n

fnT cannot  be a frame in ),(2 baL . 
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 This fact shows in particular that a system of the form 

 
0

)(
n

tn cannot be a frame in ),(2 baL  for any measurable 

function )(t . 

 The classical exponential system shows that the situation 

changes drastically when one considers systems of the form

  ntn )(  instead of  
0

)(
n

tn .    

 To our knowledge, the characterization of all frames of 

the form   ntn )( in ),(2 baL remains unanswered in the 

general statement.   

 In this note we give a partial answer to this problem by 

the following statement: 

 Theorem 2.Suppose that a function )(t  defined on ],[ ba

is an invertible function, inverse ],[],[: baqp  of  which 

satisfies the following conditions:  

1) )(t is absolutely continuous, strictly increasing function on 

],[ qp ; ap )( and bq )( ; 

2) ]2,0[],[ qp and there are constants 0, BA such that 

BtA  )( for all ],[ qpt .  

Then the system   n
tine )( is  a frame in ),(2 baL .  

 Acknowledgements. The authors are grateful to 

Professor B.T. Bilalov for encouraging discussions. They also 
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The study which was carried out in [1]–[2] of the 

derivatives of the projective limit functor acting from the category 

of countable inverse spectra with values in the category of locally 

convex spaces made it possibleto resolve universally 

homomorphism questions about a given mapping in terms of the 

exactness of a certain complex in the abelian category of vector 

spaces. Later in [3] a broad generalization of the concepts of 

direct and inverse spectra of objects of an additive semiabelian 

category G was introduced: the concept of a Hausdorff spectrum, 

analogous to the σs-operationin descriptive set theory. This idea is 

fruitful even for algebraic topology,general algebra, category 

theory and the theory of generalized functions. 

On the other hand, the issues related to different types of 

sheaves, including bundles, still attracts great interest and 

primarily in solving problems ofalgebraic geometry (see, for 

example, [4]). And it should be recognized that the concept of the 

spectrum ofa refxive sheaf of rank two on P
3
, introduced in [5] for 

the field of any characteristic, turned out to be very useful for 

such purposes. Such spectrum have a numerical nature. 

We present an essentially new approach to the study of 

sheaves by means of non-numerical spectra. This approach based 

on the notion of Hausdorff spectrum associated with the presheaf. 
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ENERGY OF AN AC ELECTRIC FIELD IN A SEMI-

INFINITE ELECTRON PLASMA WITH MIRROR 

BOUNDARY CONDITIONS 
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The character of electric field screening near the surface 

of a conductor is critically important for different problems of 

surface physics [1, 2], in particular, the problem of propagation of 

plasma oscillations [3, 4]. Surface Raman scattering related to the 

specific behavior of the electric field near the surface is of great 

interest [5]. The properties of a screened electric field are 

important for description of electromagnetic field interaction with 

surfaces of conducting media and thin films [6–9].  

In [10], we have obtained an analytical solution to the 

problem on the behavior of a semi-infinite plasma with an 

arbitrary degree of electron gas degeneracy in an external ac 

electric field perpendicular to the plasma surface. Such a situation 
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takes place, e.g., when analyzing a solid-state semiconductor 

plasma. We use the Vlasov–Boltzmann kinetic equation with the 

Bhatnagar–Gross–Krook (BGK) collision integral for the electron 

distribution function and Maxwell’s equation for the electric field. 

The use of a classical kinetic equation (namely, the 

Vlasov−Boltzmann equation) imposes restrictions on the 

parameters of the problem under consideration. For instance, in 

the case of a solid-state semiconductor plasma, the frequency 𝜔 

should satisfy the condition 𝜔 < 𝐸0 ℏ , where 𝐸0 is the band gap. 

Here, we imposed no limitations on the degree of electron gas 

degeneracy; however, the electron density was limited by the 

requirement of the applicability of the classical kinetic analysis. 

For example, such an approach is inapplicable for electron 

densities typical of white dwarfs. A detailed analysis of 

limitations of the classical kinetic analysis as a function of the 

electron gas density can be found in [11, 12]. When classical 

analysis is insufficient, a more general approach based on the 

quantum kinetic equations should be used. For instance, the 

Wigner function is used instead of the classical distribution 

function [9, 12]. Note that the Wigner approach is used mainly in 

the collisionless case [12]. The capabilities of the energy-

dissipation analysis in this approach are limited. 

First, it is demonstrated that the Drude mode describing 

volumetric conductivity exists at all values of the problem 

parameters. Second, the Debye mode describing electric field 

screening exists at external field frequencies below a certain 

critical frequency lying near the plasma resonance. Finally, we 

show that the van Kempen modes, representing a chaotic mixture 

of eigenfunctions of the Vlasov−Boltzmann equation, also exist at 

all values of the problem parameters. It is demonstrated that an 

analytical solution to the boundary-value problem can be 

represented in the form of expansion in the eigenmodes 

corresponding to the above-mentioned spectra. 

The obtained analytical results allow one to reveal the 

character of electromagnetic energy dissipation in plasma. They 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

470 
 

make it possible to separate contributions to dissipation stemming 

from the processes occurring in the plasma volume and near the 

plasma surface, i.e., to separate energy absorption into the volume 

and surface components. Surface absorption is analyzed in detail. 

A nontrivial character of the dependence of surface absorption on 

the ratio between the volumetric electron collision frequency and 

the frequency of the external electric field is demonstrated.  

References 

1. Keller, O.: Local elds in the electrodynamics of mesoscopic 

media, Phys. Rep. 268 (1996), 85-262. 

2. Girard, C., Joachim, C., Gauthier, S.: The physics of the near-

eld, Rep. Prog. Phys. 63 (2000), 893-938. 

3. Pitarke, J.M., Silkin, V.M., Chulkov, E.V., Echenique, P.M.: 

Theory of surface plasmons and surface-plasmon polaritons, Rep. 

Prog. Phys. 70 (2007), 1-87. 

4. Bozhevolnyi, S.I.: Plasmonics Nanoguides and Circuits, Pan 

Stanford, Singapore, 2008. 

5. Chang, R., Leung, P.T., Lin, S.H., Tse W.S.: Surface-

enhanced Raman scattering at cryogenic substrate temperatures, 

Phys. Rev. 62(8) (2000), 5168-5173. 

6. Mrejen, M., Israel, A., Taha, H., Palchan, M., Lewis, A.: Near-

eld characterization of extraordinary optical transmission in sub-

wavelength aperture arrays, Optics Express 15 (2007), 9130-

9138. 

7. Shvartsburg, A.B., Kuzmiak, V., Petite G.: Optics of 

subwavelength gradient nanofilms, Phys. Rep. 452 (2007), 33-88. 

8. Latyshev, A.V., Yushkanov, A.A.: Nanofilm thickness 

measurement by resonant frequencies, Quant. Electron, 45 

(2015), 270-274. 

9. Latyshev, A.V., Yushkanov, A.A.: Generation of longitudinal 

current by a transverse electromagnetic field in classical and 

quantum plasmas, Plasma Phys. Rep. 41(9) (2015), 715-724. 



International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

471 
 

10. Suleimanova, S.Sh., Yushkanov, A.A.: Dissipation of Energy 

of an AC Electric Field in a Semi-Infinite Electron Plasma with 

Mirror Boundary Conditions, Plasma Physics Reports, 44(10) 

2018, 947–957. 

11. Manfredi, G.: How to Model Quantum Plasmas, Fields Inst. 

Commun. 46 (2005), 263-287. 

12. Shukla, P.K., Eliasson, B.: Nonlinear aspects of quantum 

plasma physics, Phys. Usp. 53 (2010), 51-76. 
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In Hilbert space we consider a differential equation of the 

form 

,0)()()('  tutAtu                                (1) 

where )(tA  is a positive self-adjoint operator with a dicrete 

spactrum. It is assumed that some conditions of asymptotic type 

on the distribution function );( AN   eigen-values of the 

operator )(tA  are fulfilled, and for the solution of  equation (1) 

the Viman-Valirion-type theorem is proved. By this theorem the 

following estimation is valid : 

,)(log)()( 




 tttttu 


 

where  ,)(),(max)(;0, ttut k
k

   )(tk is a complete 

orthonormed system of eigen-functions of the  operator );(tA

mailto:dunyafarjli@gmail.com


International Conference "Modern Problems of Mathematics and Mechanics" devoted to the 

60th anniversary of the Institute of Mathematics and Mechanics  

23-25 October, 2019, Baku, Azerbaijan 

 

472 
 

)(y  is a positive function incresing for 0y  such the that 

integral of the form 

  
 

 .0,)( 


dydtt
y

 

is finite. 
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PROBLEM ON DETERMINING LOWER 
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Let   be bounded domain in nR  with smooth boundary 

0,  TSSS is a given number,  TQT ,0 is a 

cylinder,  TSST ,0  is a lateral surface of the cylinder TQ , 

   TSSTSS TT ,0,,0  . 

 We minimize the functional  

    


 dxxdtvtxutvJ

T
2

0

)(;,)(   (1)     
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under conditions 

 
Txx

n

ji

ijt
Qtxtxfuxvutxau

ij




),(),,()(),
1,    

 (2) 

,),(
0




xxu
t

                      (3) 

    ,,,,,0 














T

T

T S

S

S
dytyutyxK

N

U
u   (4) 

  xdxvLxvxvVxvv ,)(),()(:)()( 2  , (5) 

here  ),,(),(),,(,,1;),,(),(),( tyxKxtxfnjitxaxt ij   are 

known functions,   )(xvv  is a desired coefficient or control, 

 0d is a given number,     vtxutxuu ;,,  is a 

generalized solution to the boundary value problem (2)-(4) from 

)(0,1

2 TQV corresponding to the control v . 

Assume that the input data of the problem (1)-(5) satisfy 

the following conditions: 

  njitxatxa jiij ,1,),,(,  , 

  Tij

n

ji

ij Qtxtxa 


),(,, 2

1,

2  , 

  Tijt Qtxnjitxa  ),(,,1,,, 1 , 

  )(),(),( 2

1

0,2 TQLtxfWx  ,

)()(),,0()( 22  LxTLt  , 
    32 ,,,,,   tyxKtyxK t , ),0(),,( TStyx  , 

where 0,,,, 321   are given numbers. 

Problem (1)-(5) is a variational formulation of the inverse 

problem of determining the functions     xvtxu ,,  satisfying 

conditions (2)-(5) and the additional condition 
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     xxdtvtxut

T

),(;,
0

 .  (6) 

The functional (1) is a residual functional in )(2 L  

corresponding to the condition (6). 

In this work, the correctness of the problem (1)-(5) is 

investigated and the necessary optimality condition is established 

in the form of a variational inequality. 

 

THE SOLUTION ALGORITHM FOR FINDING THE 

COEFFICIENT OF HYDRAULIC  

RESISTANCE IN THE PROCESS OF GAS LIFT 

R.M.TAGIYEV 

Azerbaijan State Oil and Industry University, Baku, Azerbaijan 

email: tagiyev.reshad@gmail.com 

 

Introduction. 

 As we know that the finding of the  coefficient of 

hydraulic resistance is one of the key issues for the creation 

of an automated control system during oil extraction [4]. 

The paraffins in the fluid gas mixture adheres to the pipe 

and creates a surface with certain thickness and after a 

certain time it hinders the operation of relevant regime [1]. 

From this point of view, it always helpful to define the 

coefficient of hydraulic resistance so that the regime can be 

corrected at any time. Therefore, the solution of equations of 

motion described by hyperbolic equations are given by 

sequence [3]. 

Keywords:gas-lift,gas-liquid 

mixture,hydraulic resistance coefficient,sequence method. 

Statement of the problem. 

It is known that the mathematical model of the gas lift 

event is brought to the question of the boundary problem set 
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for the system of the first-order hyperbolic of differential 

equations with particular derivative [2]. 

   
 
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The boundary conditions as following: 

   

     






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.,0,,0

,,0

0

0

TttQtQ

tPtP

      
(2)             

Where caF ,,  and l  are the given constants,  tP0
and  tQ0

 

are the given continuous functions,  txP ,  and  txQ ,  are 

the functions to be found. 

Solution algorithm: 

Seeking a solution to this question [3]  as the line. 

   

         
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
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0
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Helps to find some unknown  tPk  and  tQk   coefficients 

 tP0 and  tQ0  are given in the boundary condition) that are 

as follows. Depending on whether the coefficients are even 

or odd, they are identified as follows: 

 
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 (5) 

Let's mark these solutions as  22 ,, atxP  and  22 ,, atxQ and 

look at functional as follows: 

            dttlQatlQtlPatlPaI

T

 
0

2

222

2

2222
,2

~
,,2,2

~
,,2

(6) 

Where  tlP ,2
~

2  and  tlQ ,2
~

2  are the given functions. For 

finding  
2a , from the functional (6) we have obtained the 

following equalities.  
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THE METHOD OF SOLUTION OF GENERAL 

QUASISTATIC PROBLEM OF THE LINEAR 

VISCOELASTICITY THEORY AND ITS APPLICATION 
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The method which allows reducing the general quasistatic 

problems of the linear isotropic viscoelasticity theory to Volterra 

integral equation of second kind is offered. Entering into the 

determining relations, the two creep (relaxation) functions 

corresponding to shift and volumetric expansion states are 

accepted to be independent, i.e. the viscoelastic Poisson’s ratio is 

considered to be time-dependent.  Unlike many existing methods, 

here traditional application of integral transformations is 

excluded. The approbation of the method is carried out on the 

example of applied problems: 1) the problem of the rotating 

round thick disk, 2) the problem of action of the concentrated 

force in an infinite body (problem of Kelvin). 

The method applied here may be used in solving 

otherconcretely stated of series problems of the theory of linear 

isotropic viscoelasticity. Therewith other elastic solution should 

be represented for stresses and displacements in the form of linear 
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dependence from  ,,...,,,
21 mk

aaaGSf  where  tSSnk  ,,...,2,1 are 

the given external force quantities of type of force or 

displacements; G,  are elastic constants, 
m

aaa ,...,
21

are geometric 

parameters of the body under investigation. Such a representation 

of the elastic problem is possible in view of linearity of this 

problem. It is important the function 
k

f must not contain current 

coordinates of body points as an argument. In order to simplify 

the further operations, it is undesirable to include the quantities 

m
aaa ,...,

21
 into the argument of the functions 

k
f , if they may be 

separated. For obtaining the solution of the viscoelastic problem 

we must make substitution of the quantities 
k

Sf by the functions

 .,...,,
21 mk

aaatA  The conditions of satisfaction of relations of the 

isotropic viscoelastic problem by the represented solutions will 

compose a system of equations for defining the functions 

 .,...,,
21 mk

aaatA These equations will not contain coordinates of 

body points,since differential equations of equilibrium, strain 

compatibility conditions and Cauchy geometric relations that are 

satisfied by the solution of the elastic problem, are also contained 

in viscoelastic problem statement. The obtained system of 

equations, as in the case of Boussenesque viscoelastic problem 

considered here, by means of the method of successive exclusion 

of unknowns may be reduced to second kind Volterra integral 

equation that has a unique solution. If the external action 

quantities in the viscoelastic problem are given in the form 

 txSS , where x are the body point coordinates, then for the 

application of the method, it is required that S allow separation of 

variables:    .
21

tSxSS   In this case, instead of 
k

Sf it should be 

used .
2 k
fS  

This method is applied to the solutions of new boundary 

value problems of the theory of viscoelasticity about a rotating 

circular thick disk and about the action of a concentrated force in 

an infinite body. 
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HOMOGENIZATION OF A COMPRESSIBLE 

CAVITATION MODEL  WITH MOVING ROUGH 

SURFACE 

Afonso Fernando TSANDZANA
a) 
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and Postcode, Mozambique 

email: tsandzana69@gmail.com 
 

In this paper we consider mathematical modeling of thin 

film flow between two rough surfaces which are in relative 

motion. For example such flows take place in different kinds of 

bearings and gears when a lubricant is used to reduce friction and 

wear. Usually the pressure, p  in the fluid is computed by solving 

the Reynolds equation. We study a compressible Reynolds 

equation and take into account cavitation for the case where both 

surfaces are rough and moving with velocity V_i (i=1,2). 

Moreover, we use two-scale convergence to homogenize the 

cavitation model. 
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PARAMETER IDENTIFICATION OF CONVECTION-

DIFFUSION TRANSPORT MODELS IN THE PRESENCE 

OF NOISY MEASUREMENTS 
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In recent decades there has been an increased interest in 

inverse problems for partial differential equations in various areas 

of science and technology [1]. Consider the convection-diffusion 

transport model with mixed boundary conditions described by the 

following equations: 

,0,,
2

2















tbxa

x

c

x

c
v

t

с
  (1) 

,),()0,( bxaxxc   (2) 

,0)],(),([
),(

),(),( 



 ttgtbc

x

tbc
tftac  (3) 

where ),( txc  is the function of interest, x  is the spatial coordinate, 

t  is the time. Suppose that there is a need to determine 

coefficients v  and   in equation (1) or functions )(tf  and )(tg  

in boundary conditions (3) but only the noisy measurements of 

),( txc  at some points are available. 

Using the discretization process let us move from the model 

(1)–(3) to a discrete linear stochastic model, whose equations 

generally have the following form: 
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wuBcFc
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
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where 
n

kc R  is the system state vector,
r

ku R  is the input 

vector, 
m

kz R  is the measurements vector, noises 
n

kw R  

and 
m

k R  form independent normally distributed sequences 

with zero mean and covariance matrices 0)( Q  and 0)( R  

respectively, matrices )(F , )(B , )(H , )(Q , )(R  can 

depend on an unknown parameter p
R . 

Now, to identify the unknown parameters of the model (1)–(3) 

we may use methods of parameter identification developed for 

discrete linear stochastic system models (see [2], [3] for details). 
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PARAMETER ESTIMATION FOR GEOMETRIC 

PROCESS WITH POWER ISHITA DISTRIBUTION  
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This paper considers the problem of parameter estimation 

for the geometric process (GP) when the first occurrence time of 

an event is assumed to follow power Ishita distribution. The 

maximum likelihood (ML) method is used to derive the 

estimators of the parameters in GP. The performances of the ML 

estimators are also compared with the corresponding non-

parametric modified moment (MM) estimators in terms of bias 

and mean squared error through an extensive simulation study. 

The results of the simulation study indicate that the ML 

estimators perform better than the MM estimators.  
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PARAMETERIZATION OF STABILIZING REGULATORS 

OVER OF PART OF THE PHASE COORDINATES IN THE 

DISCRETE CASE 
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, K.A.KULIYEV
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To solve a linear-quadratic Gaussian problem of optimal 

synthesis in discrete-time output applying the frequency 

parameterization method, proposed computational algorithm. The 

proposed algorithm uses procedures of discrete factorization and 

separation with respect to the unit circle, MFD representation, and 

solution Diophantine equation. 

Key words: parameterization, matrix fraction 

decomposition, Diophantine equation, factorization, Hermitian 

matrix polynomials. 

 

ON THE DYNAMIC STABILITY OF DEFORMABLE 

ELEMENTS OF AEROELASTIC STRUCTURES 

P.A.VELMISOV 
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The dynamics and stability of deformable structural 

elements that are in interaction with a gas or liquid flow are 

investigated.Mathematical models of the dynamics of elements 

(elastic plates, rods) are considered, which are components of 

vibration devices, protective screens, pressure sensors, piping 

systems, etc. Mathematical models are initial-edge tasks for 

related systems of differential equations with private derivatives 

for hydrodynamic functions and elastic deformations (see, for 

example, [1-6]). 

The dynamics and stability of the elastic elements of 

mechanical systems are studied in the external and internal flow 

of a liquid (gas). The subsonic and supersonic flow regimes are 
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considered. To describe the dynamics of elastic elements, both 

linear and nonlinear models of a solid deformable body are used. 

Aerohydrodynamic effects on structures are determined from 

asymptotic or exact equations of gas dynamics in a model of an 

ideal or viscous medium. An analytical study of the dynamics and 

stability of deformable elements is carried out based on the 

construction of functionals of the Lyapunov type for differential 

and integro-differential equations with partial derivatives. The 

numerical-analytical solution is based on the Bubnov-Galerkin 

method. A numerical experiment was carried out to determine the 

nature of the oscillations. 
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ON THE SOLUTION OF AN OPTIMAL CONTROL 

PROBLEM FOR A THIRD ORDER EQUATION 

M.A. YAGUBOV
a)

, R.B. ZAMANOVA
b) 

a)
Baku State University, 

b)
Azerbaijan Technical University 

 

 1. Statement of the problem. Let us consider the 

process described by the problem 

   
1

0,10),(,, ttxQtxtxuzzzz
xxxxtttt

  ,(1) 

     xxzxz
t

 0,,00, ,   10  x , (2) 

    ,0,1,0  tztz
1

0 tt  ,               (3)   

where  , are given sufficiently small positive constants, 
1t  is 

fixed moment of time. 

It is required to find such a distributed control 

   QLtxuu
2

,   and start control  x  , for which the 

corresponding solution  txz , of problem (1)-(3) satisfies 

condition    xtxz 
1

, functional 

    

l

Q

dxxvdtdxtxuvuJ
0

22 ,),(                    (4) 

takes the smallest value, where   is a positive number. 

We seek the solution of this problem (1)-(3) in the form 

     ,,,, txtxytxz   where  txy ,  and  tx,  are the 

solutions of the following problems, respectively   

     

   












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,0
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t

xxxxtttt





(I)

 

   

   













;0,1,0

,00,,00,

,,

tt

xx

txu

t

xxxxtttt







(I I) 

We seek the solution of problem (I) by the method of 

separation of variables, i.e. we seek in the form 
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     ., tTxXtxy  Then we obtain an eigenvalue problem with 

respect to  xX  

        .010,0  XXxXxX 

 
It is known that the eigenvalues and orthonormal eigenfunctions 

of this problem are   

  ,....2,1,sin2,22  kkxxXk
kk

  

Taking this into account  with respect to  tT , we obtain the 

following Cauchy problem 

      .0,00,01 2222

k
TTkTkT     (5)                    

        For      tTxXtxy , , we obtain the following 

representation 

 
   

     ,sin
1

,
1 12

12








k

tkltkl

k
kxee

klkl
txy   

where    klkl
21

,  are the roots of the characteristic equation 

corresponding to (5) .The solution of problem (II) in the form 

 
    

         .sin
1

,
1 012

12 










k

t

k

stklstkl
kxdssuee

klkl
tx 


  

Then the formal solution of problem (1)-(3) is 

 
    

              






















1 012

1212
11

,
k

k

t

stklstkltkltkl

k
dssueeee

klkl
txz




kxsin .              

Is proved 

Theorem 1. For any        1,0,,
22

LxQLtxu    

problem (1)-(3) has a unique solution. 
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After the controlling (1)-(4), redused to the problem of 

finding minimum of functional 

      .,
1 0

22

1

 


 












k

t

kk
dttuxJ 

                 

(6) 

with conditional 

         ,...,2,1,22

1

0

12
 kklklCdttutA

t

kkkkk
  (7) 

Where  tA
k

 , )(tC
k

known functions we compose the Lagrange 

functional of this problem and obtain. 

         2

1

22

010
2,,,

kkkkkkkk
CtutAtuuL   . 

To define  
kk

tu , , we obtain the system    

    .0
~

,0
1010


kkkk

CtAtu   

 Assuming  1
0
 , after defining 

1
  from (11), we obtain 

 
           

,, 12

2
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k
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D
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
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
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where 

  

1

0

222 .2

t

kkkk
CdttAD   

On the basis of these calculations the following theorem 

is proved: 

Theorem 2. For any        1,0,,
22

LxQLtxu   the 

problem of the minimum of the functional (5) under the condition 

(4) has a solution    xtxu
kk

~,,~  that is representable in the form 

      ,sin~~,sin~,~

11











k

k

k

k
kxxkxtutxu   
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where  
kk

tu ~,~  are represented by formulas (8). 

References 

1. N. A. Larkin, V. A. Novikov, N. N. Yanenko. Nonlinear 

equations of variable type Izd.Nauka, Novosibirsk, 1983, 269 p. 

2. Alekseev V.M., Tikhomirov V.M., Fomin S.V. Optimum 

control, Moscow: Nauka. 1979, 429 p. 

3. S.G. Michlin. Course of mathematical physics. M .: Nauka. 

1968, 575 p. 

 

SECOND ORDER ELLIPTIC DIFFERENTIAL-

OPERATOR PROBLEMS WITH THE SPECTRAL 

PARAMETER AND THE OPERATOR IN BOUNDARY 

CONDITIONS 

Ya.YAKUBOV
 

Tel-Aviv University, Tel-Aviv 69978, Israel 

email: yakubov@tauex.tau.ac.il 

 

 First, we give some review on general results for elliptic     

differential-operator problems in Hilbert and UMD Banach 

spaces and then we present non-coercive solvability for a second 

order problem, when the spectral parameter and an abstract 

operator enter into the boundary conditions. Some non-classical 

phenomena are observed. Finally, we give some application of the 

obtained abstract results to elliptic partial differential problems. 
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GLOBAL REGULARITY IN ORLICZ-MORREY SPACES 

OF SOLUTIONS HIGHER-ORDER ELLIPTIC 

EQUATIONS WITH VMO COEFFICIENTS 

K. YASINLI
 

a)
Nakhchivan State University, University Campus, Nakhchivan, 

Az-7012, Azerbaijan 

 

We study higher-order uniformly elliptic equations 

 
 m

fuDDxa
2,

, )(



 in nR  

İn Orlicz-Morrrey space with the Dirichlet boundary 

condition.  tubenon-smooth domain. The coefficients )(, xa 

are discontinuously. The right hand of equation f belonging to 

Orlicz-Morrey spaces. We global regularity of generalized 

solution in Orlicz-Morrey spacesis proved. 

 

OPTIMIZATION OF OPERATION OF SYSTEM 

ON THE BASIS OF THE INTEGRATED MODERN 

MODULE OF THE  GAS LİFT PROCESSES 

S.I.YUSIFOV
1
, A.B.HASANOV

2
 

1
. ASOIU, Baku, Azerbaijan, siyusifov@yahoo.com 

2
.  Institute Of Control Systems,  ANAS, Baku, Azerbaijan.  

hesenli_ab@mail.ru 

 

It iscreated improved adequate mathematical models 

taking into account change of structure and phase for 

description and optimal  control of multiphase time-

dependent processes which happen in oil wells exploited by 

gas lift method, expressed by means of a system of 

differential equations and taking into account using of their 
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stochastic analogues.It has been got a solution by analytical 

method of a motion process under influence of different 

phase speeds of the two-phase mixed liquid and the 

nonlinear changing temperature field. It has been shown 

applied ways of the solution to learning of gas lift processes. 

A mathematical model and control algorithm of the problem 

of distribution of the working substance among gas lift wells 

have been developed. Taking into account a stochastic 

character of the forces influencing to the system during the 

vertical motion of gas-liquid mixture through the oil-well 

tubing an optimal control system of gas lift complex has 

been created. A more perfect and adequate mathematical 

deterministic and stochastic model of motion of gas-liquid 

mixture through the vertical oil-well tubing inside the well 

is offered.A more perfect and adequate mathematical 

deterministic and stochastic model of motion of gas-liquid 

mixture through the vertical oil-well tubing inside the well. 

Algorithms and software which will be used in the practice 

have been created. Fractal models simplify the analysis of a 

whirl of liquid or gas, and also course process that is 

important for industrial technologies of technology of 

development of oil fields and gas. In particular, intense 

large-scale fractal structures arise at downloading in layer of 

water, gas and other agents supporting sheeted pressure. 

Existence of fractal structures can be connected with 

pollution of priskvazhinny zones of layer. The purpose of 

the work is to develop mathematical models that provide 

effective and optimal working conditions for oil extraction 
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through the mines, develop the theoretical basis of the 

productive layers of labor parameters based on these models 

and theoretical basis of their management systems.  
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INVERSE BOUNDARY VALUE PROBLEM FOR ONE  

THIRD-ORDER PARTIAL DIFFERENTIAL EQUATION 
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 Let }0,10:),{( TtxtxD
T

 , and let ),,( txf

),,( tx
i

 ,),(
T

Dtx  ,2,1,0i and ],,0[),( Ttth  are  given 

functions. 

 In this note we consider the following inverse boundary 

value problem: find the functions ),( txu and )(ta connected in 
T

D

by the equation 

),(),()(),(),( txftxutatxutxu
xxttt

             (1) 
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under the following boundary and initial conditions as well as  the 

condition of overriding for the function ),( txu : 

,10),(),(),()0,(),()0,(
210

 xxTxuxxuxxu
ttt

 (2) 

,0,0),1(),0( Tttutu
x

 (3) .0),(),1( Ttthtu                     

(4) 

 Similar problems for partial differential equation of a 

third-order were investigated in [6] (see also therein references). 

 Under certain assumptions on the data, the existence and 

uniqueness of the classical solution of the inverse boundary value 

problem (1)-(4) is proved. 
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A CHANGE OF SCALE FORMULA FOR WIENER 

INTEGRALS ABOUT THE FIRST  VARIATION ON THE 

PRODUCT  ABSTRACT WIENER SPACE 

Young Sik KIM
a) 

Hanyang University, Seong Dong Gu, Seoul 04763, Korea 
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 We prove the existence of the analytic Feynman integrals 

of the first variation for certain functionals on the product abstract 

Wiener space and  we obtain some relationships between the 

analytic Wiener integrals and the analytic Feynman integral and 

the abstract Wiener integral.  And we obtain the change of scale 

formula for abstract Wiener integrals  of the first variation on the 

product abstract Wiener space. 
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EXISTENCE OF A SADDLE-POINT IN DIFFERENTIAL 

GAME  WITH NONLOCAL CONDITIONS 
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It is known that many problems of the economy are 

brought to the solution of differential games. In this thesis, we 

consider a differential game involving two players. Let some 

process be described by the system of differential equations 

],,[)),(),(),(,()( 0 Ttttvtutxtftx 


(1) 

CTBxtAx  )()( 0
(2) 

where
nqrnqrn RRRRTfRvRuRx  ],0[:;,, is given 

function. 

It is assumed that U  andV  are the given sets in the 

Hilbert spaces  ],[ 02 TtLr
and ],[ 02 TtLq

, respectively. On the totality 

VUvu ),(     let's consider the functional 
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)),((),( TxvuJ                              
(3) 

where the vector-function  ],[),,;()( 0 Tttvutxtx    is 

determined as a solution of system (1) under condition (2), 

corresponding to the control .),( VUvu   

Let the controls .),( VUvu  be selected at each 

moment of time from the domain of determination depending on 

the state of the process x to optimize quality criterion (3).If u  

andv   belong to two sides whose interests in the sense of selected 

criterion are opposite, then such a controlled process is called 

adifferential game, optimized criterion charge. 

Definition.The admissible controls   and  we call optimal 

strategies if for them 

),(),(),( 
  vuJvuJvuJ  

are fulfilled. 

  The trajectory )(tx  generated by the optimal strategies  

)(),( tvtu 
 is called an optimal trajectory. 

Under some conditions on the initial data of the problem, 

sufficient conditions for the existence and uniqueness solutions of 

boundary value problem (1),(2), also existence of a saddle point 

in a differential game (1)-(3) are obtained. 
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